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The article proposes an algorithm for nonlinear optimal filtering of the dispersion
characteristic slope of the ionospheric channel (DC slope) based on the Kalman
sigma-point filter when sounding the channel with broadband signals. The relevance
of the applied algorithm can be explained by the fact that at present in the modern
world the relevance of the transmission of broadband information signals in the dec-
ameter range has increased. The reception of such signals is complicated by the
effects caused by the influence of the frequency dispersion of the ionospheric chan-
nel on the signal. The above influence leads to significant distortions of the useful
signal and a decrease in the quality of information reception in general. The above
influence leads to significant distortions of the useful signal and a decrease in the
quality of information reception in general. Therefore, the effect of frequency dis-
persion cannot be neglected and must be taken into account when developing algo-
rithms for optimal reception. Thus, estimation of the parameters of the frequency
dispersion of the ionospheric channel becomes an urgent task. The article provides
recurrent formulas for calculating the optimal filtration of the DC slope. Moreover,
an algorithm for joint estimation of dispersion distortions and their compensation
is presented, which allows improving the quality of estimation. The results of simu-
lation modeling of the algorithms are given: the obtained estimate and the true
value of the frequency dispersion parameters for two cases – a Markov damped
process and a process with random increments. The absolute error in estimating
the DC slope is also considered. The computational efficiency of the algorithm for
estimating the DC slope using the Kalman sigma-point filter with and without com-
pensation is calculated. In addition, functional diagrams of optimal filtering of the
DC slope with compensation and without compensation are given. The ways of
implementing the proposed algorithm on an ARM processor are considered.
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Introduction 

In the modern world, the relevance of transmitting broadband 
information signals in the decameter range has increased [1, 2]. It 
is necessary to take into account the effect of the frequency dis-
persion of the ionosphere, which leads to significant distortions 
of the useful signal and a decrease in the quality of information 
reception, in order to receive such information signals. [3-6]. 
Therefore, estimation of the parameters of the frequency disper-
sion of the ionospheric channel becomes an important task. The 
ionospheric channel model is described in [7]. The ionospheric 
channel model with a linear dependence of the signal group de-
lay on the central frequency of the wave packet was chosen. The 
considered model is nonlinear with respect to the estimated pa-
rameter, which necessitates the use of optimal nonlinear filtering. 
The article considers the problem of estimating the slope of the 
dispersion characteristic (DC) of a broadband ionospheric chan-
nel s using a Kalman sigma-point filter.  

Formulation of the problem 

We can write a system of equations consisting of an equation 
of a dynamical system and two observation equations as 
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– n nlinear functions of observation equations corresponding
to quadratures at the output of the quadrature demodulator and 
correlator; kX  – useful signal spectral samples; is  – samples of 
the estimated random process (the DC slope s ). We can assume
that the DC slope s  is a slowly varying parameter. The random
process is  is estimated using the Kalman sigma-point filter. 

The Kalman sigma-point filter 

A special characteristic of the Kalman sigma-point filter is 
that the a priori estimate of the unknown parameter is calculated 
as the weighted sum of the sigma-points. 

We can calculate the a priori estimate of the slope of the DC 
s  at sigma-points as
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kC Sŝ ,   (3) 

where S k
i  – sigma-points, which we define as 
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iP is a dynamical system covariance matrix, 
1

k

iP is the 

k -th matrix column, k  – weights used to approximate the 
mean, N  is a dynamic system order.  

In the case considered in this article N 1, therefore we can 
rewrite (4) as  
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The estimate of the covariance matrix of the dynamical 
system has the form 
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2where B c, k  – weights used to approximate the covari-

ance matrix. 
The calculation of the estimates of the observation equations, 

which are necessary for the correction of estimates (6) and (3), 
is made using the following expressions for the mean  
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T
i iQ M  is a covariance matrix of an observation

equation noise. 
The weight coefficients in expressions (3) and (7) are 
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in (6) and (8) 

0 21c N N
1

2
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cThe expressions for k  and k  contain free parameters , 
 and . The parameter  determines the spread of sigma 

points around the mean, the parameter  allows us to take into 
account a priori data on the probability density function of the 
estimated parameter,  is the scaling parameter, 

2 N , 3 N .
The final equations for estimating the slope of the DC have 

the form 
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1
i i iK TL  ,   (11) 

kS ŝ F S
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As a result, to estimate the slope of the DC, it is necessary to 
calculate (3), (6) – (12) at three sigma-points (5). 

Figure 1 shows the results of the estimation algorithm (9), 
(10) for different initial true values of the DC slope the under the 

0.9995iCassumption of a damped process s ( ); s is a process 
with independent random increments ( 1iC ) in Figure 2. In 

simulation, it was assumed that 0.01. 

Figure 1. The Estimation and the true value of the DC slope at the initial value s 40 s / MHz (on the left) and s 80 s / MHz (on the right)

Figure 2. The Estimation and the true value of the DC slope at the initial value s 40 s / MHz (on the left) and s 80 s / MHz (on the right) 
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A wideband phase-shift keyed signal with a base of 2047 and 
a 1 MHz bandwidth was used in the simulation. Free parameters 
were chosen as 2  (normal distribution), 10 . Such a 
large value for the parameter  and, as a consequence , was 
chosen to avoid the influence of the oscillating properties of the 
components of the matrix F , which lead to the appearance of 
ambiguity in the filtering algorithm [8].  

From a comparison of the obtained dependences (Figure 1), it 
can be seen that with an increase of the DC slope, the quality of 
estimation is decreasing; the maximum deviation of the estimate 
from the true value is 2.5 s/MHz for s 80 s/MHz, which is 
generally acceptable. If s  is considered to be almost constant
(Figure 2), then the maximum deviation of the estimate from the 
true value is 1 s/MHz for s 80  s/MHz. The quality of the 
algorithm estimation depends on a priori information about the 
estimated parameter, which is typical for optimal nonlinear filter-
ing methods.  

The Kalman sigma-point filter with compensation of the 
DC slope  

Consider the algorithm for compensating the DC slope. We 
can rewrite the system of equations (1) with the introduction of 
the algorithm for compensating the DC slope into the observa-
tion equations  
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s ŝ,

1

1 1 1

2 2 2

;
;

,

i i i i

i i i i i

i ii i i

C s

y

s
y f

f

1 s  i N ,    (13) 
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– nonlinear functions of observation equations which include
an estimation of the DC slope 1i i i s C sˆ ˆ , 1i N s , 

1 1 0s C sˆ ˆ .  
This means that after each iteration, each new count of the 

control action ŝ i  is assigned the value calculated at the previ-
ous step and predicted for the current step 1i i C ŝ . The filtering 
algorithm corresponds to (9) – (12) taking into account (14). 

Figure 3. The Estimation and the true value of the DC slope for the initial approximation 0s 0 s/MHz (on the left)

0and s 60 s/MHz (on the right)

Figure 4. The estimation error of the DC slope at s 80 s/MHz for the initial approximation 0s 0 s/MHz (on the left)

0and s 60 s/MHz (on the right) 
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Figure 3 shows the curves of estimating the parameter s for 
the algorithm with compensation of dispersion distortions at 
s 80 s/MHz with different a priori information.  

Figure 4 shows the estimation error for s 80  s/MHz,  
defined as s ŝoi .

We can see from the dependencies shown in Figure 3, 4 that 
the quality of the estimation with compensation has increased, 
since the compensation of distortions makes it possible to com-
pensate energy losses. The maximum deviation of the estimation 
from the true value after tuning the algorithm was about 0.1 

s/MHz. The estimation error (Figure 4) at the first stage of es-
timation is equal to the difference between the true value of the 
DC slope and the prior information, and then the estimation algo-
rithm gradually adjusts to the true value and 0 . Moreover, 
the algorithm adjusts the faster, the more accurate the a priori 
information, which once again confirms the strong dependence 
of the quality of the optimal filter on the prior information.  

Computational efficiency of the algorithms 

Figure 5, Figure 6 show schemes for estimating the DC slope 
using the sigma-point Kalman filter without compensation and 
with compensation for dispersion distortions, respectively.  
Block "Calc. iS k "is used for calculating sigma-points, blocks" 

iPCalc. ŝi  " and "Calc. " allow to determine an a priori esti-
mate of the DC slope and the covariance of the dynamic system, 
respectively," Calc. k

iF S " calculates the observation equa-

tions according to (2) (Figure 5 or (14) (Figure 6),"Calc. Ŷi " and "
Calc. iL " calculate the estimates of the mean and covariance 
matrix of the observation equations, block" Calc. iT " calculates 
the estimation of the cross-correlation between the estimated 
parameter and the input signal, block" Calc. iK " calculates the 
Kalman filter gain, " Cor." is a correlator which receives the 
samples of the input signal ix  and the reference signal ix*  (also, 
" Cor." receives the estimation ŝi  for the scheme with compensa-

iPtion), blocks “Calc. ŝi " and" Calc. » calculate the estimation of
the DC slope and the covariance of the dynamic system. 

Figure 5. Functional scheme for estimating the DC slope 
by the Kalman sigma-point filter 

Figure 6. Functional scheme for estimating the DC slope by the Kalman 
sigma-point filter with compensation 

The Table 1 shows equations for the number of computation-
al operations in one sampling period for schemes for estimating 
the DC slope.  

Table 1  
Number of computing operations 

The estimation of s  The estimation o f s
with compensation  

The common number of 
real operations of multi-
plication and addition 

100 s23N 100 s43N

The number of calcula-
tions of "complex" 

mathematical operations 

s

2 operations for cal-
culating square root, 
4 operations for divi-
sion, 3N  operations 
for calculating co-

sine, 3N operations 
s

for calculating sine 

2 operations for calcu-
lating square root,  

4 operations for divi-
sion, 3N  operations 

s

for calculating cosine, 
3 sN  

operations for 
calculating sine 

Figure 7 shows the number of real operations of multiplica-
tion and addition and the number of "complex" mathematical 
operations on the sample length. We can see that:  

1. The number of computational operations rises with in-
creasing 

sN ;
2. The solution with the compensation of the DC slope s

requires 1.9 times more real operations of multiplication and 
addition and 1.3 times more calculations of "complex" mathe-
matical operations.  

The solution with the compensation of the DC slope requires 
1.9 times more real operations of multiplication and addition and 
1.3 times more calculations of "complex" mathematical opera-
tions. Note also that the most computationally expensive block in 
the Kalman nonlinear filtering schemes for the DC slope is the 
“Calc. k

iF S ” (see Figure 5, Figure 6), which calculates the 

values of functions (2) and (14) at sigma points (5). The number 
of real operations of multiplication and addition in one sampling 
period is 15 s sN 6s, operations for calculating “cosine” – 3N
and 3 sN operations for calculating “sine” for estimation without 
compensation. In addition, the number of real operations of mul-
tiplication and addition in one sampling period is 27 6sN s, 
operations for calculating the “cosine” – 3 sN  and 3 sN  operations 
for calculating the “sine” for estimation with compensation.
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Figure 7. Dependence of the number of real operations of multiplication and addition (on the left) and the number of "complex" 
mathematical operations (on the right) on the sample length 

Nowadays, GPUs are increasingly used to solve DSP prob-
lems in real time due to the ability to parallelize computations, 
support floating-point calculations and hardware support for cal-
culating "complex" mathematical functions. In particular, an 
analysis of the computational complexity of the algorithm shows 
that it can be successfully implemented on a six-core ARM 
RK3399pro processor with a Mali-T860 MP4 GPU with a per-
formance of up to 288 TFLOPS.  

Conclusion 

The algorithm for estimating the DC slope using the Kalman 
sigma-point filter allows to have deviations of the estimated pa-
rameter from its true value are no more than about 2.5 s/MHz 
for a damped process s and about 1 s/MHz if s is a process with 
independent random increments at input SNR of about 20 dB. 
The quality of the estimation can be improved by correcting dis-
persion distortions simultaneously with the estimation. The max-
imum deviation of the estimate from the true value after tuning 
the algorithm was about 0.1 s/MHz. The obtained algorithm is 
general and can be applied when using various wideband signals. 
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Аннотация
В статье предложен алгоритм нелинейной оптимальной фильтрации наклона дисперсионной характеристики ионосферного кана-
ла (наклон ДХ) на основе сигма-точечного фильтра Калмана при зондировании канала широкополосными сигналами. Актуаль-
ность прилагаемого алгоритма, можно объяснить тем, что в настоящее время в современном мире возросла актуальность переда-
чи широкополосных информационных сигналов в декаметровом диапазоне. Приём таких сигналов усложняется эффектами, вы-
званными влиянием частотной дисперсии ионосферного канала на сигнал. Вышеупомянутое влияние приводит к существенным ис-
кажениям полезного сигнала и снижению качества приема информации в целом. Следовательно, пренебречь влиянием частотной
дисперсии нельзя и её необходимо учитывать при разработке алгоритмов оптимального приема.  Таким образом, актуальной за-
дачей становится оценка параметров частотной дисперсии ионосферного канала. Приведены рекуррентные формулы для расче-
та оптимальной фильтрации наклона ДХ. Более того, представлен алгоритм совместной оценки дисперсионных искажений и их
компенсации, позволяющий улучшить качество оценивания. Приведены результаты имитационного моделирования алгоритмов:
полученная оценка и истинное значение параметров частотной дисперсии для двух случаев - марковского затухающего процесса
и процесса со случайными приращениями. Также рассмотрена абсолютная ошибка оценки наклона ДХ. Рассчитана вычислитель-
ная эффективность работы алгоритма оценки наклона ДХ с помощью сигма-точечного фильтра Калмана с компенсацией и без
компенсации. Кроме того, приведены функциональные схемы оптимальной фильтрации наклона ДХ с компенсацией и без неё.
Рассмотрены пути реализации предложенного алгоритма на ARM процессоре.

Ключевые слова: частотная дисперсия, широкополосный сигнал, искажения, нелинейная оптимальная фильтрация, 
сигма-точечный фильтр Калмана, ионосферный канал, ARM
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