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This paper presents the results of a study of a queueing system (QS) described by
a hyper-Erlangian input flow and exponential service time. The hyper-Erlangian dis-
tribution is known to be a special case of phase distributions, which have become a
mathematical tool for analyzing telecom traffic in future-generation networks,
characterized by high variability and exhibiting self-similarity. To construct a
numerical analytical model of the average waiting time of requests in a queue, a
spectral method was used to solve the Lindley integral equation, finding the zeros
and poles of the spectral decomposition as a ratio of rational functions. To build a
simulation model, the logical switch method in the GPSS World discrete-event
simulation system was used. This paper presents numerical-analytical and simula-
tion models for the average queue wait time for requests in a system with a sec-
ond-order hyper-Erlang distribution for the input flow. Constructing the simulation
model required developing a pseudo-random sequence generator for a second-
order hyper-Erlang distribution, which is not available in the GPSS World function
library. The adequacy of the developed generator's performance was confirmed by
statistical tests. To assess the accuracy of the resulting solution, computational
experiments were conducted for small, medium, and high values of the time inter-
val variation coefficients and system load. The adequacy of the results is confirmed
by a comparison of the simulation data using the presented numerical-analytical
and simulation models and computational experiments in Mathcad.
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Introduction

A fundamental principle of general systems theory states that
the average queue wait time is nonlinearly dependent on the coef-
ficients of variation of arrival and service time intervals [1]. Con-
sequently, the wider the range of variability of these coefficients
of variation, ensured by the distribution law, the better suited the
queuing system (QS) is for traffic modeling. These requirements
are satisfied by the hyperexponential and hyper-Erlang distribu-
tions, which are special cases of phase distributions that are widely
used to model highly variable traffic.

Modern telecommunications traffic varies greatly over time,
making hyperexponential and hyper-Erlang distributions vital for
its accurate modeling. In this article, in addition to constructing a
numerical-analytical model of queuing using the hyper-Erlang
distribution law, we also consider the need for such models in the
GPSS WORLD system, proposing a new solution based on the
logical switch mechanism. The universal discrete-event simula-
tion system GPSS WORLD is used to model various production
systems that can be represented as queuing systems. Its library
contains numerous programs, including software random number
generators based on the standard U(0,1) uniform distribution.

Due to the difficulty of developing generators for probability
mixture distribution laws, this system does not include generators
for phase distributions, including hyper-Erlang and hyper-expo-
nential distributions as probability mixture distributions. The cited
literature and many other scientific publications confirm the lack
of openly available results similar to those presented by the au-
thors [2-7]. This fact complicates the modeling of general-purpose
G/G/1 and G/G/m queueing systems, which best describe modern
telecom traffic.

The results presented in this article are intended to partially
address the aforementioned shortcomings of the GPSS WORLD
modeling system.

It is known, for example [2], that the hyper-Erlang distribution
can be constructed as a probability mixture of normalized Erlang
distributions with weight coefficients p and 1-p. For example, the
second-order hyper-Erlangian density function has the form

f(1)=4pie™ +4(1- p)adre 2, (1)

and provides the coefficient of variation ¢ € (1/ \/5, ) .
From the definition of the two-parameter gamma distribution
20 ta—l e—kt
I'(a)
0, t<0,

that for a positive integer value of k (0=k), the distribution with
density function
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with density function f(¢)= , it follows

F6)=22te™ )

represents the Erlang distribution of order k. The numerical char-
acteristics of distribution (2) depend on its order k, which creates
certain problems when approximating flat distributions by the Er-
lang law. However, such problems do not arise when using the
normalized Erlang distribution. The library generator of the
gamma distribution GAMMA allows generating random se-
quences with the distribution (2), so we use (2) in the density func-
tion of the hyper-Erlang distribution as a probability mixture

f(0)= phite™" +(1- p3re ™" 3)

In [2], it is noted that at high coefficients of variation, (1) and
(3) can describe heavy-tailed distributions. Furthermore, [2] pro-
vides considerable detail about the hyper-Erlang distribution, es-
tablishing that the density function (1) can be viewed as an alter-
native representation of the second-order hyper-Erlang density
function (3). This article is devoted to the construction of a simu-
lation model of a QS with input distribution (3) in the GPSS
WORLD system with a comparison with a numerical-analytical
model. To this end, this paper presents a new method for generat-
ing second-order hyper-Erlang distributions in the GPSS WORLD
modeling system, filling a gap in available tools for modeling var-
iable telecommunication traffic.

As no such generator currently exists, this work provides a
novel method, using a logical switches mechanism. In the future,
this approach will allow us to demonstrate high-dimensional ex-
amples instead of simple examples. The wide range of coefficients
of variation limits the possibilities of simulating data transmission
systems for various purposes, because these distributions are un-
derestimated. Similar work with hyperexponential input distribu-
tion is presented in [10]. It should be noted that the hyper-Erlang
distribution has a wider range for the coefficient of variation than
the hyper-exponential distribution.

The article also uses methods and techniques for approximat-
ing distribution laws using the initial moments of distributions [8-
14]. Relatively new results in the field of simulation modeling are
presented in [15-16].

1. Problem Statement

We consider a queuing system HE»/M/1, which is described
by the distribution density functions of arrival intervals HE,:

a(t) = prtte ™ +(1- p)rdee ™ @)
and service time M:
b(t)=pe ™. Q)

The article sets the task of constructing a QS simulation model
with input distribution (3) in the GPSS WORLD system and com-
paring its results with a numerical-analytical model. To this end,
this paper also aims to construct a method for generating a second-
order hyper-Erlang distribution in the GPSS WORLD modeling
system to fill the gap in available tools for modeling highly varia-
ble telecom traffic.

2. Theoretical solution for the HE2/M/1 system

Theoretical analysis for the HE»/M/1 system with distribution
HE, of the form (1) was carried out in [8]. As noted above, distri-
butions (1) and (3) differ in numerical characteristics. Therefore,
the analytical model of the system under consideration shown be-
low differs from the model considered in [8] and is also presented
for the first time. The spectral decomposition method [1] was used
to obtain a theoretical solution of the problem for the HE/M/1
system. Let us first write down the Laplace transforms for distri-
butions (4) and (5):

-_—
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For the considered system, the spectral expansion takes the
form

s o) -l s

To continue the expansion and reduction of expressions, we
introduce intermediate parameters

ay =203, @ =240lph +(1-p)As), @y = pAf +(1- p)A3.
The spectral expansion will take the form

o(s) _ pa —as+ays?) = (A =)} (g =5) (u+s) -
(M —s) (g —5) (uts)

B(s)

B —s(s4 +c3s3 +02s2 +os+cy)  —s(s+s)(s—57)(s—53)(s—54)

(7»1 —s)2 (7»2 —s)2 (L+s) (kl —s)2 (7»2 —s)2 (L+s)

Finally
OL(S):—s(s+s1)(s—sz)(s—s3)(s—s4) ‘ ©)
B(s) (7»1—s)2 (kz—s)z (u+s)

To find the zeros and poles of expansion (6), we select a poly-
nomial of the fourth degree from the numerator

st +C3s3 +czs2 +cs+¢g @)
with coefficients collected using symbolic operations Mathcad
co =a+ag —2uhhy (M +23),

a = RO +40hy +43 —a3) =24 ha (O +1s) ,

¢y =AM RS+ A0 Ay 2000 +2y) . ¢ =u—2(k +2y).

Polynomial (7) has one real negative root -s;. The next three
roots in this case represent one real positive and two complex con-
jugates with a positive real part. Next, we determine the compo-
nents of the expansion based on the type of roots of the numerator
of the expansion

(224 =5)* (215 =)’
(s=8)(s—83)(s—5 ) '

Using the found components of the spectral decomposition, we
determine the Laplace transform for the waiting time density func-

o(s)=s(s+s1)/ (u+s), B(s)=-—

ko si(s+n) . o
tion W (s) =———= and through it, the average waiting time
9 (S + 81 )
in the queue
W=1/s-1/p. (8)

To determine the value of the root s1 of the polynomial (7), it
is necessary to express the values of the unknown parameters A,
A2, p of the distribution (4) and p of the distribution (5) through its
initial moments:
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Equations (10), together with the squared coefficient of varia-
tion c;% = G% /(T )2 = [t;% -(7, )2 1/ (Tx)2 , make it possible to
find all three distribution parameters (4). Let's write these values

M=4p/T, M =41-p)/T,

p=1/24\1/4-3/[8(1+c})].
(10)

In this case, any of the two numbers can be taken as the value
of the parameter p. From the condition of non-negativity of the

expression under the square root, it follows that ¢, >1/ V2 [8-9].

A similar solution for the HE,/M/1 system is presented in the
author's paper [8]; for the case where the HE, distribution is for-
mulated as a probability mixture of normalized Erlang (1) distri-
butions. As established previously, the normalized distribution (1)
and the usual distribution (3) have different initial moments. Con-
sequently, many intermediate results (7) differ from those given in
this article. Nonetheless, the primary result for the average waiting
time remains the same.

Below in Figure 1 is an example of a calculation using the pro-
posed QS model HE,/M/1 for the case of a load factor
p=T,/T, = 0.9, a coefficient of variation ¢, =2 and a unit ser-

vice time ?u =1.

1
T}\.Z:% ch:=2 =1 cp=1 p=—=1

1, |:2'(l+ckz)-3} P
T2

STE=09183 A=4—-=3306 Lz:zi(:}:ﬁzo.zw
8-(1+ck) T

a0 =AT-32%  al =2 A2 [pAl+(1-p) 2] a2 =p-Al>+(1-p)-h2>

C3 =2 (M +A2)=-62 C2:=-2-p- (A1 +A2)+ 4-A1A2 + A+ A20)=7.704
Cli= (WP H4 A1 A2 + 227 a2)- 2 A1 22 (ML +32)=-2.138
CO0:=a0+alp-2pAlA2-(A1+A2)=-0.105

Given

ez streasticrs+co=o

Find(S) — (1.13E+000 4.64E+000 -4239E-002 4.722E-001)

S1:=0.042393653924057312415 S2:=5.0877761192984934606

S3:=0.033679284488540946276 S4:=0.008129324989322733775

.
w ::L— L:22.58844 Nq::“—:20.33
S] M Th

Fig. 1. Calculation example on Mathcad

Figure 1 presents an example of a numerical calculation of the
model, which can be used to evaluate the numerical calculation
algorithm.

In conclusion of the construction of the numerical-analytical
model, we present Table 1, which compares the results for our sys-
tem in the case of a relatively small variation coefficient cA=2 with
the data of known systems for different values of the load p.
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Table 1
A simple database for comparing systems
Average waiting time
p HE2/M/1 M/M/1 Eo/M/1
0,1 0,08 0,11 0,03
0,5 2,00 1,00 0,62
0,9 22,59 9,00 6,59

3. Construction of a simulation model for the system under
consideration

An analytical representation of the hyper-Erlang distribution
(4) suggests an initial approach to modeling using the GPSS
World TEST operator. This is a conditional jump operator depend-
ing on whether a given condition is met. In such a model, transac-
tions will be directed with probability p to the first phase of the
hyper-Erlang law and with probability 1-p to the second phase, as
shown in the model text below. The simulation model code is pre-
sented in Appendix 1. Here the line HYPER1 FVARIABLE
means the command to call the generator of the second-order Er-
lang distribution as a special case of the Gamma distribution and
assign the calculated value to the arithmetic variable HYPERI.

The results of the simulation with the initial data from the
Matcad calculations (Fig. 1) are shown in Fig. 2. To maintain con-
tinuity between the numerical-analytical and simulation models,
we use the same initial data for the system during simulation.

LABEL LOCBLOCK TYPE ENTRY COUNT CURRENT COUNT RETRY

1 TEST 0 0 0

2 GENERATE 917939 0 0

3 TRANSFER 917939 0 0

MET 1 4 GENERATE 82079 0 0
MET 2 5 QUEUE 1000018 17 0
6 SEIZE 1000001 1 0

7 DEPART 1000000 0 0

8 ADVANCE 1000000 0 0

9 RELEASE 1000000 0 0

10 TERMINATE 1000000 0 a

FACILITY ENTRIES UTIL. AVETIME AVAIL. OWNER PEND INTER RETRY DELAY
CHAN 1000001 0.901 1.001 1 999992 0 0 0 17

QUEUE MAX CONT. ENTRY ENTRY(0) AVE.CONT. AVETIME AVE(-0) RETRY
QCHAN 69 I8 1000018 128658 6.012 6.078 7.665 0

Fig. 2. Results of the initial simulation model run

The analysis of the model run results (Fig. 2) shows that ap-
proximately 918 thousand transactions are sent to the first phase,
while 82 thousand transactions to the second phase. This distribu-
tion corresponds precisely to the specified probabilities of 0.918
and 0.082. As shown in Figure 2, the load factor is 0.9 and the
average service time is one, which is completely consistent with
the given initial data in Figure 1. At the same time, the main result,
namely the average waiting time, equal to 6.678, does not coincide
with the results of the analytical model (Fig. 1), which is 22.588
units of model time.

Thus, we came to the need to consider the differences between
the analytical and simulation approaches. The issue arises from
the structure of the simulation model. In its current implementa-
tion, incoming requests are not delayed in the Erlang phases of the
hyper-Erlang distribution law for a given phase operation time.
Consequently, the queueing delays produced by the simulation are
characteristic of a simpler E2/M/1 system, not the intended
HE2/M/1 system. We will consider this approach to constructing a
simulation model as an instructive (unsuccessful) example.

To construct an adequate simulation model, it is necessary to
clarify the main difference between the theoretical hyper-Erlang
distribution (4) and the discrete-event functioning of the two-
phase distribution. In a theoretical distribution, a request entering
the system for servicing instantly goes through an “either or”
scheme with probabilities p and 1-p — the first phase or the second.
In discrete event modeling, before a requirement moves into a par-
ticular phase, that phase (state) must be defined and opened for a
certain time using logical switches. Therefore, the simulation cir-
cuit must include logical switches with two states: on and off.
Such a simulation circuit is shown in Figure 3.

In the discrete-event model, the two-phase functioning of the
hyper-Erlang process (Fig. 3) occurs as follows. With probability
D, the generated transaction is sent to the first phase of the hyper-
Erlang process after it is determined and transferred to the on state
and remains there for a time of 2/A;, and with probability 1-p, it is
sent to the second phase and remains there for 2/A; units of model
time. The circuit includes logical switches with two states: on, off.

The quantities 2/A; and 2/A, here represent the first initial mo-
ments of the second-order Erlang distribution for the first and sec-
ond phases.

Fig. 3. Formation of a Two-Phase Hyper-Erlang Distribution.
The phases are switched on alternately depending on the probability p
and work for an arbitrary time with an average value indicated on the

diagram

The two states are controlled by the LOGIC operator, where
the A parameter serves as the key's identifier. The operating mode
is specified by the letter X: the active state is set using the S (set)
value, and deactivation is performed using the R (reset) value. De-
pending on the given probability variable p, the program code pro-
vides for the sequential activation of Switch1 and Switch2 objects,
which act as logical keys.

The use of switches alone does not complete the model. It is
necessary to ensure that transactions proceed through phases only
when the switch is active. For this purpose, a GATE condition
checker (in let-in mode) is used, which regulates the flow depending
on the state of object A. Modeling requires specifying the duration
of active switch operation. For example, the expression T 1#3.1 de-
fines the operating time, where the average phase interval is ad-
justed by an empirical factor of 3.1. This factor is selected empiri-
cally to minimize deviations in the QS characteristics from actual
data. The GPSS World program code is given in Appendix 2.

Next, we will establish the initial data for the simulation
model, which must coincide with the data of the numerical-ana-
lytical model. To do this, we take a loading factor equal to 0.9, a
variation coefficient for the input flow of 2.0, and distribution pa-
rameters 4) determined by expressions (10)

2
podl I3 00, 1-p=0918, 2y = 0295, &, =3.304.
2\ 8a+cd)
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T-Comm Towm 20. #5-2026




Let's establish a unit model service time. All these initial data
can be found in the program code in Appendix 2. Figure 4 shows
the simulation results.

Notations used in the simulation model.

P_1is aprobability p from the theoretical model, P_2 is a prob-
ability 1-p. T 1 and T 2 here are half the values of the averages
2/h and 2/A; for the first and second phases of the hyper-Erlang
distribution.

Other notations are related to features of the GPSS WORLD
modeling language, such as block labels and library function input
parameters for generators.

FACILITY ENTRIES UTIL. AVETIME AVAIL. OWNER PEND INTER RETRY DELAY
CHAN 1000001 0.898 1.000 1 2008099 0 0 0 1

QUEUE MAX CONT. ENTRY ENTRY(0) AVE.CONT. AVETIME AVE.(-0) RETRY
QCHAN 175 2 1000002 52010 20.300 22.623 23.804 0

Fig. 4. The simulation results for QS HE2/M/1 with a control constant
of 3,1. Here the designations of the standard GPSS WORLD report
are saved

The simulation results shown in Figure 4 confirm that the
given input data and the simulation results match. The key perfor-
mance indicators of the system, such as the average queue waiting
time of 22.623-time units, is close to the numerical result 0f 22.59,
and the average queue length of 20.30 is also almost the same as
the numerical result of 20.33 in Figure 1. Thus, the experimental
selection of the durations of active operation of switches T1 and
T2 allows us to construct an adequate simulation model. Thus, the
control constant in the simulation model is optimized, which en-
sures the best output characteristics of the system. In the future,
this may help in constructing general simulation models for
PH/PH/1 systems with phase distributions.

We now analyze the simulation model's behavior with the con-
trol constant set below and above 3.1. First, for values less than
3.1 (Figure. 5 — control constant is equal to 3.0), second, for values
above than 3. 1 (Fig. 6 — control constant is equal to 3.2).

FACILITY ENTRIES UTIL.
CHAN 1000001  0.898

AVETIME AVAIL. OWNER PEND INTER RETRY DELAY
1.000 1 2006416 0 0 0 0

QUEUE MAX CONT. ENTRY ENTRY(0) AVE.CONT. AVETIME AVE.(-0) RETRY
QCHAN 191 1 1000001 51574 19.749 21.990 23.180 0

Fig. 5. The simulation results for QS HE2/M/1 with a control constant of 3,0

FACILITY ENTRIES UTIL. AVETIME AVAIL. OWNER PEND INTER RETRY DELAY
CHAN 1000001 0.899 1,000 1 2005184 0 0 0 13

QUEUE MAX CONT. ENTRY ENTRY(0) AVE.CONT. AVETIME AVE.(-0) RETRY
QCHAN 238 14 1000014 50137 20.944 23307 24.537 0

Fig. 6. The simulation results for QS HE2/M/1 with a control constant of 3,2

Thus, the model demonstrates the expected relationship where
an increase in service parameters leads to a decrease in waiting
time and queue length, and vice versa. A practical limitation of the
proposed approach, however, is its dependence on knowing the
exact or approximate values of the system's output characteristics
in advance. Future research could focus on developing methods to
bypass and eliminate this drawback.
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4. Quality check of submitted pseudo-random number
Generator and verification of the simulation model

The problem of checking the quality of the proposed pseudo-
random variable generator for the hyper-Erlang distribution law is
that this distribution law is completely absent from the libraries of
known programs for processing statistical data for the purpose of
selecting the corresponding distribution law. Consequently, ex-
porting the results of the proposed generator to any known soft-
ware products is impossible Therefore, to test the quality of the
generated sequences, we will have to re-solve the main problem
of recognition and selection of the distribution law using the null
hypothesis Ho.

To do this, we must add to the program code given in Appen-
dix 2 a set of command operators for generating random intervals
of incoming requests and processing them in the form of tables
and histograms. Let's list them: InterArr TABLE X$Arr,1,1,20
(Building a table of receipt interval values for a statistical series
and a histogram); INITIAL X$Time,0 (Setting the initial value of
"Time" to zero); Fun VARIABLE (AC1-X$Time) (Determination
of the function for the values of interarrivals); SAVEVALUE
Arr,V$Fun (Enter in the cell "Arr" the number determined by the
function "Fun"); SAVEVALUE Time,AC1 (Enter in the cell
"Time" the current value of the absolute model time); TABU-
LATE InterArr (Tabulation of interval values between arrivals);
MARK 2 (Enter in cell "2" the value of the current absolute model
time). We restrict ourselves to a small number of tests 500. It
should be noted that such number of tests will reflect the transient
process of the system functioning. The START 500 statement will
generate 505 transactions then (Fig. 7).

This could be avoided if there was a possibility to export the
generation results into well-known statistical data processing pro-
grams.

It is known that varying the width of the histogram digit (Fig. 8)
allows one to obtain various Pearson statistics. We combine dis-
charges with low relative frequencies so that at least 5 values of a
random variable fall into each interval, as shown in Table 2
[18-20].

QUEUE MAX CONT. ENTRY ENTRY(0) AVE.CONT. AVE.TIME AVE.(-0) RETRY
QCHAN 50 5 505 15 17.614 18.612 19.181 0

TABLE MEAN STDDEV.RANGE RETRY FREQUENCY CUM.%
INTERARR 1.172 2.159 0
- 1.000 391 7743
1.000 - 2.000 69 91.09
2,000 - 3.000 10 93,07
3.000 - 4.000 5 94.06
4.000 - 5.000 4 94,85
5.000 - 6.000 8 96.44
6.000 - 7.000 6 97.62
7.000 - 8.000 3 98.22
8.000 - 9.000 2 98.61
9.000 - 10.000 3 99.21
10.000 - 11.000 1 9941
11.000 - 12.000 1 99.60
12.000 - 13.000 I 99.80
13.000 - 14.000 0 99.80
14,000 - 15,000 0 99,80
15.000 - 16.000 1 100.00

Fig. 7. Statistical distribution of arrival intervals for QS HE2/M/1.
Part of the standard GPSS World report is shown here. With a small
number of tests, we have a case of a transient process

| T—
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600 7
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Fig. 8. HE: distribution histogram. The histogram is built using standard
GPSS WORLD tools: Window — Simulation Window — Table Window

Here [ is a digits of the histogram, mi is the number of hits in
the i-th digit, p;* are the relative frequencies of hits, p; are the prob-
abilities of hits in the given digit

3
pi=]1 PAte™" +(1— p)Aste ' 1dt . The value of the Pear-
fi-1
son  statistics is
2K op )
=t pi'N

determined using the expression
Table 2

Corrected statistical series and calculation of statistics XZ

1 ; pi* Di 505 pi P
0-1 391 0,7743 | 0,7763 392,03 | 0,003
1-2 69 0,1366 | 0,1423 71,86 0,114
23 10 0,0198 | 0,0173 8,74 0,183
3-5 9 0,0178 | 0,0177 8,94 0,000
5-6 8 0,0158 | 0,0077 3,89 4347
6-7 6 0,0119 | 0,0068 3,43 1,917
79 5 0,0099 | 0,0108 5,45 0,038
9-0 7 0,0139 | 0,0211 10,66 1,254

¥=505 | ¥=1,0 | ¥=1,0 ¥=505 | ¥=7.86

The obtained test value y>=7.86 is compared with the table

values with the number of degrees of freedom r=4 to determine
the level of significance. A quantile (significance level) of 0.05 chi
squared distribution with four degrees of freedom gives the value
%2(0.05; 4)=9.49. The calculated value ¥*>=7.86 is less than 9.49,
therefore, the hypothesis of the hyper-Erlang distribution law for
this sample is not rejected. Here, the null hypothesis Hy is the fact
that the values of this sample are subject to the hyper-Erlang dis-
tribution. The alternative hypothesis H; — the hyper-Erlang distri-
bution law is rejected. Thus, the reliability of the simulation model
is confirmed by comparison with the results of analytical model-
ing obtained by the spectral solution method presented in [8-10].

To increase the reliability of the results, we apply the Kolmo-
gorov-Smirnov statistical criterion. For this purpose, the empirical
distribution function F,(¢) for the request inter-arrival intervals
was constructed using the p;i* from Table 2. The results of these
calculations are presented in Table 3.

Table 3
Data for the Kolmogorov-Smirnov test
Points Fu() F() Fu(?) - F(9)

0 0,0 0,0 0,0

1 0,7743 0,7763 -0,0020
2 0,9109 0,9186 -0,0077
3 0,9307 0,9359 -0,0052
5 0,9485 0,9536 -0,0151
6 0,9643 0,9613 0,0030
7 0,9762 0,9681 0,0081
9 0,9861 0,9789 0,0072
) 1,0 1,0 0,0

As shown in Table 3, the test statistic is d=max |Fn )—F (t)| =0,015

and the Kolmogorov function parameter is A=d Jn =0,337. Con-
sidering the values of the Kolmogorov function P(0,3)=1,000 and
P(0,4)=0,997 after interpolation, we get the probability P=0,998.
Thus, the hypothesis of the hyperexponential distribution law is
supported.

5. Results and Discussion

The paper presents the developed algorithm and simulation
model for modeling the functioning of a QS with a second-order
composite distribution formed from Erlang distributions with
weights. It was noted above that this distribution law provides a
wide range of the coefficient of variation. When developing the
simulation model, a complex mechanism of logical switching of
the phases of the distribution law was used, as well as the selection
of a control constant, which made it possible to build an adequate
simulation model for the passage of transactions within the model.
At the same time, the control constant allows you to reduce the
time of the transient process during simulation. Checking the qual-
ity of the presented generator on small samples shows their satis-
factory functioning (Table 2).

6. Prospects for further research

Despite the relatively high accuracy of the constructed numer-
ical-analytical and simulation models of queuing for a system with
a hyper-Erlang distribution of the input flow, the authors see the
need for further development of this direction for systems with
phase distributions.

The presented models are limited by the possibility of using
only two phases of the incoming process and two moments of dis-
tribution of the input flow, and this may be insufficient for mod-
eling modern telecom traffic.

The transition to phase distributions is associated with the
complexity of constructing a simulation model with the specifics
of using logical switches for the phase structure of receipt and ser-
vice processes.

Conclusion

This work addresses a gap in theory, as no prior studies on this
topic were found in either Russian or English sources, nor are hy-
per-Erlang distribution generators available in the GPSS World li-
brary. The results presented by the authors make it possible to
study queueing systems based on complex distribution laws. The
approach involves comparing simulation results with theoretical
results obtained by applying the spectral decomposition method to
the Lindley integral equation.
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In the article, Section 3, including all subsections and Section 4,
contain new results that are not available in the Russian-language
or English-language segments of scientific literature. This con-
cerns numerical-analytical modeling and simulation modeling of
systems with hyper-Erlang input distribution. Therefore, these
sections present new results in computer modeling. The presented
hyper-Erlang distribution generator based on logical switches of
Erlang distribution phases operation has no analogues.

The authors confirm that the data supporting the findings of
this study are available within the article [8-10] its supplementary
materials.

Appendix 1

10 HYPER1 FVARIABLE (GAMMA(1,0,0.605,2))
20 HYPER2 FVARIABLE (GAMMA(1,0,6.78,2))
30 TESTL (RN1),0.918, MET 1
40 GENERATE VSHYPER1
50 TRANSFER ,MET 2
60 MET 1 GENERATE V$HYPER2
70 MET 2 QUEUE QCHAN
80 SEIZE CHAN
90 DEPART QCHAN
100 ADVANCE (Exponential (1,0,1.0))
110 RELEASE CHAN
120 TERMINATE 1
130 START 1000000
Appendix 2
10 P_1 EQU 0.082
20P 2EQU (1-P_ 1)
30T 1 EQU 3.39
40 T 2 EQU 0.302
50 GENERATE ,,,1
60 Switch TRANSFER P_1,Met 2. Met 1
70 Met_1 TRANSFER ,Sw_1
80 Met 2 TRANSFER ,Sw_2
90 Sw_1 LOGIC S Switchl
100 ADVANCE (T _1#3.1)
110 LOGIC R Switchl
120 TRANSFER ,Switch
130 Sw_2 LOGIC S Switch2
140 ADVANCE (T _2#3.1)
150 LOGIC R Switch2
160 TRANSFER ,Switch
170 GENERATE (GAMMA(11,0,T 1,2))
180 GATE LS Switchl,Met 10
190 TRANSFER ,Met 20
200 GENERATE (GAMMA(21,0,T 2,2))
210 GATE LS Switch2,Met_10
220 Met_20 QUEUE QCHAN
230 SEIZE CHAN
240 DEPART QCHAN
250 ADVANCE (Exponential(31,0,1.0))
260 RELEASE CHAN
270 TERMINATE 1
280 Met_10 TERMINATE
290 START 1000000
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HYNCJIEHHO-AHAJIMTUYECKOE U MMUTALIMOHHOE MO EJTMPOBAHUE CUCTEMbI MACCOBOIO
OBCJTYXXUBAHUA C TNMNEPSPJIAHI OBCKUM PACIIPEAOEJIEHUEM BXOHOIO NOTOKA

Tapacoe BeHuamun Hukonaesu, [Nogomkckul 20cydapcmeeHHbIl yHU8epcumem mesnekoMMyHUKAauul u UuHGopmamuku,
2. Camapa, Poccus, veniamin_tarasov@mail.ru
Baxapeea Hadexda PedopoeHa, Mosonmxkckuil 20cydapcmeeHHbIl yHUSEpCUMem meneKoMMyHUKAUUU U UHGOpMAamuku,
2. Camapa, Poccus, nadin1956_04@inbox.ru

AHHOTaUuuA

B paboTe mpeacTaBneHbl MOMyYeHHble pe3yrbTaThl MCCIEAOBaHWUA cuUcCTeMbl MaccoBoro obcnyxusanus (CMO), onucbiBaeMoi rUnepapraHroBCkUM
BXOAHbIM MOTOKOM M 3KCMOHEHUMarbHbIM BpeMeHeM obcnyxuBaHus. V3BecTHO, YTO ruMnepapnaHroBcKoe pacripeferieHue ABAETCA YaCTHbIM CryqaeM
$azoBbIX pacripefienieHunit, KOTOpble CTaiM MaTeMaTUYeCKUM anmnapaToM Ans aHanusa Tenetpaduka ceTeit ByAyllero MoKoneHus, XapakTepusyroLerocs
BbICOKOI BapUaTMBHOCTLIO U obnagatoLlero sdpdektom camonoaobus. [11a NocTpoeHUs YNCIEHHO-aHAIMTUHECKON MOZENN CPEAHEro BPEMEHU OXMAAHUA
TpeboBaHW1 B OYepeAu WCMOMb30BaH CMEKTPaNibHbIA METOA AN PEeLUeHUs MHTErpanbHoOro ypasHeHus JIMHAMM C HaxXOXAEHWEM Hynel U MONtoCOB
CMEKTPanbHOro PasfioXeHUs B BUAE OTHOLUEHUA PaLMOHaNbHbIX PyHKUMA. [ns NOCTPOEHWs MMUTALMOHHON MOZENN WUCMOJSIb3OBaH METOA JIOTUYECKUX
nepeksitoyaTenein B ANCKPETHO-COBbITUIMHOM cucTeMe Mogenuposanua GPSS World. B paboTe npeacTaBieHbl YNCAEHHO-aHAIMTUHECKAA U UMUTALIMOHHAA
MOZenu AJiA CpeAHEro BpeMeHW OXuAaHus TpeboBaHui B o4epeam AnA CUCTEMbI C TMMEP3PIaHrOBCKUM pacrpeAeneHneM BTOpPoro nopaAKa AnA BXOAHOro
notoka. [ns nocTpoeHus WMMUTAUMOHHOM Mogenu noTpeboBanack pa3paboTka reHepatopa MCEBAOCAYHaNWHbIX MNOCNEAOBATENbHOCTEN ANiA
rMNepapsiaHroBCKOrO PpacrpefesieHnss BTOpPOro mnopsfka, KoToporo HeT B 6ubnuoteke ¢yHkumin GPSS World. ApeksatHocTb §yHKLMOHMpOBaHUA
pa3paboTaHHOro reHepaTopa MOATBEPXKAEHA CTaTUCTUYECKUM TecTaMu. [Ins OLEeHKU TOYHOCTM MOJSyMEHHOrO PEeLUeHUs MPOBEAEHbI BbIYUCIUTENbHbIE
SKCMEPUMEHTbI AJIA MabiX, CPEAHUX W BbICOKMX 3HA4YeHUN KO3I(OULMEHTOB BapuaLmii BPEMEHHbIX WHTEPBANOB W 3arpy3ku cucTeMbl. AAEKBAaTHOCTb
pe3ynbTaToB MOATBEPXKAAETCA COMOCTAB/IEHUEM [JaHHbIX MOAENMPOBAHUA C MOMOLLLIO MPEACTaBAEHHbIX YMCIEHHO-aHANUTUYECKOW U UMUTALIMOHHOM
MoZernen 1 BblMUCIUTENbHBIMK 3KcnepuMeHTamu B Mathcad.

Knioyeebie cnoea: Cucmema modenuposarus GPSS WORLD, cucmembl mMaccoeozo obciyxusaHus, cpedHee epema oxudaHus e ovepedu, cpedHss OnuHa
oyepedu, ypasHeHue J1uHdnu, cnekmpasnbHbii memoo.
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