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When modeling data transmission systems for various purposes,
including computer and telecommunication networks, both compo-
nents of mathematical modeling are widely used. These are simula-
tion modeling and analytical modeling based on queuing theory. At
the same time, researchers can always compare the results obtained
by means of simulation and analytical modeling. From modern tech-
nologies of simulation modeling, one can single out the IT GURU
Academic Edition technologies, represented by the Opnet Modeler
and Riverbed Modeler software products with powerful graphical edi-
tors. Graphic editors allow you to create simulation models of data
transmission systems of any complexity, and launch and run their
models to obtain statistics of the main performance indicators of
these systems. Comparison of the simulation results with the results
of queuing systems (QS) of the G/G/| type makes it possible to assess
the adequacy of those and other mathematical models. This article
summarizes the results of the author's publications on G/G/| systems
based on time-shifted distribution laws such as exponential, hyperex-
ponential, and Erlang distribution. Thus, these distribution laws for
the random variables used provide the coefficients of variation less
than, equal or greater than one. This fact is important from the point
of view of the queuing theory, because the average delay of claims in
the system directly depends on the coefficients of variations in the
time intervals for the arrival and servicing of claims.
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Introduction

When modeling data transmission systems methods and tools
of mathematical modeling are widely used, including simulation
and analytical modeling based on the queuing theory [1,2,13]. In
imitation modeling, in the author's opinion, IT GURU Academic
Edition technologies in the form of OPNET Modeler and RIV-
ERBED Modeler software products are promising [3,4]. With the
help of these software products, it is possible to simulate data
transmission networks of varying degrees of complexity using a
wide range of modern protocols.

In this article, in contrast to the classical theory of queuing,
we consider QS with distribution laws shifted to the right from
the zero point, such as exponential, hyperexponential and Erlang
distribution. Such QSs are of the G/G/1 type, which are systems
with general distribution laws of the intervals between claims of
the input flow and the service time.

As is known, for G/G/1 systems, it is impossible to obtain so-
lutions for the main characteristic of the QS - the average delay
of claims in the queue in the general case. Therefore, it is im-
portant to study such systems for special cases of distribution
laws. The article provides an overview of the author's results for
the average delay of claims in the queue for systems with input
distributions shifted to the right from the zero point. To obtain
them, we used the method of spectral decomposition of the solu-
tion of the Lindley integral equation [1].

The article summarizes and presents the spectral expansions
of the solution to the Lindley integral equation for six systems
and with their help are derived calculation formulas for the aver-
age delay of applications in the queue [6-10]. It is shown that in a
queueing system with time lags, the average delay of claims is
less than in conventional systems. The obtained calculation for-
mulas for the average delay of claims extend and supplement the
well-known unfinished formula of the queuing theory for the
average delay of claims for systems G/G/1. The proposed ap-
proach allows calculating the average latency for these systems
in mathematical packets for a wide range of changes in traffic
parameters.

Analysis of domestic and foreign scientific publications
shows that there are few of them in the queueing system with
time lags. In papers [11,12] methods and techniques of moment
approximation of distribution laws are presented. New advances
in the theory of queuing are given in [14-17], but the closest in
terms of topics to the queueing system with time lags is the work
[14].

Further, the results obtained for the systems: E2/Ez/l
E3/M7/1, M7/E3 /1 Hy/Hy/1 Hy/M™/1 M /Hy/1 [
10].

Problem statement and solution. The paper poses the prob-
lem of finding solutions for the main characteristic — the average
delay of claims in the queue in queuing systems formed by the
distribution laws shifted to the right from the zero point: expo-

nential (M), second-order Erlang (E2), second-order
hyperexponential (H2). These shifted distribution laws, in con-

trast to the usual ones, will be denoted M",E,. Hy |
Let us consider the solution to the problem on the example of

the system E2/E2/1 which is described by the distribution laws
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of the input flow and service time in the form of density func-
tions shifted to the right [6]:

a(t) =402 (t—t)e M)

>

b(r) =4 (t—1y)e (70 W
where through 75>0 the parameter of the shift of the distribution
law is indicated.

The Laplace transform of functions (1), respectively, have the
form:
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Then the expression A (=s)*B (s)=1=y_ (s)/y_(s) for
the spectral expansion of the solution to the Lindley integral
equation takes the following form:
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The same spectral expansion will be for the ordinary system
E2/E2/1, thus we establish that the spectral expansions of the
solution of the Lindley integral equation for the QS formed by
shifted distribution laws are invariant to the shift operation in the
distribution laws.

We continue the spectral decomposition (3)
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one negative root and one positive root, since in case of a stable

system A<p e, (M')” ) > 0. For convenience, we denote them

by — 51 and 53:
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For convenience, we denote them by Ve (S) s (s) :
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(two negative roots and one positive root)
_ / 2
53= =(U-A) + V(-2 +8 L pecomposition  poles

Vi (s)/y_(s): s =24, s =2 . Now, taking into account
special conditions [1], we construct the components of the spec-

tral expansion Ve (S) and V- (S):

s(s+s7)(s+sy)
(2u+s)
Further, using the method of spectral decomposition, we find
the constant K:
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Hence the Laplace transform of the waiting time density
function:

518, (2p+ s)2
4u2(s+s1)(s+sz)' @)

To find the average waiting time, we find the derivative of
the function W*(s) with a minus sign at the point s = 0:

_ dW*(S)| S1S2 |:4l.l (S +S1) 4“515'2 }| 0=
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Finally, the average latency of applications in the queue for
the system E; /Ey /1

W:S1+52 _l

s M, 6

where the quantities

s;p=(n-2)+ \/(u—k)z +8hp s, =2(p-r)

(6)

are expressed through the parameters of distributions (1),

which in turn will be determined through the numerical charac-
teristics of distributions (1) by the method of moments.

Further, to solve the problem, we need the numerical charac-

teristics of the distribution £2 , which we will define through the
Laplace transform.

The average value of the interval between arrivals is given by
the first derivative of the Laplace transform with a minus sign at
the point s=0:

|s=0:

Hence the average interval between claims arrivals:

— .-
T, = A+ to ) (7)
The second initial moment of the interval between arrivals is
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Note that for the wusual distribution E,: =2 s

o =1/ \/5 Comparing numerical results for distributions E,

and 2 you can see the difference between them, obtained as a
result of the shift of the distribution laws by the value #>0. The

coefficient of variation € for distribution E, decreases with a

shift in (1+24) times compared to the coefficient A for the
distribution of E,. Taking into account the fact that the average
delay of claims in the queue is related to the coefficients of varia-
tion of the arrival intervals and the service time by a quadratic
dependence, this will provide a lower delay.

Similar expressions will take place for the numerical charac-
teristics for the service law. Average service time is:

P |
Tu_l’L +t0, (9)

And the coefficient of variation:

G =[V2 (1 m) | (10)

Then the algorithm for calculating the average time lag by
formula (5) will be reduced to the following steps. one). We set

as input parameters for calculating the system Ey /Ey /1 the
values obtained above A>T > €4 and also the shift pa-
rameter £, 2). From the equations of moments (7), (9) we deter-
mine the parameters of the distributions A and p, and from (8),

(10) coefficients of variation o 3). In the mathematical

package Mathcad, we calculate the average delay in the queue
using formula (5) for the ranges of variation of the coefficients of

c;Le(O,l/\/E) c e(Ol/\f)

nd * and also for the
0<ty<

variation

shift parameter
shown in table. 4.

For the remaining five QSs with shifted distribution laws, so-
Iutions for the average queue delay were obtained in a similar

M Comparative calculation results are
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way. For a summary of these results in table. 1 we will summa-
rize the numerical characteristics of the considered distribution
laws, which were used in the works [6-10].

Table 1
Numerical characteristics of distributions
Distr | First starting Second starting Coefficient of variation
ibuti 7 _ 2
on moment ‘A moment TA squared €A
M 1A 2\ 1
E, 1/\ 3/(22%) 12
Pl + (=P ~2hapli=p)+p2-ph5
_ 2
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A 20 2(1+Aty)
5 p (-p) (1= PN = 24do p(1=p)+ p2—p)A3
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Table 3

Laplace transforms of the waiting time density function,
components of spectral expansions of the ILE solution,
calculated expressions for the average waiting time

Laplace transforms
of the waiting time density

Calculated Expressions
for Average Latency

The numerical characteristics of the shifted distributions
(Table 1) clearly indicate a significant influence of the shift pa-
rameter t0 on them, therefore, the main characteristic of the QS —
the average delay of requests in the queue will be a function of
the shift parameter. This fact will be confirmed by the results of
computational experiments below.

Now we need to determine the unknown parameters of these
distributions. These parameters are also obtained in [6-10] and
for the cases of the distribution density functions of the intervals
of input flows a(f) are summarized in Table 2.

Table 2
Parameters of shifted distributions obtained
by the method of moments
Distri
butio Density a() Parameters P M My Ao
n
M~ 2z —Mr—ty) A= 1
¢ O~
1
- 2 —2M(t-ty) A=
E _ )}
2 | A (t—1y)e Tt
G :l+
| e wegt | _20ep)
2 s (1— @ 2T % —1)
+(1-p)hse 2070) g (%, ’};o)zoﬂ'%?)%] o

Similar parameters for the distributions of the service time
b(r) will take place by replacing A on L.

Table 3 shows the Laplace transforms obtained in [5-9] for
the density function of the waiting time in the queue in the sys-
tems under consideration, the components of the spectral expan-
sions of the solution to the Lindley integral equation, as well as
calculation formulas for the average queue delay in the corre-
sponding systems.

T-Comm Vol.I5. #8-2021

§—83

Qs function and spectral decompo-
sition components
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A detailed description of the algorithms for calculating the
average waiting time for the systems under consideration can be
found in [6-10].
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Results of computational experiments

Table 4-5 for an example of demonstration of the developed
algorithms, the calculation data in the MathCAD package for
systems E5 /E; /1, Hy /H; /1 for light, medium and high
load cases p = 0,1; 0,5; 0,9 for a wide range of variation coeffi-
cients ¢), ¢, and the shift parameter #. The results for queueing
systems with time lags are compared with those for conventional
systems. This will make it possible to quantify how much the
average latency of applications in the queue in a queueing system
with time lags decreases. Load factor p in table 4-5 is determined
by the ratio of average intervals o — T,/ 8 well as in simula-

tion modeling. For convenience, the calculations used the nor-
malized service time TM =1.

Table 4
Experimental results for QS g7 /g5 /1 and Eo/Ey/1

Input parameters Average waiting time
N c : for the system | for the system
r H ! E;/E; /1 E/Ey/1
0,643 | 0,071 0,9 0,000
0,672 | 0,354 0,5 0,002
0.1 0,700 | 0,636 0,1 0,013 0,017
0,706 | 0,700 0,01 0,016
0,389 | 0,071 0,9 0,001
0,530 | 0,354 0,5 0,081
0.5 0,672 | 0,636 0,1 0,309 0,390
0,704 | 0,700 0,01 0,382
0,134 | 0,071 0,9 0,034
0,389 | 0,354 0,5 1,057
0.9 0,643 | 0,636 0,1 3,519 4,359
0,701 | 0,700 0,01 4,271
Table 5

Experimental results for QS H; /H; /1 and H,/H,/1

Input parameters Average waiting time
p (s ¢y) for the system H2 /Hz /1 for the system
=09 [4m05  [n=0.1 Hy/Hy/1
(1,1) 0,06 0,07 0,10 0,11
0.1 (2,2) 0,28 0,36 0,42 0,45
’ 44 1,19 1,54 1,73 1,78
(8,8) 4,81 6,31 6,97 7,11
(1,1) 0,56 0,75 0,95 1,00
05 2.2) 2,31 3,13 3,87 4,04
’ 44 9,29 12,61 15,45 16,13
(8,8) 37,22 50,50 61,54 64,18
(L1 6,04 8,30 8,91 9,00
0.9 (2,2) 24,14 33,22 35,84 36,20
’ (4,4) 96,51 [132,30 143,27 144,83
(8,8) 386,03 |527,68 |571,47 577,86
Conclusions

The article presents the spectral expansions of the solution to
the Lindley integral equation for the six considered QSs and the
calculation formulas obtained on their basis for the average delay
in the queue. Calculation results. as expected, confirm that the

decrease in the coefficients of variation ¢, and ¢, by introducing
the shift parameter #, > 0 into the laws of distribution of the input
flow and service time entails a decrease in the average delay in
queueing systems with time lags by several times.

The adequacy of the presented results, on the one hand, is
confirmed by the fact that as the shift parameter tends ¢, to zero,
the average delay of claims in the queue in systems with time
lags tends to its value in a conventional system. On the other
hand, the adequacy of the presented mathematical models of
queueing systems with time lags is achieved by the correct use of
the classical method of spectral decomposition of the Lindley
integral equation for the considered systems.

The results obtained can be used in the modern theory of
teletraffic as a practical application in modeling delays in real
data transmission systems. To do this, it is necessary to know the
numerical characteristics of the time intervals of the incoming
traffic, which is not difficult to implement in the presence of
modern traffic analyzers.
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MOAEJIMPOBAHUE CUCTEM MNEPEAAYUN NAHHBIX C NCIMNMOJIb3OBAHUEM COBPEMEHHbIX
MH®OPMALIMOHHBbIX TEXHOJIOIMA

AxmemuwuHa SneoHopa lasuHypoeHa, [Mosomkckuii 20cy0apcmeeHHbIl yHUBEpcUMem meaeKoMMyHUKAUUL U UHPOPMAmuKu,
2. Camapa, Poccus, elyamalusha@mail.ru

AHHOTauuA

[py MozenupoBaHuu cucteM nepesadn AaHHbIX Pa3fIMHHOrO Ha3HaYeHUs, B TOM YUCTIE KOMMbIOTEPHbIX U TENIEKOMMYHUKALIMOHHbIX CeTel
LLIMPOKO WUCMONb3YtOTCA 0be COCTaBAOLLIME MAaTEMaTU4ECKOro MOAENMPOBaHNUA. DTO UMUTALIMOHHOE MOZENIMPOBAHWE U aHANIMTUYECKOE
MOZeNnMpoBaHNe Ha OCHOBE TeOpUM Maccoeoro obcnyxxusanus. [pu aToM nccnegoBaTenn Bceraa MOryT CONOCTaBUTb pesynbTatbl, NOMy-
YeHHbIE MyTeM UMUTALMOHHOIO M aHANIUTUYECKOTO MOAENNPOBaHMA. V13 coBpeMeHHbIX TEXHONMOT NI MMUTALMOHHOTO MOAENMPOBaHUA MOX-
Ho Bbigenute TexHonoruu IT GURU Academic Edition, npeacrasneHHbie nporpaMmHbiMv npogyktamm Opnet Modeler u Riverbed
Modeler ¢ MoLHbIMM rpaduyeckumn pedakTopamu. [paduyeckme pefakTopbl MO3BOMAIOT CO3AaBaTh UMUTALIMOHHbIE MOAENN CUCTEM Me-
pefadn AaHHbIX NO6ONM CNOXHOCTY, a 3aMyCK U MPOrOH MX MOAENEN NosyHaTb CTATUCTUKM OCHOBHbIX MOKasaTtesniei NpoU3BOAUTENBHOCTM
3Tux cucteM. ConocTaBneHve pesynbTaToB UMUTALMK C pe3ynbTaTaMu cucteM MaccoBoro obcnyxueanua (CMO) tuna G/G/1 noseonser
OLIEHUTb a/IeKBAaTHOCTb TeX U APYrMX MaTeMaTuyeckux Moaenei. B JaHHOI cTaTbe 0606LLeHbI pe3ynbTaTbl MO NyGNUKaLMAM aBTOpa MO CU-
cteMam G/G/| Ha ocHOBe CABUHYTbIX BO BPEMEHW 3aKOHOB pacrpeesnieHUit, TaKUX Kak: SKCMOHEHLUMANbHbIN, MUNep3KCNOoHEHUMANbHbIA 1
pacrpefienieHne SpnaHra. TakuM obpasoM, AaHHble 3aKOHbI pacrnpefenieHuii ANA UCTOJb3yeMbIX CITyHaiHbIX BENMYUH obecneymnBatoT Ko-
3¢pdULMEHTbI BapUaLym MeHbLUEe, paBHO U Gonblie eAnHULBL. DTOT BaKT C TOUKMU 3PEHUA TEOPUM MACCOBOTO OBCNYXKMBAHUA BAXEH, T.K.
CPeAHAA 3aAep>KKa 3aABOK B CUCTEME HaMpAMYIO 3aBUCUT OT KO3(PEPULIMEHTOB BapuUaLiMii BpEMEHHbIX UHTEPBANIOB MOCTYMIEHUA U obcny-
XMBAHWA 3aABOK.

Kniouyesbie cnoea: mexvonozuu IT GURU, umumayuonHoe modenuposarue, aHanumuyveckoe modenupoeavue, CMO ¢ 3anasdbieaHuem 6o epemeHu,
cpedHas 3adepxKa.
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