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B Hacroswen pabore uccnepyerca 3sajava onepaTMBHOIO pasBepTbiBaHUA
CMCTEM TPaHKMHIOBOM CBA3M C MCMONb3OBaHMEM GeCnuOTHbIX
netatenbHbIX ~ annapaTtoB, BbINONHAIWMX  (YHKUMM  BO3AYLUHBIX
peTpaHcnaTopoB. B kauecTBe KpUTEpMa HanNMuMsA yCTOMYMBOI CBA3N MEXAY
peTpaHcnATOpOoM W  HazeMHbIMM aboHeHTaMu paccMaTpuBaetcs
COOTHOLLEHNE MEXAY AOMYCTUMbIM YPOBHEM MOTEPb CUTHANA U peanbHbIMU
noTepsMM Ha Tpacce pacnpoCTpaHEHUs, PacCYUTbIBAEMbIMM MO
aMnupuyeckoir Mopenun OkyMypa-Xara, ajlanTMpoBaHHOW Ana yuera
penbedpa MECTHOCTM M Pa3HOCTM BbICOT. [ina onpefeneHus nO3uuUMMA
6ecnuMnoTHLIX neTaTenbHbIX annapaTtoB MpejnaraeTcs WMCNoOnb3oBaTb
KaZHble 3BPUCTMYECKUE anropuTMbl, obecrneuvusaiolue nNpuUeMneMyio
CKOPOCTb PacHeTOB B YCNOBUAX OrPaHMYEHHOrO BPEMEHM Ha MPUHATME
pewenun. MpoBoauTcA cpaBHUTENbHAA OLEHKA TPEX BapUaHTOB XKafHOTrO
anropuTMa, pasnMualoLUXCcA npaBunamMmu BbiboOpa TOUYKM pasMelleHus Ha
kaxaoM ware. Mpu noMowm 3ToM OLEHKN AenaeTca 3aKni4eHue o
NPUroAHOCTM KaXAOro MoAxofa C TOYKM 3peHusa 6GanaHca Mexay
KO/IMYECTBOM  WUCMOJIb3yeMbIX  PETPAHCAATOPOB W MNOWAAbio
HeXXenaTenbHOro MOKPLITUA BHE 30HbI OGCNY)KMBaHWA, U NPUBOAATCA
pesynbraTbl BbIMUCAUTENbHbIX SKCMEPUMEHTOB Ha CETKE CO CIlyuaiHbIM
penbecpom. Ha Tekywiem 3tane npegnonaraerca, 4TO Mony4YeHHble
KaAHbIMM anNropuTMaMmu pelueHus GyAyT MCMONb30BaHbI B KavecTBe
Ha4yanbHOM MONYNALMM [NA TEHETUYECKOro asirOpPUTMa, BbIMOMHAIOLLETO
6onee rny6okui nouck rnobanbHoro ontumyma. Ha aseike Python
paspaGotaHo nporpaMMHoe obecneueHue, MNO3BonsAOLlEe HArMNAAHO
BM3yaNiM3UpoOBaTb 30Hbl MOKPbITUA U AHAJIM3UPOBATb PE3YNbTaThl.
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BBenenne

CoBpeMeHHBIH MUP HEBO3MOXKHO ITPEACTaBUTh 03 HAAEKHON
W OTIEPAaTHBHOH CBSI3H, KOTOpast cTajla HE MMPOCTO MHCTPYMEHTOM
KOMMYHUKAIMU, HO M KPUTHYECKUM BIIEMEHTOM HH(]pacTpyK-
Typbl. CerojHsi CyIIeCTBYeT HECKOIBKO OCHOBHBIX BHJIOB TIO-
JBIDKHOHM CBSI3M, KXKIBI M3 KOTOPHIX 3aHMUMAET CBOIO HUIIY
[1, 2]. CiyTHHKOBAS CBA3H OOECIIEUMBACT TII00ATHHOE MTOKPHITHE,
TIO3BOJIAA pa6OTaTI) B CaMbIX YJIAJICHHBIX YT'OJIKaX IUIAHETBI, OJ1-
HaKo €€ TJIaBHBIMU HEJOCTaTKaMHU OCTAIOTCsl BBICOKAs! CTOMMOCTD
TEePMUHAIOB M TpadHKa, a TAKKE OLIyTUMBIC 33IeP)KKU CHTHAlIa
[3, 4]. IlpuBbIuHas oOiecTBy MOOWIIbHAS COTOBAs CBSI3b, HAIIPO-
TUB, TIpeJyIaraeT a0OHEHTaM JJOCTYIHbIE TApU(BI U BBICOKYO CKO-
POCTb mepesiauu JaHHbIX, HO e€ paboTa MOJHOCTHIO 3aBUCUT OT
HaJIMYUs HA3eMHON HH(PACTPYKTYPHI - BBIIIEK C 0a30BBIMH CTaH-
LUSIMU, YTO JIeJIaeT e€ ysI3BUMOW U OECIIONe3HOH B 30HaX OTUYX-
JICHHs WIX TIPU YPEe3BbIYaliHBIX CUTyalUsIX [5, 6].

Ocoboe MecTo 3aHMMAeT TPAHKMHTOBas CBsI3b. V3HadanbHO
paspaboranHast 111 Ipo(eCCHOHANBHBIX TOJIb30BATENEH (CHIIO-
BBIX CTPYKTYD, CITy>KO TaKCH, KOMMYHAIIbHBIX MIPEATIPUATHI), OHA
coueTaeT B cebe ((EeKTUBHOCTh M HAAEKHOCTH. EE KimoueBoe
MPEUMYIIECTBO - ONEPATUBHOE PACIHPENENIEHHE OTPAHUUCHHOTO
KOJINYECTBA PAJMOYACTOT MEXKTy OOJIBIINM YHCIOM a0OHEHTOB U
MI'HOBCHHOC YCTAaHOBJICHUC COCANMHCHUA, YTO KPUTHICCKU BAKHO
B OIlEpaTHBHON 00CTaHOBKe. B oTiiM4ne OT COTOBOM, TPAaHKUHTO-
Bas CBSI3b MEHee TpeOoBaTebHa K TIOTHOCTH MOKPBITHS H CIIO-
coOHa paboTaTh B yCJIOBHUSX BBICOKMX HArpy30K, a 0 CPaBHEHUIO
CO CITyTHUKOBOW — OHa 3HAYMTENILHO JICHICBIIE B OKCILUTyaTalluy 1
HE MMEET OIIYyTHUMBIX 3a/iepKeK. VIMEHHO TpaHKHHTOBasl CBS3b
Gmaroapsi ceoeMy OaslaHCy IIEHBI, CKOPOCTH M Ha/IS)KHOCTH YacTO
CTaHOBUTCS ONTHMAJILHBIM BBIOOPOM JUIsl 0OCCIIEUeHUST KOOP -
HAIlMX B HECTAHIAPTHBIX YCIOBHSIX [7, 8].

OmHaKO TPOEKTHPOBAHUE W pa3BepPTHIBAHHE JFOOBIX Ha3eM-
HBIX CHCTEM CBSI3H, OyJlb TO COTOBAsI WM TPAHKUHIOBAsl, TPAJH-
IIMOHHO ynupaeTcs B npodiemy HHGpacTpykTypsl. [ obecre-
YEHUS! YCTOHUYMBOTO PaJMONOKPBITHS HEOOXOANMO BO3BEICHUE
BBIIIEK M aHTEHHO-MAUTOBBIX COOPY)KEHHH. DTOT MpoIecc Tpe-
OyeT AIMTEeNBHBIX COIJIACOBAHHM, NMPOBEICHMS TE0JIC3MYECKUX
W3BICKAaHUH, CTPOUTENILHBIX PA0OT U MPOKIIAIKH KOMMYHHKAIUH,
YTO 3aHUMACT HEACIN U AK€ MECALbI, HC TOBOPA O 3HAYUTCIIbHBIX
(huHaHCOBBIX 3aTpatax [9]. Ho cymiecTByeT MpoKHii KIacc ClieHa-
pHeB, KOTJa BpEMEHH Ha CTPOHMTENHbCTBO HeET. [IpuponHslie kara-
KJIM3MBI, TEXHOTCHHBIC aBapHM, MACIITaOHBIC ITOMCKOBO-CIIaca-
TENbHBIC ONIEPAIY WM BPEMEHHBIE MAacCOBBIE MEPOTIPUSTHUS Tpe-
OyrOT OrepaTMBHOW OpraHW3allMM CBSI3H. B Takmx cuTyanmsx Ha
MOMOIIb TIPUXOIST MOOWIIBHBIE PETPAHCISITOPHI, MOAHSTHIC BbI-
coko Hax 3emieid. U Hamboree MepCrieKTHBHBIM M THOKUM peliie-
HHMEM CTaHOBHTCSI UCIIOBb30BAHNE OECIMIIOTHBIX JIETATEIILHBIX all-
napatoB (BITJIA). Pasmenienne TpaHKHHTOBOTO PETPAHCIATOPA HA
6opty BIUIA mo3BoseT B KpaT4aifime CpOKH CO3/1aTh 30HY yBe-
PCHHOT'O IIpHEeMa Ha OOIIMPHON TEPPUTOPHH, 00CCIICUNB JKU3HCHHO
BOKHYIO CBSI3b TaM, IJIe 9TO HEBO3MOXKHO C/ieJIaTh Ha3eMHBIMH
cpencrBamu [10]. B nanHoi# cratbe OyaeT paccCMOTPEH ajJropUTM
OIITHMAJIFHOTO Pa3MEIIEHUs] TAKOTO BO3JYIIHOTO PETPaHCIsITOpa
JUISL MAKCUMU3aIMK 30HBI TOKPBITUS ¥ KaUuecTBa CUTHAJIA.

1 OBpucTHYeCKHE AJITOPHTMBI

3amava pa3MenieHus OSCITMIOTHOTO JIETaTeIFHOTO armapaTa ¢
PETPaHCIAIIMOHHBIM 000pyIOBaHHEM Ha OOPTY SIBIISETCS KIACCH-
YECKOW ONTHMHU3AMOHHON TpobieMoii. Heobxommmo HaiiTu Ta-
KYIO TOUKY B IIPOCTPAHCTBE, KOTOpPasi 00ECIEUNT MaKCHUMAIbHOE
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MOKpBITHE aOOHEHTOB IPU COOJIOJICHUH psijia OrpaHUYCHHN:
JaJIbHOCTH MIPSIMON BUIAMMOCTH, BpeMsl 10JIeTa U SHEPronoTpeo-
nenne BITJIA, a taxxe penbed mectHOCTH. [TockonbKy 3adacTyro
peus uieT o paboTe B JTMHAMUYHOM MITH HENpe/icKazyeMoi o0cTa-
HOBKE, TIOMCK pelIeHus TpeOyeT npuMeHeHus 3P (GEeKTUBHBIX BbI-
YHUCIIUTEIBHBIX METO/IOB.

B Teopun onTUMU3anny N3BECTEH LEIBIN PsiJl TOJIX0/I0B K pe-
LIEHUIO MMOI00HBIX 3a1a4. Hanbosiee HHTYUTHBHO TIOHSTHBIM SIB-
JISIETCS JKaIHBIM allTOPUTM, CyTh KOTOPOTO 3aKJIF0YAETCs B TIPHHS-
THU JTIOKaJTbHO ONTHMATBHBIX PEeIIeHIH Ha Kax oM mmare [11, 12].
OpHaKo CyIIeCTBYIOT U 0oJiee CI0XKHbBIE METa3BPUCTUIECCKUE Me-
TO/BI, BIOXHOBJICHHBIE MPUPOIHBIMU Tiporieccamu [13]. ['enern-
YECKUH aJTOPUTM UMHUTHPYET MEXaHU3Mbl €CTECTBEHHOTO OT-
Oopa: OH OIlepUPYET MHOKECTBOM MOTEHIUATIBHBIX PEIeHNH (T10-
MyJISIIUEH), KOTOpble CKPEUIMBAIOTCS M MYTHPYIOT, OCTaBIISISl B
uTore Toibko Hambosee 3(PdeKkTHBHBIE BapHAHTHI pa3MEIICHHS
[14]. Hpyrue MeToAbl, Takue Kak MUEIMHBIN WU MypaBbU-
HBII QJITOPUTMBI, TAKKE 3aMMCTBYIOT ITOBEJCHUE JKHBBIX Opra-
HU3MOB. [TUenuHbIi aaropuT™M MOAEIHMPYET IMOUCK HEKTapa Irde-
JITaMH-pa3BeTINIaMH, KOTOPhIE HAXOIAT HEPCIICKTUBHBIC yUaCTKH
1 MOOMJIM3YIOT B 3TH PalOHBI OCHOBHYIO TPYIIIy [uisi Oojee Je-
TaJXbHOTO U3yueHu [ 15, 16]. MypaBbHHBII aITOPUTM OCHOBAH Ha
CIIOCOOHOCTH HACEKOMBIX HAaXOJIUTh KpaTJalIIni MyTh K UCTOY-
HUKY WY, TTOMedasi CBOH MapmpyT (pepoMOHaMH, 4TO MO3BO-
JISIeT TIOCTENEHHO YCUITMBATh HauIydiie Tpaekropuu [17-19].

Kaxkaplit U3 1nepedyncieHHbIX METoI0B 001a1aeT CBOUMH JI0-
CTOMHCTBAMH U HIOAHCAMH, OJTHAKO JUI PELICHHS 3a/1a4i Orepa-
THUBHOT'O Pa3BEepPTHIBAHUS PETPAHCISITOPA Ba)KHA HE TOJBKO TOY-
HOCTh KOHEYHOT'O pe3yJibTaTa, HO M CKOPOCTh BBIUMCICHHUI. B
CBSI3M C OTUM B JAaHHOHW paboTe NpejiaraeTcss KOMOMHUPOBAHHBIN
noaxo. Ha mepBom srane, korjga TpeOyeTcs IMOIyduTh XOTs Obl
Kakoe-To paboTOCIOCOOHOE pelIeHne B KpaTJaiine cpoku, Ie-
J1eco00pa3HO MPHMEHEHHUE KaJHOTO anropuTtMma. bomee Toro,
YUNTHIBast CIEMU(HUKY NCXOJHBIX JTAaHHBIX, MOTYT OBITh HCIIOJIb-
30BaHbl PA3IMYHBIC BapHALUK KAJHOW CTPATETHH, OTIMYAIOIIH-
ecsl MpaBUJIaMU BBIOOpPA CTApPTOBOW TOUKU MM KPUTEPHUSIMHU JIO-
KaJIbHOM ONTHMH3ALH1. DTO II03BOJIHUT CHOPMUPOBATE HECKOIBKO
6a30BbIX BapuaHTOB pasMmemieHus bITJIA mis pa3nuyHbIX clieHa-
pueB. OnHaKO *XaJHBIN TOIXO, TIPU BCEH CBOEH CKOPOCTH, HE ra-
paHTHpyeT riiobanbHOro ontumyma. [loaTtomy Ha BTOpOM 3Tare
TOJTYUYCHHBIC PE3YJIbTAThI 6yI[yT HCIIOJIB30BAaHbI B KA4YCCTBC OT-
MIPaBHOM TOYKH JJIsl TEHETHYECKOTO alTOPUTMa, OCHOBHAS 331a4a
KOTOpPOTO - HCCIEN0BaTh 00JacTh pelleHui Oojee IiyOOKo |
HaWTH HaWIydIine W3 BO3MOXKHBIX MO3WIMH, 00€CTeYHBaIOIINX
MaKCHUMaJIbHYI0 3(eKkTHBHOCTL peTpaHcisinun. B aToii padbote
OyIyT pacCMOTPEHBI pa3INuHbIC BAPHALIMH KaJHOTO aJIrOPUTMA,
KOTOpBIE B JAJILHEHMIIIEM CTaHyT OTIIPABHOM TOYKOM.

2 Pa3pa0oTaHHBIe JKa/IHbIE AJITOPHTMBI

Br16op ontumansroit mo3unuu BITJIA HeBo3MOkeH 0e3 anek-
BATHOM MOJENM PacHpOCTPAaHEHUS] PAAUOBOJIH, MO3BOJISIOLIEH
OLICHUTb, OY/ICT JIM CBS3b MEXKJLy PETPAHCISITOPOM U Ha3eMHBIMHU
aboHeHTaMH yCTOHUMBOM. PeasbHasi 30Ha MOKPBITHSI 3aBUCUT OT
CIIOKHOTO TeperieTeHns: (akrtopoB. Onpenensioliee BIUsSHHE
OKa3bIBAIOT XapaKTEPUCTHKN OKPY’)KaIOIIeil MECTHOCTH: pelbed,
HaJW4Ke BBICOTHBIX 3[aHUH, IUIOTHOCTb JIECHOIO MAacCHUBa — BCE
9TO CO3AET MPEMATCTBYS Ha ITyTH CUTHAJIA, BBI3BbIBASI OTPAsKEHUS,
Judpaknuio v 3aTyxaHue.

He meHee BaXHBI M TEXHHYECKHE TTApaMETPBI CaMoro 00opy-
JIOBaHMSI: MOIIHOCTb I€PEAATUNKA, UyBCTBUTEIILHOCTb IPUEMHUKA,




CBA3b

a Taroke TUI U JarpamMMa HarpaBJIeHHOCTH aHTEHH, YCTaHOBJICH-
HBIX Kak Ha 6opty BIIJIA, Tak n y aboHEeHTOB. YuecTh BCe ITH Iie-
pEMEHHBIE B TIOJTHOM 00bEME - Ype3BbIYaliHO CIIOKHAS 3a/1a4a, Tpe-
Oyrolasi IeTajJbHbIX I€OJJAHHBIX U TPOMO3JIKUX BBIYMUCIICHHUH, YTO
3a4acTyI0 IIPOTUBOPEUUT TPEOOBAHHIO OTIEPATHBHOCTH.

B pamkax J1TaHHOTO HCCIIeJOBaHUSI IPEIIaraeTcst UCIIOIb30BaTh
TIO/IX0/I, OCHOBAaHHBI Ha YHEPreTHYECKOM pacdeTe PajvOINHUM.
KiroueBbIM KpUTEpHEM HaIWYHS CBSI3M BBICTYNIAET COOTHOIICHHUE
MEK/Ty AOITYyCTHUMBIM YPOBHEM HOTEPH IPU PACHPOCTPAHEHHUHN CHUT-
HaJla ¥ PeaJbHBIMH TOTEPSIMU, BOSHUKAIOIIMMHI Ha TPacce.

30Ha yBEpEeHHOTO IpuemMa OyZeT ouepueHa MHOKECTBOM TO-
YeK, JUI KOTOPBIX PAacCUMTaHHbIE MOTEPU HA TPAcce HE NPEBbI-
HIAIOT 3TO JOMYCTUMOE 3HaueHue. [ onpeneneHus noTepsb B 3a-
BUCHUMOCTH OT PAacCTOSIHHSI MEXJy PETPAHCISITOPOM U aOOHEHTOM
Oyner wucnonb3oBana Mojenb Okymypa-Xara, JOHOJHHUTEIBHO
YUHMTBIBAIOIIAsl PA3HOCTb BBICOT HaJ YPOBHEM MOpPsSI B MECTax
HaXOXKIEHHS NepeaTiiKa u pueMHuKa. TakuM oOpas3oM, 3a/iada
CBOJIUTCS K CPAaBHEHHIO BBIYMCIIEHHOTO JUISl KaXK/I0TO BO3MOKHOTO
pajryca MOKPHITHSI 3HAYEHHS TIOTEPh C TOPOTOBBIM YPOBHEM.

[Ipennaraercst Tpu BapuaHTa KaJHOTO AITOPUTMA, C TTOMO-
B0 KOTOPBIX Ha CIIETYONIEM dTare Oy IeT BBISBICHO JTydIlIee pe-
LIEHUE ITyTeM CKPEIIMBAHUS PELICHUI T€HETHUECKUM aJIrOpHT-
MOM. 3ajada 3aKJII0YaeTcss B TOM, YTOOBI MOKPBITh BCE KIIETKH
psIMOYTOIbHOM ceTku NXN (pabodast 30Ha) 30HAMHU MTOKPBITHS
BITJIA, MunuMu3upys mnpu 3toM obiee konndectBo bITJIA. Pa-
Jauyc moKpeITus Kaxaoro bITJIA 3aBHCHT OT BBICOTHI MECTHOCTH
B TOYKE Pa3MEIIEHUS] U BBICOT OKPYIKAIOIINX KJIETOK, NOTCHIIH-
IBHBIX MECT HaXO0X/ICHUH aDOHEHTOB C MOPTATHBHOMW CTaHIUEH,
COTJIaCHO dMIUpHUYecKoil hopmysie. BXOTHBIMM TaHHBIMU JUTS ajl-
TOpUTMa CIIy>KaT MaTpHua BbICOT MecTHOCTH H pasmepom NN,
r/1e Kak it 3neMeHT H[1][j] cooTBETCTBYET BBICOTE KIETKH C KO-
opnuHaramu (i,j), pabouas dacrora nepexardukos f (8 MI'm) n
JOITyCTUMBIN YPOBEHB MOTEPb CUTHANA Lyon (B 1B), MIpeBbIILICHHE
KOTOPOTO JIeNIAaeT CBSI3b HEYCTOWYMBOW. AJTOPUTM peain3yer
JKaTHYIO 3BPHCTHKY: Ha Ka)KIOM IIare BhIOMPAeTCsl HAWTydIias
HENOKpBITas KieTka A ycTaHoBku HoBoro BITJIA, mocne gero
BCE KJIETKH, IOIABIIUE B €r0 30HY, UCKJIIOYAIOTCS M3 JallbHEH-
LIETO PACCMOTPEHUSL.

2.1 Ilpeosapumenvnulii pacuem mMaKkcuManibHblX
30H NOKpbIMUs

Ha mepBoMm sTame mis Kaxmoi KIETKH (X,y) paboueit 30HBI,
A€ KOOPAWHATBIX M Yy NPHUHAMAIOT LENble  3HAYECHHS
ot 0 1o N—1, HeoO0X0AMMO ONpEeNeTUTh MaKCUMaTbHBIA pa-
1Y€ Rimax(X,y), TpH KOTOPOM OECTIMIIOTHBIN JIeTaTeNIbHbII arra-
paTt, pa3MeNIEHHBIH B JAHHOM TOYKE, CMOXKET 00CCIICUHUTh YCTOM-
YHUBYIO CBSI3b CO BCEMHM aOOHEHTaMH, HaXOJSIIUMHCS BHYTPH
Kpyra sToro paauyca. Pemenne 3Toit 3a1aun Tpedyer rnocienona-
TEJILHOTO T1epedopa NPOOHBIX EJIOUYNCICHHBIX 3HAYSHUH pajiu-
yca d=0,1,2,... BIUIOT JO MaKCHMMAJILHO BO3MOXXHOTO pacCTOsi-
HUSI MEXKTY JIFOOBIMHU JIBYMST KJICTKAMH CETKH.

A = (N =12 + (N —1)2 )

Jns Texymero mpoOHoOro pammyca d paccMaTpUBaIOTCS BCe
KJ1eTKH (1,]), pacCTOsIHUE OT HEHTPa (X,y) 10 KOTOPBIX HE MPEBbI-
maeT d, TO eCTh YAOBJICTBOPSIONINE YCIOBHIO:

A0 +(j-y)> 2)

Jlns kaxmoil Takoi KISTKH 1Mo sMOupudeckoil moxenn OKy-
Mypa-XaTa, JONOJHUTEILHO YUUTHIBAIONIEH pa3HUIy BBICOT
MECTHOCTHU U aJJallTUPOBAHHOMN ISl YCIOBUN MPSIMON BUIUMOCTH
¢ yu4€TOM BBICOT IIepeIaTUNKA U PUEMHUKA, BEIYUCIIACTCS TPEOY-
eMblii paguyc cBsa3u Rt [9].

Ly =69.55+26.16xlogo f —13.82xlog;o(hys £ Ah)— 3)
—(0.8+ (L.1xlogg f —0.7)x(hps £ Ah)) +(44.9 -
—6.55x1og ¢ (hhg = Ah)) xlog;o R;

rne Ly -ypoBeHb 1moTephb Ha Tpacce pacnpoCTpaHeHHs PaOCHT -
Hana (1b); f- yacrora nepenaun curnaia, (MI'm); hys-BbicoTa mOA-
Beca anTeHHbI bC, (M); hys-BbicoTa noaseca antenust [1C, (M); Ah
— pa3HUIIA B BBICOTAX HAJ| YPOBHEM MOPSI B MECTax HAXOXICHUS
BC u [1C, (m); Ri- paccrosiHne Mexay oObeKTamMHu, (KM).

Ecin i1t kKakoi-1100 13 MPOBEPSEMBIX KIIETOK OKaXKETCsl, 4TO
TpeOyeMblii pagryc MeHbLIE (PaKTHISCKOTO PACCTOSHUS 10 Heé:

Re <= +(j-y)? )

3TO 03HAYAET HEBO3MOKHOCTh YCTAHOBIICHNS yCTOWYNBON PaIHo-
CBSI3W C JAaHHBIM a0OHEHTOM IIPH TEKyIIeM mpoOHOM paamyce d.
B TakoMm ciydae nanbHeiflee yBenM4YeHHE Pajuyca HE HMeEeT
CMBICJIa, U MAaKCHMaJIbHO )IOHyCTHMBIﬁ paauycC A NOo3WIHUU
(X,y) bukcupyercs Kak npepaylee yCneluHoe 3HaueHne:

Rmax (X9 y) =d -1 ©)

[Mepebop anst naHHO#M ToukHM mIpekpamiaercs. Ecim ke Bce
KJIeTKH BHYTPH Kpyra YCHELUIHO IPOXOAAT IPOBEPKY, pa-
nuyc d yBeJInYMBaeTCsS Ha €IMHHILY, M MPOIEAypa MOBTOPSIETCS
JUISL HOBOTO, OOJIBIIIeTo KpyTa. B citydae, korza Bce IpoBepKH OKa-
3bIBAIOTCA  YCIICHIHBIMHU BIUIOTH 0 MAaKCUMAJIBHOI'O paiu-
yca d=dmax, 9TO 3HAYECHUE U CTAHOBUTCS MAKCUMAJIBHBIM painy-
COM U1l IaHHOM MO3ULIUU:

Rmax (X, y)= dmax (©)

BrImorHNB ommcaHHBIC AGUCTBHS AJIS BCEX KICTOK paboueit
30HBI, MBI TONlyd9aeM Marpuily radius map, rae Uil KakIou
TOYKH (X,y) XpaHUTCSI 3HAYEHNE MAKCUMAIBHOTO paiyca, rapaH-
THUPYIOIIETO CBS3b CO BCEMU aOOHEHTaMH BHYTPH COOTBETCTBYIO-
IIEro Kpyra.

[pexae 4eM nepexouTh HEMOCPEICTBEHHO K pa3MEelICHHIO,
HEOOXOJMMO MOJTrOTOBUTH CTPYKTYPBI AaHHBIX, KOTOPbIE OyAyT
UCIIOJIb30BAThCS B AajibHeleM. BBomurces GuToBas MaTpuia ro-
kpbiThst C Toro sxe pasmepa NxN. 3uauenue C[i][j]=0 o3nauaer,
4yTO KieTka (i,j) emé He oOCIy)KUBAeTCsl HU OJJHAM M3 YCTAHOB-
nennsix BITJIA, a C[i][j]=1 — uTo oHa y»xe nokpsita. M3HauamsHO
Bce onemeHTHl  marpunpl C ycranaBmmBatoress B0
C=False[N][N]. Taxke co3maércs mycTol crucok D, B KOTOPHIi
OyzmyT mocnenoBaTeIbHO HOOABIATHCS 3aAIMCH O KaKIOM pa3Me-
méaaoM BITJIA B dopmate Tpoiiku dmcel (X,Y, Rmax) — KOOpau-
HAaThI IIEHTPA U PaJNyC MOKPHITHSA. JJIsI KONMYEeCTBEHHOUN OLIEHKH
HEXKellaTeIbHOT0 M3IIyYeHHUs 3a TpenesiaMu padodell 30HbI BBO-
JITCS epeMeHHast Pgym, HaKarMBaromas oo1ee KoJIMm4ecTBO TaK
Ha3bIBAEMBIX «BHELIHUX TOYEK» - KJIETOK 32 TPAHUIAMH CETKH,
TIOTIA/IAIOIINX B 30HBI MOKPBHITUSl YCTAHOBJIEHHBIX PETPAHCIISITO-
poB. HauansHoe 3HaYeHNe 3TOH IEPEeMEHHON PAaBHO HYIIIO.
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2.2 OcHO6HOU YUK pazMeienus

Bropoii aTan Ansd Kaxaoro w3 alropuTMOB OTJIMYaeTcs. 3a-
IIyCKAeTCsl OCHOBHOM LIMKJI, KOTOPBIH IOBTOPSETCSA O TEX IO,
MOKa He OyIyT IMOKPBITHI BCE KIETKH padoveil 30HbI.

3; 1) :Cli[ ] == O]

Ha xaxqoMm mare cHayana BeIETCs MOUCK HAMIYYIIero KaH-
Jnujata cpeiu enlé He MOKPHIThIX KieTok. Eciu kieTka yxxe orMme-
YeHa KakK MOKPBITasi, OHA IPOITYCKAaeTCs.

Jlng xaxxnaol uTepanuy MPOBOJUTCS WHUIMATU3ALMS Iepe-
MeHHbIX. [IepBas nepemenHast - K, KoIMuecTBO HEMOKPBITHIX KJIe-
TOK, KOTOpBIE OKaXyTCsl BHYTpH Kpyra paaumyca R c mneHtpom
B (X,y). HaganpHOe 3HaUeHUE -1 TapaHTUPYET, YTO TFO00H KaH M-
nat ¢ K >= 0 0yzaer myumre. Bropast nepemennas — P, konmuaecTBo
IIEIOYNCIIEHHBIX TOYCK, JICKAIINX 32 MTPeaeslaMi CETKH (TO eCTh ¢
koopanHaTaMu MeHbIne O mwin 6onpire N—1), HO TIomagaloMuX B
TOT e Kpyr. VM3HagampHO OECKOHEYHOCTH, YTOOBI TIEPBBINA KE
KaHIHUIAT C TFOOBIM KOHEUHBIM P cTan mydmmM (Ipu CpaBHEHUN).
Best x u Best y — koopauHatThl JIydllero KaHaujaTa, Ioka He
HaiiieHsbl, paBHHI -1.

Jlanee xaHIUAAT CPaBHUBAETCS C TEKYIIMM JIYUIIUM TI0 CJie-
aytoniemy npaBwiay:  eciau K Oonblie, WemM y  JIydlnero
(K[x][y]»Kmax), mmu eciu K paBno, HO P Menbnre (K[x][y]= Kmax
&& P[x][y]<Pmin, TO 3TOT KaHIUOAT 3alIOMUHAETCS] KaK HOBBIH
JIyYIIH.

Kx][yl= Kmax (®)

P[X][y] = Pmin
[X][y]=best

Taxum 00pazoMm, IPUOPHUTET OTAAETCS MAKCUMH3ALIUH TTOJIb3bI
BHYTPHU 30HBI, a TIPH PAaBHOH MOJb3e — MUHUMH3ALUN HeXela-
TEJIFHOTO TTOKPBITHSI CHapyxH. [Iporiecc 3aBepiaercsi, KOraa Bce
KJIETKN CTAQHOBSITCS TIOKPBITHIMH.

V(i :Clilli]1== ©)

B KoHIle Kax10¥ WTEepanuu BHIOMpAETCS TOYKA, C HAaUOOIb-
MM paanycoM. B crimcok D 106aBisitoTcst KOOpAWHATHI U Pagnyc
BIUTA. Bee kiteTku, HaXoQIUeCs BHYTPH painyca, TOMEYaroTCs
KaK ITOKPBITHIE ¢ TOMOTIBI0 (hyHKIMK marc_c. K 3HaueHuto mepe-
MeHHOH Pgum Ho0aBistercs 3Hauenne P maHHO TOUKH.

B cnydae, ecniu Ha KakOM-TO 1Iare He HAMAETCS HU OJIHOTO
KaHauaara C IIOJIOKHUTCIbHBIM 3HAYCHHUEM K (‘ITO MOXKET CBHAC-
TEIBCTBOBATH O HEAOCTHKUMOCTH OCTAaBIINXCS KJIETOK M3-3a 0CO-
OeHHOCTEH penbeda), aropuT™M TakXkKe 3aBepuiaet padoTy, HO B
YCIIOBHSIX 3a/1a4H MPEAIOIaraeTcs, YTo MoJIHOE MOKPHITHE TOCTH-
SKAMO.

Bo BTOpoM BapuaHTe anroputMa moJCUUTHIBAIOTCS TE JKE JIBE
BEJIMYMHBI, OJJHAKO KaHAUJIAT CPABHUBAETCA C TEKYIIUM JTYUYIIUM
[0 CHeyIOLeMy MpaBWy: ecid P MeHblle, uem Yy JIydmiero
(P[x][y]<Pmin), mmu ecmu P paBHo, HO K 6ompmre (P[x][y]=Pmin
&&K[x][y]»Kmax), TO 3TOT KaHIUAAT 3aTIOMUHAETCS KaK HOBBIN
nyummii. Takum o0pa3oM, MPUOPUTET OTAAETCS MHUHUMH3AIIH
HEXKEIATEIbHOI0 MOKPLITUS CHAPYKH, a IIPU PABHBIX 3HAYEHHSX -
MaKCHUMHU3allu BHYTPH 30HBI.

T-Comm Vol.20. #6-2026

CB43b

Tpetnii BapuaHT anropuT™Ma MOJHOCTBIO HTHOPHPYET TOUKU
3a mpezesiaMu pabouel 30HbL. 3/1ech INIaBHBIM IIOKa3aTeeM Bbl-
CTyIaeT MakcuMasibHO BO3MOKHBIN paguyc BITJIA R. Cpenu He-
MOKPBITHIX KJIETOK HIIETCS Ta, y KOTOPOil 3HaueHne R Hanbosb-
mee. [Ipu paBeHCTBe paanycoOB MPEANOUTEHUE OTAAETCS KaHH-
nary ¢ 6onpium K. TTockonbky P HuKak He Bimsier Ha BbIOOD,
BHEIIHAA IUIOIAAb MOKET 0Ka3aThCsl 3HAYUTENBHOM.

2.3 Busyanuzayun pacuemog

ITo okoHUaHNH pabOTHI ANMTOPUTMOB (POPMHUPYETCS CITUCOK KO-
opaunaT BIUJIA n ux pamuycos. {75 HaTTSIHOTO TIPEACTABICHNUS
pe3yIbTaTOB CTPOUTCS BU3YyallM3allMs: KapTa BBICOT OTOOpaxa-
€TCs 1IBETOBOM 3aJIUBKOM, Ha HE€ HAHOCATCS KPACHBIE TOUKU B M€-
ctax yctaHoBKU BIIJIA u kpacHbIe TyHKTUPHBIE KPYTH, COOTBET-
CTBYIOIIIME 30HaM ITOKpBITUs Kaxkaoro BITJIA. Takoe rpaguue-
CKO€ MPEICTAaBICHUE IO3BOJSAET OLIEHUThb, HACKOJIBKO pPaBHO-
MepHo pacnpenenenbl BITJIA u ecTh 1 BBIXO/ 30H MOKPBITUS 32
npeaensl paboueil 30HbI. TakuM 00pa3oM, aJrOPUTMBI MOJHO-
CTBIO aBTOMAaTHYECKH, 0€3 BMEIIATENIbCTBA M0Ib30BATENs, OIpe-
nensier nozuiyn BITJIA, o6ecnieunBas oIHOE MOKPBITHE ITPU MU-
HUMHM3AIAN JIUITHEH TJI0IAAN U OOIIETO KOJIMYECTBA YCTPONUCTB.
JleTepMUHUPOBAaHHOCTb BBIUUCIIEHUH FapaHTHPYET, YTO A OA-
HHUX U TEX K€ BXOJHBIX JAHHBIX PE3yJbTaT OyAeT BCerna OauHa-
koBbIM. Ha puc. | mpezncraBieH nepBblii BapHaHT >KaJHOTO aJIro-
puT™A.

|

BxofHsie faHHee: -
HIM:N], c= nge[[]u] NI Yeranasnweaem BINA B a1y Touky
f, Laon. Psum =0 best_R = radius_map[best_x][best_y]
T D {(best_x. best_y. best_R))
X mark_c{best_x, best_y, best_R)
Brifiop HOBGH total_P += best_P
TOHEM
Pacuer dmax
dixy)=0

K=-1
P=Beck
best_x=best_y=-1

Kmax=K [x] [y]
Pmin=P [x] [y]
[x]ly]=best
Pacuet Rt 8 kawgon
Torke (i), ana koTopoR
BLINONHAETCA YENOBHE:
d>sqrif(i-x)*2+(j-y)2) Bribop HosoR
KNETKH

Het

K [x] [v]=Kmax wnm
[x]ly]==Kmax n P<Pmin?,

Rt<d?

C ¥ y=17

R= Rmax [x][y]
[xiv]
Plxlly]

YeenuauBaem
auadenne d Ha 1

l

Pacuer Rt B kamaon Touke,
ANA KOTOPOR BLINONHABTCA
yenoBue:

d=sqrti(i-x)"2+(j-y)"2) Na

OcTanuce ewe
HENOCELUEHHEIE TOYKHT,

Wi Clilli]=17

BbIBOA CTATHCTHRA

Rmax=dmax

Rmax=d-1

Puc. 1. XKanusiii anroputm Nel
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Jlnist mpoBeieHNsT BEIYMCIUTENLHBIX AKCIIEPUMEHTOB U BU3Ya-
JU3anuy ObIIO pa3paboTaHo CHeNHaTH3HPOBAHHOE IIPOrPaMMHOE
obecnieuenne Ha s3pike Python. Pacuér pamgmycoB moKpbITHS
BIUJIA, »xaznHbple anropuUTMbl pa3MEILEHUs], a TAKXKE MOCTPOEHUE
KapT BBICOT M 30H MOKPBITHSI PEAM30BaHBI C MCIOIB30BAHUEM
o6ubmmorek NumPy u Matplotlib. [lyist cpaBaeHus 5 GekTHBHOCTH
TpEX pa3pabOTaHHBIX JKAAHBIX aITOPUTMOB B HPOrPAMMHOM
obecrieueHnn OblIa peain30BaHa BO3MOXKHOCTB TIOCIIEIOBATEIb-
HOTO 3aIlycKa Ka)kK[JOro M3 HUX Ha OJJHUX U TeX K€ BXOJHbIX JaH-
HBIX. B KauecTBe BXOJHBIX JaHHBIX UCIIOJIb30BAIACh MATPULIA BbI-
cotT pazMepom 20x20 KIETOK, CTeHEpUPOBaHHAS CITyJailHBIM 00-
pa3oM (HavasbHOE 3HAUCHHE TeHepaTopa CIy4YailHbIX Yuces huK-
CHPOBAHO JUISl BOCTIPOM3BOAMMOCTH PE3YJIbTaToB). JlOImyCTUMBIH
YPOBEHb NOTEPh HA TPACCE PACHpPOCTPAHEHUsSI CHTHAIA ObUI IIPHU-
HAT paBHbIM 120 1b.

B x0/1€ BBIMOIHEHUS KQXK0TO ITOPUTMa B KOHCOJIb BBIBOJIH-
nack noiarosasi HHGopMaIust o BeiOpanHoii mo3utuu BITJIA, ero
panuyce, KOJINYeCTBE BHOBD ITOKPBITHIX KJIETOK BHYTPU pabodeit
30HBI M YHCIIE TOUYEK MOKPHITH 3a e€ mpenenamu (puc. 2). ITo
OKOHYAaHUU PabOTHI alrOpUTMa PACCUUTHIBAINCH U BBIBOJMIINCH
UTOTOBBIE METPUKU!

e o011Iee KOJIN4eCTBO pa3MenEHHbIX BITJIA;

® CyMMapHO€ KOJIMYECTBO BHEUIHNUX TOYEK IMOKPBITHS (C y4é-
TOM BO3MO>KHBIX I1€PECCUCHUI 30H);

® YHUKaJIbHAsl BHELIHSS IUIOLIA b — KOJIMYECTBO PA3IMUHBIX
KJIETOK BHE pabo4ell 30HbI, MOTABIINX B 30HY IMOKPBITHS XOTsI ObI
oanoro BITJTA;

® 0Nl YHUKAQJIHHOTO BHEIIHETO MOKPBITHS OTHOCHTEIHHO
001I1e TOKPBITON TUTOIIA/IH.

AATOPHTM 1
Npesmrmc Aenne PAZHYCON. . .

MExCHMeIBUnA inside, 3aTes mewesmlduss outside

Pagwycs Swwcnes.

JIJIsl HarJIITHOTO COTIOCTAaBIICHUSI PE3YJIbTaTOB PabOTHI KakK-
JIOTO QJITOPUTMA MPOW3BOIIIACE BU3YaIHM3aLUsl KapThl BBICOT C
HaJOXEHHBbIMU 30HaMU NOKpbITHsE BIIJIA, uro mo3Bossiio kaye-
CTBEHHO OLICHHUTh XapakTep pa3MenieHus. biaronaps nerepMunu-
POBaHHOCTH aJITOPUTMOB, TIOBTOPHBIE 3aITyCKU Ha TEX XK€ TaHHBIX
JIaBalM WJIEHTUYHBIC PE3YNIbTAaThl, YTO OOECIEUYNBAIO KOPPEKT-
HOCTB CpaBHEHHS (puc. 3).

PaimeuieHue apotos (scero 43)
TIPHOPATET: MIKCUMMAIAUAR NOKDLTHA BHY TP
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Paimewenne apovos (scero 59)
TIPHOPATET: MHHAMMIALMA BLXOAA 33 MPaHMLL

BuicoTa

Bar 1: apow 8 (3, 6) C pagmycom J, NONpWTO 19 WOSMX EASTON, EMEEMMX TOwex @
mar 2: apow m (2, 16) ¢ pagwycom 3, NONPWTO 1§ WOSMX KASTOX,
Bar 3: gpow # (15, 18) ¢ pageycosm 3, NOxpWTO 2§ wOSMX EASTOX
Bar 4: spow m (18, 6) € pagmycom 3, NOWPWTO I3 wOBMN KASTOK, Eseawnx Towex &
mar 5: spow m (6, 4) € pagwycom 3, POWPWTO 21 WORMX KASTON, EWESMMN Touwex @
Bar &: gpow 8 (2, 1) ¢ pagmycom i, ROSpwTO 1H wOSMx £ASTON, EMeawsx Towes 7
mar 7: spow m (19, 12) © pagwycom 3, ROKPMTO 1B wWOBME KASTOK, Sweawux Towex 11
Bar 8: zpow m (18, 1) ¢ pazwycom 3, NONPWTC 16 wOSME KASTOR, Eweawex Tovex 11
Sar 9: apow @ (4, 11) € pagmycom 2, NOSPWTO 13 HORMN KASTOK, EWeSWRX Towex @
ar 198: apow & (7, 9) € pagwycom I, NOKPWTO 13 wOSMN EAETOK, Eweswwx Towex @
Bar 11: apow ® (7, 18) € passycom I, AOKPMTO 1) woSME KASTOX, Sweswex Towex @
Bar 12: apow & (9, 17) € pagwycom I, NONPWTO 13 wORMK KAGTOK, Eseawex Towex @
Ear 13: gpow m (18, 7) € pagwycom 2, NOKPWTO 13 wOSMX KASTOK, Bmeswex Towes @
Sar 14: apow m (18, 12) ¢ paswycosm I, POXPMTO 13 WOBME KAETOK, SMESWME Towex @
Ear 15: apow & (11, 2) ¢ paawycosm I, NONpWTO 13 wOSME wASTOX, Esmeawax Towex @
Bar 16: zpow m (13, 5) © pagwycos 1, NOSpMTE 13 wOSME EASTOR, Smessnx Towes @
Ear 17: apow m (13, 18) ¢ paswycos 2, NOKPWTO 13 wOSMN KAETOX, BweawMx Towex @
mar 18: gpow ® (12, 15) € PAgMyCcOM 2, NOKPMTO 12 WOBME KAETOK, BHESWMX Towex @
Ear 19: apow & (15, 13) ¢ paswycom 1, ROKPMTO 1@ wOSMX KAGTOX, Sneswux ToWex @
Bar 20: apow 8 (1, 11) € pagwycom 2, NONPWTO 1@ woBMx EAeTOX Towex 1
s (6, 18) ¢ pagwycom I, NOKPWTO 9 HOBME KASTO Towex 1
® (24, 1) c pagwycom 2, NONPUTO § WOBME KASTO Towex 1
e (8, @) c pagmycom I, NONpuTO § WOSME xAETON, Towex 4
& (15, 9) ¢ paswycom 2, NOwpWTe 7 HOBMX wAETOK, x Towex @
s (15, 17) ¢ paswycom I, ROXpMTO 7 woSMX KASTOK Towex 1
s (18, 19) ¢ pagwycom I, POKPMTO § wWOBME KAeTOR, & wx Touwex 4
m (5, 13) c paswycom I, ROKPWTO 4 WORME KASTOK, EWESMAX TOouex @
u (8, 7) c pagmycom I, NOSPMTO 4 MOBMX KASTOK, EMeSMMX Touex 4
& (9, 3) ¢ pagwycom 1, AONPMTO I WOSME CAGTOK, EweSwax Towex @
& (3, 19) ¢ pagwycom I, MONPWTO 3 HOBMN KASTOK, RReSMRKX TOwex &
® (8, 11) € pagwycom I, NOKPWTO I WORME KASTOK, EHESWAX TOWex @
® (11, 9) ¢ pamWycom I, NOKPWTO 2 WONMK KASTOK, EWESMAX Towex @
& (15, 3) € pagwycom 2, RONPWTO 1 WORMK KAETOK, Eweamnx Towex @
s (16, 15) € paZMycom 1, NOXPMTO I =OSMX CAETOK, Sseawex Towex @
® (2, 9) ¢ paamycom 1, NOSPWTO 1 WOBMX CAETON, EWeSMMX TOwex @
® (14, 7) € pamwycom I, MOKPWTO 1| WOBME KASTOK, EweSwax TOuex @
& (16, 11} ¢ paswycom I, PONPMTO 1 WOSME KAGTON, Eweswax Towex @
(@, 4) ¢ pagwycom I, NOWPWTC 1 HOBMX CAETON, EHESHRX Towes 4
8 (@, 13) ¢ pagwycom 2, POKPWTO 1 WOBMN KAETONK, BeeswRx Towex 4
Bar 48: apow & (5, @) € paswycom I, NONPWTO 1 WOBMN KASTON, EWeSMMX Towex 4
Bar 41: apow & (12, @) C pageycOs 2, NOAPWTO 1 wOBME KASTON, Eweawmax Towex &
Sar 42: apow @ (0, 19) € paswycom 2, NONPWTO 1 WOBMX KAETOK, Mweawmx Towex 7
Bar 43: apow m (19, 19) ¢ paswycom 2, NOKPMTO 1 WOBMX KAETOK, Eseswux Towex 7

wxs WTOFOBAA CTATWCTEXE (BATOPWTM 1) ===

KOARYSCTEO ZDOWON:

£3

Cyssia Bweawux Towex (C

RCATOPRM ) 1

FHAKARGHAA BNESHAS NACEAZM: 1
YHra ARusAR SORA Redgwer O NOEpWTEA

18.59%

Puc. 2. IIpumep BbIBOIHBIX JaHHBIX

Paimelenve nporos (pcera 43)
TPHOPUTET: MAXCHMUIALKA PAANYCA

BucoTa

Puc. 3. Busyanuzanus pacueToB

[TpoBenéHHOe cpaBHEHHE MO3BOJIUIIO BBISIBUTH OCOOCHHOCTH
KaJI0T0 M0JIX0/1a:
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® AITOPUTM, MAKCHUMU3HPYIOIIMNA TMOKPHITHE BHYTPU 30HEI,
nokasan konndectBo BITJIA paBHoe 43;

® AJITOPUTM C TPUOPUTETOM MHHHUMHU3AIMH BBIXOJA 3a Tpa-
HUIBl TpuBEN K yBenmuyenuto uncia BITJIA, HO He Bcerma k
YMEHBIICHUIO YHUKAJIHHOW BHEITHEH IJI0LIa/I1;

® QJITOPUTM, OPUEHTUPOBAHHBIN HAa MAaKCHUMAJbHBIA Pauyc,
JTaJI pe3yIbTaThl, OJIM3KHE K TIEPBOMY, HO C MHBIM pacIpererie-
aueM BITJIA.

2.4 Cpasnumenvnulii anaius

JlommoTHUTETHHO OBLT MPOBECH SKCIEPUMEHT, BKIFOUABIIHN
JIECSITh TECTOB Ha Pa3IMYHBIX CIyYaiHBIX KapTax BBICOT (pa3mMep
cetkn 20%20), ObUIM TOJTYYECHBI KOJHMYECTBEHHBIC XapaKTEepH-
CTHKH TPEX KaTHBIX anropuTMoB pa3memnienns BITJIA. ns kax-
JIOTO TecTa (PUKCUPOBATIOCH KOJUUECTBO pa3MeméHHbIX BITJIA u
YHUKaJIbHasl TUIOIIa b HOKPHITUS BHE paboveil 30HbI. Pe3ynbrarhl
IIO3BOJIAKOT BBISIBUTH yCTOfI'—IPIBI:Ie 3aKOHOMEPHOCTHU ITOBCIACHUA
ITOPUTMOB U CIIEJIaTh 00OOCHOBAHHBIC BBEIBOJIBI 00 UX I(PPEKTHB-
HOCTH (pHC. 4).

--- Tect 1 (seed=0) ---

Anr.l: apoHoe=43, yHWKaNLHaA BHEWHAS nnowans=58
Anr.2: ApoHoB=56, YHWKANLHaA BHEWHMAS MNOWaAL=75
Apr.3: apoHoB=44, YHHKANLHAA BHEWHAS NNoWaAL=100

--- Tect 2 (seed=1) ---

Anr.l: apoHoB=39, YHWKANbHaA BHEWHAS NNoWaabL=58
Anr.2: ApoHoB=55, YHWKANbHaA BHEWHAS NNOWadbL=76
Anr.3: apowoe=37, yHWKaNoHaA BHEWHMAS MNoWaas=86

--- Tect 3 (seed=2) ---

Anr.l: apowMoB=48, YHMKANLHAA BHEWHAS NNoWaasL=96
Anr.2: apoMoB=56, YHMKANLHaA BHEWHAS nnoWadbL=72
Anr.3: apoHoB=37, YHWKANbHaA BHEWHAS NNowaabL=99

--- Tect 4 (seed=3) ---

Anr.l: apoHoe=43, yHWKANLHaA BHEWHAS MNowans=87
Anr.2: apowoB=54, yHWKaNbHaA BHEWHAS NNoWaAL=78
Anr.3: ppowoB=42, YHMKANLHaA BHEWHAS nnowaas=93

--- Tect 5 (seed=4) ---

Anr.l: gpoHoB=43, YHWKANoHaA BHEWHAS nNNoWwadbL=74
Anr.2: gpoHoB=59, YHWKANoHaA BHEWHAS nNowaab=54
Anr.3: apoHoB=43, yHWKANLHaA BHEWHMAS MNowans=87

--- Tect & (seed=5) ---

Anr.l: apowoB=48, YHMKANbHaA BHEWHAS NNoWaasL=1808
Anr.2: ApoMOB=57, YHWKANbHaA BHEWHAS nnowaas=83
Anr.3: apoHoB=48, YHWKANoHaA BHEWHAS nnowaas=112

--- Tect 7 (seed=6) ---

Anr.l: apowoe=44, yHWKANLHaA BHEWHAS nnowans=81
Anr.2: ApoHoB=55, yHWKANLHaA BHEWHMAS MNOWaAL=57
Anr.3: apomoB=45, YHMKANLHaA BHeWHAS nnowaas=89

--- Tect 8 (seed=7) ---

Anr.l: gpoHoB=41, YHWKanNoHaA BHEWHAS nnowaas=114
Anr.2: ApoHOB=56, YHWKANLHaA BHEWHAS NNoWadbL=75
Anr.3: apowoe=48, yHMKaNLHaA BHeWHAS nnowans=188

--- Tect 9 (seed=B) ---

Anr.l: gpoMoB=43, YHWKANbHAA BHEWHAS NAOWaabL=72
Anr.2: ApoMOB=57, YHWKANbHaA BHEWHAS nNnowaasL=562
Anr.3: gpoHoB=44, YHWKANoHaA BHEWHAS nNNowaab=71

--- Tect 18 (seed=9) ---

Anr.l: aponoe=39, yHWKANLHaA BHEWHAS MNOWaaL=72
Apr.2: apoHoB=54, YHWKANLHAA BHEWHAS nnoWaAbL=561
Anr.3: apoMoB=48, YHWKANbHAaA BHEWHAS nNnowaasL=99

Puc. 4. CpaBHeHuUE pe3ynbTaTOB pacueTOB aIrOPUTMOB

[lepBBIii anropuT™M, OpPUEHTHUPOBAHHBIM Ha MaKCHUMHU3AIHIO
MOKPBITHSL BHYTPH 30HBI € MOCIEYIOMEN MUHUMU3AUEN BBIXOAA
3a TPaHUIIbl, IEMOHCTPUpPYET cOaTaHCUPOBAHHBIEC PE3YIbTATHI.
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On ucnonp3yer ymeperHoe xommaectBo BIIJIA (B cpemaem
0K0J10 42) 1 0becreunBaeT CPAaBHUTEIHHO HEBBICOKYIO BHEIITHIOIO
rromas (85 kierok). [Ipu atoM pa3dpoc 3HaUEHHI KaK 110 YUCITY
BITJIA (ot 39 no 44), Tak 1 1o BHemHe miommany (ot 68 mo 114)
YKa3blBaeT Ha YYBCTBUTEIBHOCTh K peiibeddy, HO B LIEJIOM ajro-
PHUTM COXpaHSIET MPeCKa3yeMOCTh.

Bropoii anroput™, CTaBsMi BO IVIaBy yIjla MUHUMH3ALMIO
BBIXO/Ia 32 TPAHUIIBI HA KaXJIOM IIIare, 3aKOHOMEPHO ITPHUBOJIHUT K
3HaYMTeNbHOMY yBenuueHuto unucna BIIJIA — B cpennem 56, uto
Oosmbire, yeM y anroput™moB 1 u 3. OmHaKo 3TO MO3BOJISIET J0-
CTHYb HAaMEHBIIIEH YHUKAIFHON BHEITHEH TUTONIa Iy (B CpetHeM
70 xierok). Takum oOpazom, anroput™ 2 3(eKkTUBeH, ecii IpH-
OPHUTETOM SIBIISICTCS AKECTKOE OTPAaHUYICHUE HEXKEIATEIBHOTO T10-
KpBITHS, a)Ke [EHOH pocTa KonndecTBa ycTpoiicTB. CTabmin-
HOCTH BHEIIHEH TuTomann (quamnazoH 61-83) moarBepkaaeTt, 9To
CTpaTerus HOCHC}IOBaTeHLHOﬁ MUHHUMU3AIIUN BbIXOOa pa60TaeT
MIpecKa3zyemMo.

Tperuit anropuT™, BEIOUPAIOLIUI TO3UIMKA ¢ MAKCUMAIbLHBIM
paanycoMm, naét npuMepHo To ke konndectBo BIIJIA, uro u nep-
BBI @JITOPUTM, HO TIPH 9TOM XapaKTepu3yeTcs HauOoJbIIei
BHEIIHEH TuTomanbio (94 KICTKH) U CaMbIM IIHPOKHM e€ pa3dopo-
coM (ot 71 o 112). Dro obbsicHseTCS TeM, uTo KpynHble BITJIA,
pa3mMeliaemMble B IEPBYIO OUepe/ib, MOTYT 3HAYUTEIILHO BBIXOANUTD
3a rPaHMIIB, ¥ 3TOT 3(Y(PEKT HE KOMIIEHCUPYETCS MTOCIIEAYOIUMA
MEJIKUMH APOHAMH.

3 3akiouenne

B npencraBnenHoi paboTe Ob1a pacCMOTpEHa aKTyanbHas 3a-
Jlada OTepaTHBHOTO Pa3BEPTHIBAHMUS CHCTEM CBSI3H C UCIIOIb30Ba-
HUEM OECIMJIOTHBIX JIETAaTEIbHBIX aIllaparoB, BHICTYIAIONINX B
POJIM BO3/IYLIHBIX PETPAHCIATOPOB. B Xone uccienoBanus ObUTH
MIPOAHATU3UPOBAHBI CYILECTBYIOIINE BUABI MOABHKHOM CBSI3H,
000CHOBaHBI MPEUMYIIIECTBA TPAHKHMHIOBOM CBSI3M Kak Hauboiee
MOJXOASAIIEH ISl pelIeHus 3a7ad ONepaTUuBHON KOOPAUHALNHY, a
TaKKe IT0Ka3aHa He0OX0IMMOCTh MoncKa 3(h()EKTUBHBIX aJTOPHT-
MoB pasmereHus: BITJIA B ycioBusix, Korjaa pa3BepTbIBaHUE CTa-
LIUOHAPHOM HMH(PACTPYKTYpPHl HEBO3MOXKHO HIIHM HELEIECcCo00-
pasHo.

B pamkax pabots1 Ob1uTH pa3paboTaHBl U TPOTPAMMHO PEan-
30BaHbl TPY BapUAHTA 5Ka/IHOTO aJITOPUTMAa Pa3MEILIEHHSI pETPAHC-
JATOPOB, KAXKIBIH M3 KOTOPHIX PYKOBOJCTBYETCS COOCTBEHHOM
cTparerueil BpIOOpa Mo3uNMii: MAKCUMH3ALUsI TIOKPBITHSI BHYTPH
paboueli 30HbI, MUHMMH3AIIUS BBIXO/Ia CUTHAJA 33 €€ TPaHuIlbl 1
MIPUOPUTET MaKCUMaJIbHOTO paauyca aedcTBus. [IpoBenéHHoe
MMUTAIMOHHOE MOjienMpoBanue Ha ceTke 20%20 co cmyualHbIM
penbedoM TO3BOJIHIIO BBISIBUTH CHIIBHBIE U ClTa0ble CTOPOHBI KaK-
JIOTO MOIXO0/a.

[TomyueHHble B XOA€ BBIYMCIUTEIbHBIX IKCIEPHUMEHTOB pPe-
3ylbTaThl UMEIOT HE TOJIBKO CaMOCTOSITEILHOE 3HAUY€HHUE, HO U
CITy’KaT OCHOBOM IS CIeyIomIero dtamna uccnenoBanmii. Cop-
MHpPOBaHHBIC JKaIHBIMH alTropuTMaMu HaObopsl nosuimii BITJTA
MIPEACTABISIFOT COO0M KaueCTBEHHbIE HayalbHbIC MPUOIMKEHHS,
KOTOpPbIE MOT'YT OBITh HCIIOJNIE30BaHbI B KA4eCTBE CTAPTOBOM I10-
MYJBSIIAY [T TEHETHYECKOTO aJITOPUTMA.

JanbHeiiee pa3BUTHE UCCICIOBAaHUNA MOXET OBITh HalpaB-
JICHO B HECKOJBKO CTOPOH. BO-TIepBBIX, MpenCTaBiIseT MHTEPEC
ajanTanys MpeIoKeHHOTO MOJX0Aa K JWHAMMYECKHM ClieHa-
PHSIM, KOT/1a TIOJIO’KeHNE a0OHEHTOB MM Pelbed) MECTHOCTH MO-
I'YT U3MEHSATHCS B PEAJIbHOM BPEMEHH.




CBA3b

Bo-BTOpBIX, NEPCHEKTUBHBIM HANpPAaBICHUEM SBIIECTCS YUYET
HE TOJIBKO KOJIMYECTBA MOKPBITHIX a00HCHTOB, HO M Ka4eCTBa Ka-
HaJIa CBSI3U, BKJIOYAsl COOTHOIIICHUE CUTHAJ/IIYM U MIOMEXOBYIO
00cTaHOBKY. HakoHell, BayKHBIM IIIArOM CTaHET MEePEeX0]] OT JBY-
MEpHON MOJENN K TPEXMEPHOU, YUUTHIBAIOLIEH HE TOJIBKO BbI-
COTHI penbeda, HO ¥ MPEISATCTBHS B BUJIC 3aHUI U pACTHTEIBHO-
CTH, YTO TIO3BOJIUT MPUOIU3UTH MOJCTHh K PEATbHBIM yCIOBHSIM
TOPOJICKOW MIJIM JIECHOM MECTHOCTH.
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Abstract

In this paper, the task of operational deployment of trunking communication systems using unmanned aerial vehicles performing the functions of aerial
repeaters is investigated. As a criterion for the availability of a stable connection between the repeater and ground subscribers, the ratio between the
permissible level of signal loss and actual losses along the propagation path is considered, calculated using the Okumura-Hata empirical model adapted
to account for terrain and elevation differences. To determine the positions of unmanned aerial vehicles, it is proposed to use greedy heuristic algo-
rithms that ensure an acceptable calculation speed in conditions of limited decision-making time. A comparative evaluation of three variants of the greedy
algorithm is carried out, which differ in the rules for choosing the placement point at each step. Using this assessment, a conclusion is made about the
suitability of each approach in terms of the balance between the number of repeaters used and the area of undesirable coverage outside the service
area, and the results of computational experiments on a grid with random relief are presented. At the current stage, it is assumed that the solutions
obtained by greedy algorithms will be used as the initial population for a genetic algorithm that performs a deeper search for the global optimum.
Software has been developed in Python to visually visualize coverage areas and analyze the results.

Keywords: UAVs, communication repeater, trunking communication systems, greedy algorithm, heuristic algorithms..

References

[17 N.N. Busnyuk, G.I. Melianets , “Mobile Communication Systems: Textbook for Universities,” 2nd ed., ster. Saint Petersburg: Lan, 2023. 128 p.

[2] V.L. Khazan, “Special Radio Communication Systems: Textbook,” Moscow; Vologda: Infra-Engineering, 2025. 236 p.

[3] O. Kodheli, E. Lagunas, N. Maturo, S.K. Sharma, B. Shankar, J.F.M. Montoya, ].C.M. Duncan, D. Spano, S. Chatzinotas, S. Kisseleff, ]. Querol, L. Lei, T.X. Vu,
“Goussetis G. Satellite Communications in the New Space Era: A Survey and Future Challenges,” IEEE Communications Surveys & Tutorials. 2021. Vol. 23, No. |, pp.
70-109.

[4] D.N. Roenkov, P.A. Plekhanov, “Mobile Communication Systems. Shortwave and Satellite Communication,” St. Petersburg: St. Petersburg State Transport
University of Emperor Alexander |, 2023. 31 p. ISBN 978-5-7641-1916-8.

[5] R.A., Addad, M., Bagaa, T. Taleb, D. Dutta, H. Flinck, “Optimization Model for Placement of 5G Network Functions for Localization Services,” IEEE Transactions
on Network and Service Management. 2022. Vol. 19, No. 2, pp. 1809-1825.

[6] A. V. Roslyako, “Generations of Fixed Communication Networks flg-F5G Part 2 / v,” First Mile. 2023. No. 1(109)., pp. 36-47. DOI 10.22184/2070-
8963.2023.109.1.36.46. - EDN ODRGNG.

[7] G. Baldini, S. Karanasios, D. Allen, F. Vergari, “Survey of Wireless Communication Technologies for Public Safety,” IEEE Communications Surveys & Tutorials.
2022.

[8] O.A. Shorin, R.Yu. Kaspari, “Russian Market of Professional Radio Communication and Critical Communications: Prospects,” Elektrosvyaz. 2021, No.6, pp.|4-24.

[9]1 A.G. Reformat, V.G. Sosunov, O.V. Plygunov, “Overview of Methods for Calculating Coverage Zones of Base Stations in Mobile Radio Communication
Networks,” Symbol of Science: International Scientific Journal. 2015, No. 5, pp. 51-55.

[10] M. Mozaffari, W. Saad, M. Bennis, M. Debbah, “A tutorial on UAVs for wireless networks: Applications, challenges, and open problems,” IEEE Communications
Surveys & Tutorials. 2019. Vol. 21, No. 3, pp. 2334-2360.

[I'1] M. N. Krizhanovsky, O. V. Tikhonova, “Methodology for Placing Base Stations of a Local Positioning System in an Obstructed Working Area,” Modeling,
Optimization, and Information Technologies. 2024. Vol. 12, No. 2(45). DOI 10.26102/2310-6018/2024.45.2.037.

[12] O. A. Stepanov, V. N. Rozhkov, “Application of heuristic algorithms for the formation of the initial population in the optimization of target allocation using
genetic algorithms,” Scientific Bulletin. Development of Control Systems. 2024. No. 3, pp. 35-40.

[13] A.V. Leonov, “Applying Bio-Inspired Algorithms to Routing Problem Solution in FANET,” Bulletin of the South Ural State University. Series "Computer Technologies,
Control, and Radioelectronics". 2017. Vol. 17, No. 2, pp. 5-23. DOI: 10.14529/ctcr170201.

[14] L. S. Adonin, A. G. Vladyko, “Swarm Intelligence Algorithms for Solving Optimization Problems in Telecommunication Systems,” Proceedings of Communications
Educational Institutions. 2025. Vol. 11, No. 3, pp. 7-24. DOI 10.31854/1813-324X-2025-11-3-7-24.

[I5] D. A. Perepelkin, V. T. Nguyen, “ntelligent Multi-Path Routing in Software-Defined Networks Based on the Artificial Bee Colony Algorithm,” Information
Technologies. 2022. Vol. 28, No. 8, pp. 395-404. DOI 10.17587/it.28.395-404.

[16] K. V. Egorova, “Simulation model of flight control of a group of unmanned aerial vehicles based on the bee colony algorithm,” Bulletin of the Voronezh State
Technical University. 2023. Vol. 19, No. 2, pp. 68-71. DOI 10.36622/VSTU.2023.19.2.010.

[17] Y. Chen, N. Li, X. Zhong, W. Xie, “Joint Trajectory and Scheduling Optimization for The Mobile UAV Aerial Base Station: A Fairness Version,” Applied Sciences.
2019. Vol. 9, No. I5. 3101.

[18] X. Wen, Y. Ruan, Y. Li, H. Xia, R. Zhang, C. Wang, W. Liu, X. Jiang, “Improved Genetic Algorithm based 3-D deployment of UAV,” Journal of Communications
and Networks. 2022. Vol. 24, No. 2, pp 223-231. DOI: 10.23919/JCN.2022.0000 | 4

[19] A. S. Kostin, D. V. Kuchko, “Research of the Routing Algorithm for Solving the Traveling Salesman Problem Using the Ant Colony Algorithm,” System Analysis
and Logistics. 2023. No. 4(38), pp. 47-53. DOI 10.31799/2077-5687-2023-4-47-53.

[20] V. S. Ivanov, S. U. Uvaisov, and I. A. Ivanov, “Algorithm for Automatic Placement of Base Stations in Trunking Communication Systems,” Proceedings of
Communications Educational Institutions. 2023. Vol. 9, No. 5, pp. 25-34. DOI 10.31854/1813-324X-2023-9-5-25-34.

—

T-Comm Vol.20. #6-2026




CBA3b

MATEMATUYECKOE MOAEJINPOBAHME CMELLLIEHUA
OLIEHOK BPEMEHU KPYTOBOIo ObOPOTA
B TENEKOMMYHUKALUOHHbBIX CUCTEMAX
NP HECTALLMOHAPHbLIX HATPY3KAX

DOI: 10.36724/2072-8735-2026-20-6-12-19

Manuscript received 27 February 2026;
Accepted 07 April 2026

Kntoueebie cnosa: Mamemamuyeckoe
modenuposaHue, spema Kpyz08020 obopoma,

Barenkos Kupunn Anekcanapoeu4, cucmema MIM/ 1, HecmauuoHapHbIl pexxum,
Mockoeckuli mexHuyeckuli yHusepcumem cea3u U UHGOPMamuKu, menekommyHukauuoHHble cemu, QUIC, oueHka
Mockea, Poccus, pustur@yandex.ru 3a0epxKKu

Uccnepyertca npobneMa TOYHOCTH OLleHKM BpeMeHu Kpyroeoro oGopota (RTT) B coBpeMeHHbIX
NpOTOKONaxX TPaHCMOPTHOro ypoBHA, Takux kak TCP u QUIC, ¢dpyHKUMOHUpYIOWMX B YCNOBUAX
BbICOKOAMHAMUYHOTIO HecTaluoHapHoro Tpacduka. TpaaAULMOHHbBIE airOPUTMbI IKCMOHEHLMANbHOTO
crnaxkusanua (EWMA), pernaMeHTupoBaHHble ctaHpaptamu Bpoae RFC 9002, 6asupyiorca Ha
ynpouyaiolieM NpeAnonoXXeHUn o CTalMOHaPHOCTH NpoLeccos obcnykmBaHua ovepepeii. OaHako
B peasibHbiX TEeNIeKOMMYHUKALMOHHbIX CUCTEMaX BHe3arHble BCMJIECKM Harpy3ku CyLIeCTBEHHO
HapyLLaIoT 3TO YC/IOBUE, Bbi3biBasA CUCTEMAaTUYECKME MOTPELIHOCTU U3MepeHMii 3afepxkek. B paGorte
npejcTaBneHa MaTeMaTMyecKaa Mojenb Ha 6ase Knaccu4ecKkoi CUCTEMbI MACCOBOro 06GCyXKUBaHUA
M/M/l, paccmatpuBaeMoir B nepexopgHoM pexume. C  UCNonNb3OBaHUEM  CUCTEMbI
anddepeHumnanbHbix ypaBHennin Konmoroposa M uYMcneHHoOro mMeroaa MaTpUHHOM 3KCMOHEHTbI
nosny4yeHbl TOYHbIE aHANUTUYECKUE BbIPAXKEHUA ANA 3BOJNIOLMM MJIOTHOCTEH BEepOATHOCTEW,
npeacrasnalowmx cobom cmecu pacnpepenenHuin Dpnadra, Ana  'uctuHHoro” RTT,
COOTBETCTBYIOLLIEro Mpou3BonbLHOMy Habniopartenio, u "usmepsemoro” RTT, ¢pukcupyemoro
yXOAALIMM NOTOKOM nakeToB. TeopeTUvyeckh 06OCHOBAHO M YUCNIEHHO MOATBEPKAEHO pasnuuune
MeXay pacnpeaefneHMeM COCTOAHUW CUCTEMbl B TPOU3BOJIbHBIA MOMEHT BpEMEHM U
pacnpepeneHueM, HabniogaeMbiM yxoAALMMY 3aABKaMU B HecTaluMoHapHo# ¢ase. D10 pasnuyine
obycnaenueaeT CyL|eCTBEHHOE CMeLLleHMEe MaTeMaTU4eCKOro OXMAAHWA U3MepAeMOi 3a[epPXKKn
OTHOCUTENbLHO AEWCTBUTENbHOW BENUYUHBI NPEUMYLLLECTBEHHO B MNepuoAbl TPaH3UTOPHbBIX
npoLeccos pocta o4epeau. “YucneHHoe MofenupoBaHue cLeHapua cKadka KoacghduumeHta
MCNONb30BaHMA KaHala C Ha4yanbHOrO 3HA4YeHUA [0 KOHEYHOro NpoJAEeMOHCTPUPOBaNo
BO3HMKHOBEHUE MUKA OTHOCUTENbHOW norpelHoctu oueHkn RTT BenuuuHoin po 9,6% B dasze
AKTMBHOTO HaKomneHua 3aaBoK. [MonyuyeHHble pe3ynbTaThl MMEIOT KPUTMYECKOE MpaKTuvecKoe
3HayeHue AnA pa3spaboTKM HOBbIX afaNTMBHBLIX ANIFOPUTMOB HACTPOWKM TaiiMayTOB MOBTOPHOM
nepepaun (PTO/RTO), nossonaowmux MMHUMU3UPOBATh KONMUYECTBO FNOXHBIX PETPAaHCMUCCUA U
npefoTBpaTUTL ABNEeHUe neperpysku Oycgepos. PaGora obGbeauHAeT TeopeTMyeckuit aHanus u
npuknagHsie 3agaumn ceasu. MccneposaHne BHOCUT BKNaj B pasBuUTME METOAOB MaTeMaTU4eCKOro
MOZENUPOBaHUA CTOXACTUHECKUX CUCTEM U MOBbIIEHUA 3¢h(PEKTUBHOCTU ynpaBfieHUA NOTOKaMu
AaHHBIX B TENE€KOMMYHUKALIMOHHBIX CETAX C/eAlyIOLLEro NOKONEeHUs.
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BBenenne

CoBpeMeHHbIE TeNeKOMMYHHKAIIMOHHBIE CHCTEMbI XapakTe-
PH3YIOTCSI BBICOKOW JTUHAMHUKON TpaduKa U HKECTKUMU TpeOoBa-
HUSIMU K 3aepkkam [1]. IIpoToKosIbI TpaHCIOPTHOTO YPOBHSI, Ta-
kue kak Transmission Control Protocol (TCP) u Quick UDP In-
ternet Connections (QUIC), nnst ynpaBieHus MexaHu3MaMHu KOH-
TPOJIsl MEPErpy3KH, PEryIHpOBaHUS MOTOKA U BOCCTAHOBICHHS
IocJ€e MOTEPH MAKETOB B 3HAUUTENILHON CTENEHU NOJararTcs Ha
TOYHBIE OIIEHKM BpeMeHU mnpoxoxaeHusi curxaiga (Round-Trip
Time, RTT) [2, 3]. CyTh 3THX MEXaHHU3MOB 3aKJII0YACTCS B CITO-
COOHOCTH Pa3iIM4aTh MOTEPIO MAKETOB M3-3a MEPErpy3KH M II0-
TEPIO U3-3a CIIyJalHbIX OIMOOK B KaHAJIE, UTO B IIEPBYIO OUYEPEb
OTIpEJIEIISIETCS] 3HAUCHUSAMH TalM-ayTa, PAaCCUNTAaHHBIMU HA OC-
HoBe m3Mepenuit RTT [4].

B cnennduxanun QUIC (RFC 9002) u coBpeMeHHBIX BepCUsix
TCP (mampumep, TCP CUBIC unu BBR) ucnons3syercst skcmo-
HeHIMaNbHOe ckounb3see cpennee (EWMA) mnst criakuBanus
n3MepeHHbix 3HadeHnil RTT [5]. JanHbid oaxon 3pQpeKTHBEH B
CTalMOHAPHBIX PEXUMax pabOThl CETH, KOTJA CTaTUCTHYECKHE
XapaKTEePUCTHKH TTOTOKA 3asBOK M BPEMEHH 00CITy )KUBaHMUS OCTa-
IOTCSI HOCTOSIHHBIMU BO BpeMeHH [6, 7]. OgHako peanbHbIe Tele-
KOMMYHHUKAIIMOHHBIE CETH 4acTO (YHKIMOHHPYIOT B HECTAIHO-
HapHBIX peXHUMax: BCIUIECKN TpadHKa, MacITabupoBaHue oo1ad-
HBIX PECYPCOB, BOCCTAHOBIICHNE TIOCIIE COOEB MAPIIPYTH3ATOPOB
[8, 9] — Bce TH crieHapHK MPUBOJIAT K TMIEPEXOIHBIM MPOIeccaM B
ouepersX CeTeBhIX ycTpoiicTs [10].

AXTyaJIbHOCTh MCCJIEJIOBAHHsI OOYCIIOBIICHA TE€M, YTO CTaH-
naptHble Mojienu olleHKH RTT He yuuThIBalOT paziinuve Mexmay
pacrpeseneHeM COCTOSIHUSI CHCTEMBI, HaOJIIOAaeMbIM IPOH3-
BOJILHBIM YYaCTHUKOM, U pacrpeielieHHeM, HaOI01aeMbIM YX0-
JUIIIUM rakeToM (n3MeputeneM) [11]. B craunonapHoMm pexume
it cucremMbl M/M/1 310 pasnuuue HHBenupyercst Oiaromapst
Teopeme bepka, ojHaKO B MepexoIHbIX NEPHUOAAX BOZHHUKAET CU-
cremaruueckoe cmeuienue [12, 13]. OTto cmemenre MOXKeT npu-
BECTU K HEKOPPEKTHOM YCTAaHOBKE TailMayTOB IIOBTOPHOM Iepe-
nmaun (PTO), BEI3BIBas JIOKHBIC PETPAHCMICCHH WITH, HA000POT,
W3JIMIIHE JOJITYIO PEaKIMIo Ha MOTEePI0 MaKETOB, YTO HAMPSIMYIO
BJIMSICT HA MPOIMYCKHYIO CIIOCOOHOCTD U 3a/IEPXKKH B CETAX CBA3U
[14].

Lenbto maHHOM pabOTHI ABIAETCS TTOCTPOCHUE CTPOTOI MaTe-
Martuueckoi Moenu sBoitounu pacnpenenenus RTT B cucteme
M/M/1 npu cka4ykooOpa3HOM H3MEHEHHHM Harpy3Kd, KOJHYe-
CTBCHHAs OIICHKA BO3HMKAIOIIETO CMEIICHHUS MEXIy H3Mepsie-
MbIM U felictButesibHbIM RTT 1 dopmysnpoBka pekomeHaaui
JUlsl pa3pabOTYMKOB TEIEKOMMYHHUKAIIMOHHBIX TIPOTOKOJIOB [15].

1 MaTemMaTHUYecKasi NOCTAHOBKA 3a/1a4M
1.1 Onucanue cucmemst Maccogozo o6cayxHcusanus

PaccMoTpuM OHOKaHAIBHYIO CHCTEMY MacCOBOTO OOCITYKH-
Banusi (CMO) turia M/M/1, koTopast SBJISIETCSI KITACCHYECKOH MO-
JIeITbIO JIJIsL OTIMCaHust Oyepa MapLipyTH3aTopa Uil CETEeBOro HH-
tepdeiica. [Tycts A(t) — MHTEHCUBHOCTH BXOJSIIETO MTOTOKA 3a-
SIBOK (IIAKETOB), a |4 — MHTCHCUBHOCTH OOCITYKUBAaHUS (TIPOITYCK-
Hasl CIIocOOHOCTh KaHana). B oOmiem ciydae mporecc siBisieTcs
HEO/IHOPOAHBIM ITyaCCOHOBCKHMM, OJTHAKO JUIsl aHAJIN3a Mepexo/l-
HOTO ITpoIiecca IpH CKauKe Harpy3Ku yA00HO paccMaTpHuBaTh Ky-
COYHO-CTAIIIOHAPHYIO MO/JIEIIb.

CB43b

CocCTOsIHHE CHCTEMbI B MOMEHT BPEMEHH ¢ OIMCHIBACTCS CIIy-
4yaiiHOH BenuuuHoM N (t) — YuCIoM 3as1BOK B cucTeMe (Ha 00city-
KUBaHUU W B odepenu). [IpoCTpaHCTBO COCTOSIHUN THUCKPETHO:
S$=1{0,1,2,..}. DBomonust BeposiTHOCTE#H cocTostHAi P;(t) =
P{N(t) = i} onuceIBaeTcs cucTeMOi TU(epeHIHATbHBIX YpaB-
nennit Kosmoroposa (ripsiMble ypaBHenust) [16]:

dpP;(t) .
3 = Atwh@O+ AP () + uPiy (D), 21,
dPy(t)

371eck mpeanonaraeTcs, YTo B pacCMaTPHUBAaEMBI MHTEPBAJ
BPEMEHH MHTEHCUBHOCTH A M [t TOCTOSTHHBL. B MaTpudaHoit hopme
9Ty CHUCTEMY MOKHO 3amucath Kaxk [17]:

dP(t)
dc
rae P(t) = [Py(t), P1(t), ..., Py(t)] — BekTOp-CTpOKa BEpOSTHO-
CTell COCTOSIHUI (I YMCIICHHO! peann3aliiy IpOCTPaHCTBO CO-
CTOSIHUHM OrpaHMYUBACTCS JOCTaTOYHO OonpmmM ynciaoM N), a Q

— nH(UHUTE3UMATbHAS MaTpUIa TIEPEXOAHBIX HHTCHCUBHOCTEH
(renepatop mporecca) [18]:

P()Q,

-1 A 0

0w -Gt

Permiennie atoii crcteMs! npy HavanmsHOM yciiosrH P (0) umeer BUT:
P(t) = P(0)e?,

roe e9t — MaTpuyHas dKCIoHeHTa. J[aHHbIM MeToA SBISIETCS OC-
HOBOM YMCJIEHHOI'O aHAJIM3a, [103BOJISIS [10JIydaTh TOUYHbIE 3HaYe-
HUS BEPOATHOCTEH COCTOSIHUH B 000 MOMEHT BPEMEHH TIepe-
X0JIHOTO Tporiecca [19].

1.2 Mooenuposanue spemenu 06cayrxncusanus

B KOHTEKCTE TEICKOMMYHHKALUN BpeMs OOCTYyKHBaHUS 3a-
SIBKH COOTBETCTBYET BPEMEHH IepeIav MakeTa (GPUKCHPOBAHHOTO
pa3Mmepa yepes kaHan cBs3u. B momenmu M/M/1 Bpems oOciryxu-
BaHMS OJTHOM 3a5IBKH T SIBJISICTCS SKCTIOHEHITHAILHO PaclpeieieH-
HOM ciyuaiiHOM BETUYMHON C MapamMeTpoM [:

fi(x) =pe ™, x=0.

Marematuueckoe 0KUIaHHE BPEMEHHU OOCIY)KHBAaHUs PaBHO
E[t] = 1/u, a nucnepeus D[] = 1/u?.

Ecnu maker 3actan B cucreme i 3as1BOK 1epes co0oit (oHa Ha
obcyxuBanuu U [ — 1 B ouepenw, 1100 [ B OUEPEIH, SCITH CUH-
TaTh COCTOSIHUE CUCTEMBI B MOMEHT IPUXO0/1a), TO TIOJIHOE BpEeMsI
OKUJIaHWSI Havaya 0OCITy>KUBaHUS CKIIAIbIBACTCS U3 BPEMEH 00-
CITy’)KUBaHUs ATUX i 3as1BOK. CymMMa k He3aBUCHMBIX SKCIIOHEHIIH-
AIIBHO PACHpeeNCHHBIX BEIUYNH C OAMHAKOBBIM MTapaMeTpoM [
HMeEeT pacripeziesieHre Jpianra nopsiaka k.

ITycTb makeT 3acrai B cucteMe I 3asBOK. Torja BpeMst OxKUIaHUs
B ouepem W, umeer pacnpe/ienienne DpriaHra nopsijka i ¢ napamer-
pom . TlostHoe Bpemst peObIBaHMS B CHCTEME (BPEMs 00CITy KUBAHHS
+ OKUJIAHHUE) TS 3TOTO MaKkeTa Oyner CYMMOI

i 4+ 1 9KCTIOHEHIIMATBHBIX BEJIMYUH (OXKHIaHUC { IPEABITYIIHX + CO0-
CTBEHHOE 00CyxuBanue). Takum 00pa3oM, yCIOBHOE BpeMs TIPEObI-
Banus Ty, | § pacmipenienieHo no 3akoHy Opranranopsakak =i + 1:

-
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Hi+1xie—ux
friyeii(0) = ————, x=0.

1.3 Mooenws 3adeprcku RTT

B TenexoMMyHHMKAIIMOHHBIX CETSIX BpeMsl KpyroBOro o0opoTa
(RTT) cknanpiBaeTcst U3 BpeMEHH NIepeaadyl B MPSIMOM HaIlpaBie-
HHH, BpeMEHH 00pabOTKH B y3JI¢ Ha3HAUCHUSI, BpEMEHH IIepeiaun
B 00paTHOM HalpaBJIeHUU U BPEMEHU OXKUAAHUSA B ouepensx. s
YIPOLIEHUS MOoJenu OyleM CUuTaTh, YTO OCHOBHAs BapHaTHB-
HOCTb BHOCHUTCS O4epEe/Ibl0 B HCCIIEYEMOM Y3IIe, a BpeMeHa pac-
HpOCTpaHeHust CUrHana (dp;op) B 00pabOTKH JIETEPMHHHPOBAHBI
WM TIPeHeOPEKMMO MaJIbl [0 CPABHEHHIO C BPEMEHEM OXKUJIaHHs
B OYEpE/IH NIPU BHICOKUX HArpy3Kax.

Torga RTT MOXHO IpeICTaBUTh Kak:

RTT = 2dpr0p + Toyss

re Tys — ToNHOE BpeMs NpeObiBaHUs MaKeTa B cucTeMe (ode-
pens + oOcmyxuBanue). YcinoBHoe pacrpeznenenne RTT npu
YCIIOBUH, YTO MAKET 3acTall [ 3aABOK B CUCTEME, SIBIISIETCS] C/IBU-
HYTBIM pacIipe/ielieHHeM DpJiaHra:

frrri(x) = fTsysli(x - derop)t

MaremaTtuueckoe oxuganue ycioBHoro RTT paBHo:

_ i+1
E[RTT | i] = 2dprop + ——

X = 2dpy0p-

Jannas hopMysa OKa3bIBaeT TUHEWHYIO 3aBUCHMOCTD 0)KH-
JTA€MOH 3aJ€PKKH OT JJIMHBI OYEPENH, UYTO SBIISETCS CBOMCTBOM,
HCIOJB3YEMBIM B alIlOPUTMax YIPABIEHHS IEpErpy3KaMH
(nanpumep, B airoputme BBR mist ouenku RTprop).

2 Pazuune Meskay HCTHHHBIM U n3MepsieMbiM RTT

KiroueBoit nmpobieMoli MaTeMaTHuecKoro MOJICIIUPOBAHUS B
TEJIEKOMMYHHUKAIHUSX SIBJISICTCS KOPPEKTHBINA YUET TOro, KakK Mpo-
n3BouTCs M3Mepenue. CyniecTByeT NPUHIMITHATIBHOE Pa3IIne
MEXIY XapaKTePUCTUKAMH CHCTEMbI, HAOII0AaeMbIMHA BHEITHIM
HaOmoaTesIeM B ITPOU3BOJIBHBIN MOMEHT BPEMEHH, M XapaKTepH-
CTHKaMH, HAOJIIOAaeMBIMH YXO/SIINM ITOTOKOM MTAaKETOB.

2.1. Pacnpeodenenue cocmosnuil 011 RPOU360JIbHOZ0
Haoarooamensn

Pacnpenenenune P;(t), momydenHoe u3 ypaBHenuit Kommoro-
pOBa, OIMMCHIBAET BEPOSTHOCTH TOTO, YTO B MPOU3BOJBHBIA MO-
MEHT BPEMEHHU t B CHCTEME HAXOIHUTCS | 3assBOK. DTO pacrpere-
JICHHE XapaKTEePU3yeT KUCTUHHOE» COCTOsIHUE cUcTeMbl. Eciu Ob
MBI MOIJIM MTHOBEHHO CKaHHPOBAaTh OYEPE/b B CIIyYaiHBIC MO-
MEHTBI BPEMEHH, MBI OBl ITOJIyUYHIN THCTOTPAMMY, COOTBETCTBY-
rorryto P;(t).

«VcTHHHOE» MaTeMaTHYEeCKOe OXUAAHWE JUTHHBI OuepeId B
MOMEHT t BBIYHCIIIETCS KaK:

[oe]
Eorue N (O] = ) iP(O).
i=0
COOTBETCTBEHHO, «JICHCTBUTEIBHOS) CPEHEE BpeMs mpeObl-
BaHUA B cucTeMe (U, clieZioBaTebHO, Oa3zoBas komnoneHta RTT)

JUTSI THITOTETHYECKOTO TTAKEeTa, MPHUIIE/NIET0 B MOMEHT t, OIICHH-
BACTCsI Yepe3 yCPeIHEHNE YCIOBHBIX OKUIAHHUI 110 pacrpesere-
uuto P;(t):

1/ .
Eurue[RTT()] = 2o+ ) (i + DP(O)
i=0

IE:true [N(t_)] +1
—'u .

= derop

2.2. Pacnpeoenenue cocmoanuii 011 yxooauezo nakema

[Iporokonsr TCP n QUIC u3mepsitor RTT Tonbko As nake-
TOB, KOTOpPBIC OBLTH YCIICITHO IEPEIaHbl U MOITBEPKACHBL To
€CTh M3MEpCHHE MPOU3BOAUTCS MO (PAKTY yXoja MaKeTa W3 CH-
ctembl. B crarmmonapHOM pesxxnme s cucteMsl M/M/1 cipaBen-
nmBa Teopema bepka, koTopas yTBep)KIaeT, YTO BRIXOTHOM TTOTOK
TaKXKe SBILICTCS ITyaCCOHOBCKUM, U PacIIpe/IeNICHIe YHCIIa 3asBOK
B CHCTEME B MOMEHT yXO0/ia ITaKeTa COBIAAET C PACIpeIeICHHEM
B IIPOM3BOJILHBIN MOMEHT BpeMeHu (D; = P;).

OjiHaKo B HECTAIIMOHAPHOM PEXKHME 3TO PaBEHCTBO HapyIla-
etcst. ITHTeHCHBHOCTB YXO/a MMaKeTOB MPOMOPIIMOHATBHA (4, €CIN
cucTeMa He ImycTa. BeposTHOCTh TOT0, YTO yXOISAIIAMN MTAKET OCTa-
BUT B CHCTEME [ 3as/BOK, POIIOPIIHOHATIBHA BEPOSITHOCTH HAXOXK-
JICHHS B cucTeMe [ + 1 3a9BOK HEMOCPEICTBEHHO MEPE]] YXOI0M.

0603HaunM yepe3 D;(t) BepOATHOCTh TOTO, UTO YXOJISIIHIA B
MOMEHT t MaKeT 3aCTall B CUCTEME { APYTHX 3asBOK (MM, SKBUBA-
JICHTHO, OCTaBMJI ITocJte cedst i 3as1BOK). Jlist mporecca poskaeHHs
U rulesn CBS3b MEXJY paclipeieieHUEeM COCTOSIHUI B MPOM3-
BOJIbHBIH MOMEHT P;(t) U pacripeleieHueM Mo YXOISIINM 3asiB-
kam D;(t) B HECTAIIIOHAPHOM PEXUME ONPEEIISIeTCs] COOTHOIIIE-
HHEM ITIOTOKOB.

B o0miem cirydae, TUIOTHOCTE BEPOSATHOCTH yXOJa U3 COCTOS-
Hust § + 1 B cocrosiHue i paBHa UP; 4 (t). HopmMupys Ha moHy0o
MHTEHCUBHOCTH YX0/1a U3 CHCTEMBI, TOTyYaeM:

WP () _ Pii1(8) P>
THP@®) 1-P@) T

DTO COOTHOIIEHHE CIIPABEIIMBO IIPU YCIOBUH, YTO CHCTEMa
He niycta (1 — Py(t) > 0). Eciu cucrema mycra, yXoJl HEBO3MO-
’keH, 1 u3mepenue RTT He nmpousBoguTcs.

Takum 00pa3zom, «H3MepseMoe» pacipeeieHue AIHHBI 0de-
peau CABUHYTO OTHOCHUTEIBHO «UCTHHHOTO». YXOMISIIUNA MakeT
«BUJIUT» CUCTEMY OoJiee 3arpy’>KeHHOI, YeM OHa e€CTh B CPEJHEM
B ITPOM3BOJIEHBIE MOMEHT, 0COOCHHO B (pa3e pocrta odepenu. 1o
SIBJICHHE N3BECTHO KaK «I1apaloKC HHCTICKTOPay» WK 3P deKT BbI-
OOpKH 10 JJIMHE WHTEPBAJIa, aalTHPOBAHHBIN JJIs MIOTOKOB CO-
OBITHH.

«M3Mepsiemoe» MaTeMaTHueckoe 0XKHUIAaHUe UIMHBI O4ePe/IH,
KOTOpoe (paKTHUECKH BIHSET Ha OIEHKY B3BEIIEHHOT'O CPEIHETO
HM3MEPEHHOTO BPEMEHH 3aJIeP)KKH B IIPOTOKOJIAX, PABHO:

Py, (0)
1= Py(t)y

Di(¢t) =

(o0}

EneasIN(®] = ) iDi(6) = ) i

i=0 i=0

[Tpeobpazyem cymmy:

[ee) [ee)

D iPa(®) = ) (k= DP(0) = i kPu(t) - i Pe(®)
k=1 k=1 k=1

Z Eore [N(®)] = (1= Po(6)).
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[Moncrasisist 310 B BhIpaskenue st K¢, Moaydaem ¢Gop-
MYJly CMEILEHUS:
Etrue[N@O] = (1 = Po(0)) _ Eerue[N(O)] _

Enmeas[N(D)] = 1.

2.3. ®opmyna cmewenun RTT

Ha ocHoBe mnosiy4eHHBIX BBIpQXEHUW IJIs JUIMH odepejie
MOYKHO BBIBECTH (OPMYJy Ul CMEIICHHS MaTeMaTH4eCKOro
oxunanus RTT.

JeiictBurensroe cpennee RTT (quist mpou3BosibHOTO Makera,
KOTOPBIN MOT OBl IPHIATH):

IE‘true [N] +1
—“ .

Wzmepsiemoe cpennee RTT (as makera, KOTOPBIi yCIEIIHO
MIPOIIIET CUCTEMY):

[Etrue [RTT] = deTOP +

E N]+1
Emneas[RTT] = 2dyrop + %-

IMoacraBum Beipaxenue Ast E,,qqs[N]:

1 (Etrye[N]
Eneas[RTT] = derop + ; ({i—epo

IEtrue [N]
u(1—Py)

Pa3HOCTD MEXIy M3MEpPSEMBIM U JEHCTBUTEIFHBIM CPEIHUM
RTT cocraBnser:

ARTT = Epeqs[RTT] = E¢rye [RTT]
_ Eprye [N] _ Etrue[N] +1

—u(1 = Py) u

[IpuBoxs k o0mIeMy 3HaAMEHATEIIO:

—1+1)

= 2dpr0p

ARTT = 1(IEtrue [N] = (E¢rye[N] + D(1 — Po))
1% 1-— PO
— l(IEtTue [N]Po - (1 - P0)>
u 1-p, :

OTHOCUTEIbHAs NOTrpCIIHOCTD (CMGIHGHI/IC B HpOIICHTaX)
OIPEACIIACTCA KaK:

“Emeas [RTT] - IE:L‘rue [RTT]l

o= Epyue [RTT]

X 100%.

B craumonapHom pexnme i M/M/1
Erue[N] = 1%) uPy=1-p,rne p = A/u. IlogcraBus 711 3Ha-

HU3BCCTHO, 4YTO

qeHus, JeTko yoenutbes, 9to ARTT = 0. Dto moaTBepxmaeT Kop-
PEKTHOCTh MOJIENTH: B CTallMOHAape CMelleHne oTcyTcTByer. On-
Hako B niepexogHoM pesxume Py(t) u Epp o [N ()] MensoTes He-
COTJIACOBAHHO, YTO MPUBOANT K HeHysIeBoMy ARTT.

3 YucjeHHoe MOJeJIMPpOBaHUE M aHAJIN3 Pe3yJIbTaTOB

Jliist BepuduKanuy TeOpeTUUECKUX BBIKIA0K U OIICHKH Mac-
mraba 3pQekra ObUIO TPOBEICHO YUCICHHOC MOJICITUPOBAHKC
SBOJIIOIMK paclpesielieHuii BeposTHOCcTel. Vcmonb3oBancs Me-
TOJI MATPUYHOM IKCIIOHEHTHI [T PEIIEHUS] CHCTEMBI YPABHEHUH

—
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Konmoroposa, peannzoBanuslii B cpeae Python ¢ mcronb3osa-
HUeM OubmmoTexu SciPy.

3.1. Hapamemput Ixcnepumenma

MopenupoBacs cueHapuid cKkauka Harpy3Kd Ha CETEBOM HH-
tepdeiice.

Wnrencusnocts obcmyxuBanus: (4 = 1.0 (HopMupoBaHHas
enuHMLA, Hartpumep, 1000 makeTos/cex).

HauanbHbrit koapuiuent ucnonb3osanus: po = 0.35. Coot-
BETCTBYET PEKUMY MaJIOH 3arpy3KH.

Koneunsrii koa¢duipieHT ucnoas3oanust: p; = 0.82. Coot-
BETCTBYET PEXHUMY BBICOKON 3arpy3KH, OJM3KOMY K HACBIIIEHHIO.

Bpemst pactipocTpanenust curHana: dyyq, = 0.02 (B HopMupo-
BaHHBIX €JJMHUIIAX BPEMEHU 00CITy>KUBAHUS).

HauanpHoe pacnpenenieHne: cTallmOHapHOE paclipeieieHue
UL Pg.

Wurepsan moaenuposanusi: t € [0, 16] eauHuIl BpeMeHH.

Takoil cieHapuil THIUYEH JUIs1 TENIEKOMMYHHUKAIMOHHBIX NPU-
JIOXKEHUH: HalpHMep, Hayajlo BHUACOTPAHCILIINHI, OTKPBITHE HO-
BOW BKJIAJKH Opay3epa C TSKEIbIM KOHTEHTOM WM HepeKiIrode-
HHE MaplIpyTa Tpapuka Ha pe3epBHbINA KaHaJl.

3.2. Deontoyusn pacnpedenenus OIUHBL Ouepeou

Ha pucynke 1 npencrasiieHa 3BOIIOLUS PacpeielIeHHs BEPO-
SATHOCTEW JUTHHBI ouepenn P;(t) B pa3in4Hble MOMCHTHI BPEMEHH.

t=0.0 t=0.8
E[i]=0.54 E[i]=0.84
0.7
p 0.5 19
0.6
054 0.4
7104 21034
0.3 1
0.2
0.2
0.1 ot I
0.0 T"e- - - 0.0 T'?-- - -
0 5 10 15 [+] 5 10 15
i (AnuHa ouepeaw) i (anvHa oyepean)
t=16 t=12.0
Eli]=1.07 E[i]=2.38
0.5 0.30
0ed! 025 {f
0.20 4
0.34
! &' 0154

0.2 4
0.10

al

0 5 10 15 1] 5
i (AnuHa ovepeaw)

ol 0.05 I
0.0 I??““?““?“" 0.00 TT?’I?G'---T----

i (anuHa ouwepenw)

Puc. 1. DBouronust pacnpeeNieH s BEpOSTHOCTeH UTiHBI oyepenu P; (t)
B Pa3JNYHbIE MOMEHTBI BpEMEHH

t = 0: Cucrema HaXOJIUTCS B CTALLMOHAPHOM COCTOSIHUH JUISI
p = 0,35. Maremarnueckoe OXHAAaHHE JUIMHBI  OYepeH
E[i] = 0,54. Pacnipenenenue ObICTpO yOBIBAET, BEPOSATHOCTD ITy-
croii cucremsl Beicoka (Py = 0,65).



CBA3b

t = 0,8: Ilpousomien CKauOK HMHTEHCUBHOCTH BXOJHOM
Harpy3ku. Ouepenp HaumHaeT pactu. E[i] yBennumBaercst 10
0,84. XBocCT pacrpeneneHus yTsoKenseTcs.

t = 1,6: Cucrema npuOImKkaeTcs K MUKy IIEPEX0THOTO TIpo-
necca. E[i] = 1,07. HaGmomaercst CyleCTBEHHOE PACXOXkKICHUE
MEXXIY TEKYIIHM COCTOSIHUEM M OyIyIIHM CTAllHOHAPHBIM.

t = 12: Cucrema BbIIIIa Ha HOBBIM CTAaI[MOHAPHBIN PEXIM
s p = 0,82. E[i] = 2,38. Pacnpenenenue crajio Oosnee mojo-
UM, BEPOSITHOCTB TIPOCTOs yrana 10 Py = 0,25.

BaxHO OTMETHUTH, UTO POCT CPETHErO 3HAUEHHs OUepear He-
JIMHEeeH. B HaudanbHBIE MOMEHT CKOPOCTb pOCTa ONpEaesseTcs
pasHuLel A — U, HO TI0 Mepe HAKOIUICHUS] OUYePEe/IH BIUSHHUE Tpa-
Hupl [ = 0 ocmabeBaeT, U cucTeMa BesieT cedsl mo00HO Cirydaii-
HOMY OJTyKIaHHIO C apeiidom.

3.3. Deonroyusn nromnocmei eeposmuocmu RTT

Ha pucynkax 2—5 npeacraBieHs! TpaduKy IIOTHOCTEH Bepo-
stHoctH f(RTT) mnst mctunHoro (RTTipy.) WM HM3MEpPSEMOTO
(RTT,eqs) PacipeniesieHui B T€ )K€ MOMEHTBI BpeMeHu. [1oTHO-
CTH PACCUUTHIBAINCH KaK CMECh pacIpeieleHnii DpiaHra:

N
frrr(x) = Z w; - Erlang(x — 2dprop; k =1+ 1, 1),

i=0

rie Beca w; paBubl P;(t) amst uctunHOro pacnpeaenenus u D; (t)
IUTSL U3MEPSIEMOTO.

t = 0 (Havano)

MNOTHOCTL BEPOATHOCTH

= RIT_true, E=1.58
= = RTT_meas, E=1.58
Pasnwune pacnpenenesni

"""" E[ATT true]=158

: * E[RTT_meas]=1.58
0.0 T . T T T T T
1 2 3 4 5 6

RTT {(spems obcnyxneaHua)

Puc. 2. 'paduky mI0THOCTEH BEPOSTHOCTH JUIsl HICTUHHOTO
u usMepsieMoro pacnpenenenuit RTT B ¢ = 0

AnHanu3 rpaduKoB:

1. Havanbubiit MomeHT (puc. 2, t = 0): KpuBble npakTuyeckn
cosmagaroT. Cmemenue A = 0%. DTo MOATBEpKAAET TEOPETHUE-
CKHI1 BBIBOJI O TOM, YTO B CTAI[IOHAPHOM PEXUME (JJaXkKe IPH HH3-
KOH HarpysKe) OLeHKH HeCMEIeHHbIE.

2. CepenmHa mnepexomHoro mporecca (puc. 3, t = 0,8):
Habmomaercs pacxokaeHHe XBOCTOB pactpeneineHuii. M3mepse-
MOE pacHpesielieHle CMENIEHO BIpaBo. [Iuk morpemHocTy cpen-
HUX 3Ha4eHui coctasisier 8,76%. JTo 03HauaeT, 4TO MPOTOKOJ,
n3Mmepsroluid RTT Tonbko 10 yCHEIIHBIM [aKeTaM, BUJIUT 3a-
JIepKKY OYTH Ha 9% BhIIIIE, YeM CpeIHS 3aAepKKa Ui BCeX Mo-
TCHIOUAJIBHBIX ITAKCTOB B 3TOT MOMCHT.

t = 0.8 (cepeanna)

MnoTHoCTE BE2pOATHOCTA

= RTT_true, E=1.88
=== RTT_meas, E=172
Pa3inuuue pacnpenenesni
E[RTT_true]=1.88
* E[RTT_meas]=1.72

T
5 6

RTT (epema obcnyxuBaHna)

Puc. 3. I'padukn mI10THOCTEH BEPOATHOCTH JUISI HCTHHHOTO
u u3mepsiemoro pacnpenenenniit RTT st = 0,8

t=1.6 (MUK 9.6%)

A = 9.60%

MnoTHOCTE BEPOATHOCTH

= RTT_true, E=2.11

== RIT_meas, E=191
Pa3nnuue pacnpenenesui

SR E[RTT true]=2.11

* E[RTT_meas]=1.91

0.0 T T T T T T T
1 2 3 4 5 6 7

RTT (epema obcnyxueaHua)

Puc. 4. I'padukn mI0THOCTEH BEPOATHOCTH JUISI HCTHHHOTO
u u3mepsiemoro pacnpenenennii RTT Bt = 1,6

t = 12 (cTaumoHap)

A =5.36%
0.25 1 .
~
~
W
£ 0.201 X
>
2 S
E >
= S
a
@ 0.154
o
=
19
=]
T
5 0.10
3
[
e, = RTT_true, E=3.42
0.05 - == RTT_meas, E=3.24
Pa3nnune pacnpefeneHlin
----- E[RTT_truej=3.42 4
* E[RTT_meas]=3.24
0.00 T T T T T T T T
1 2 3 4 5 6 7 8

RTT (epema obcnymnsaHma)

Puc. 5. I'padukn mI1oTHOCTEH BEPOATHOCTH TSI HICTHHHOTO
u m3MepsieMoro pacnpeneneHnii RTT B ¢t = 12

3. [Muk morpemHocTH (puc. 4, t = 1,6): JlocTuraercss Makcu-
MaipHOe pacxoxaeHue A = 9,60%. B 3ToT MOMEHT cuctema
HauOonee HecraOwibHa. BepositHocts Py(t) emne He ycrmena
YIacTh JI0 CTAI[MOHAPHOTO YPOBHS HOBOTO PEXHUMA, & CPEIHSISI
JUIMHA OYePEe/H y)Ke 3HAUNTEIbHO BBIPOCIIA.
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]Etrue
1-Py’°
YMEHBIIIAETCSI MEJICHHEE, YeM PAcTeT YHCIHUTENb B ONpEeIIcH-
Hele (aspl, ycunubas 3hdexT.

4. bnnskoe k craimonapaomy (puc. 5, t = 12): Kpussle cHOBa
cxonsites. [lorpemrHocTs magaet 1o 5,36% (B TaHHOM KOHKpET-
HOM Ccpe3e M3-3a JUCKPETU3allud U OTpaHUYEHUH XBOCTa, B IIpe-
nene crpemurcs k 0). B cranmonapaom pexxume p = 0,82 cmere-
HHUE JOJDKHO OTCYTCTBOBATh, OJHAKO Ha rpaduke t = 12 BuaHO
0CTaTOYHOE PACXOKAEHHE, CBI3aHHOE C TEM, UTO CUCTEMA elle He
TIOJTHOCTBIO JOCTUTIIA ACUMIITOTHKH, JIHOO ¢ 0COOEHHOCTSIMU yce-
YEeHUs psAa B YMCIEHHOM MeTozie. TeM He MeHee, TPeHI Ha CXO-
JIMIMOCTh OYEBH/ICH.

CornacHo BbiBegieHHOH opmyie E,pqs X 3HAaMEHATeNb

3.4. Humepnpemauyus ¢ mouxku 3peHus meaieKOMMYHUKAUUIL

[Tomy4ueHHBIH pe3yabTaT UMEET MPSAMOE MPAKTHIECKOE 3HAYe-
uue. Anroputmsl orieHKH RTT B QUIC (RFC 9002) ncnons3yrot
(buIbTp 1EepBOro MopsiaKa:

smoothed_rtt = (1 — «) - smoothed_rtt + « - sample_rtt,
rae sample_rtt — 3to m3mepsiemoe 3HaueHne. Kak mokasaHo B pa-
oore, sample_rtt B IIEPEXOIHOM PEKUME CUCTEMATUYECKH 3aBbl-
IICHO OTHOCUTEIHHO CPEIHET0 BPEMEHH MPEObIBAHUS B CHCTEME.
OTO 3aBHIIICHIE IPUBOAUT K IBYM BO3MOKHBIM CIICHAPHUSIM:

1. 3aBemmenne PTO (Probe Timeout): TaiiMayT cTaHOBHUTCS
KOHCECPBATUBHBIM. DTO CHMKAET PHUCK JIOKHBIX ITOBTOPHBIX MEPEC-
Jlad, HO YBEIIMUUBACT 33JICPKKY BOCCTAHOBIICHUS MPU peasibHOM
notepe makera. s npunokenuit peansHoro Bpement (VolP, on-
JIAH-UTPBI) ATO 3a4aCTYI0 HEAOITYCTUMO.

2. VckaskeHHEe OICHKH JOCTYITHOM MPOIYCKHOM CITOCOOHOCTH:
B anroputmax Tuna BBR, kotopsie ucnons3ytor RTT asist Obict-
poii onienkn oovema ganubx (BDP — Bandwidth-Delay Product),
3aBbilIeHHast oneHka RTT npuBezaer k 3aBbliieHHON oleHke BDP
1, KaK CIIC/ICTBUE, K TICPETIOTHEHUIO Oy(EepOB U pOCTY OUEPEICH.

[Tux morpentroctu B 9,6% siBisieTcst 3HaUMTENbHBIM. Hanpu-
Mep, pu 6a3oBoM RTT 100 mc ommbka coctasmsieT moutu 10 mc.
JLJis BBICOKOYaCTOTHOTO TPEHWIMHTA MM TaKTHIIBHOTO HHTEPHETa
9TO MOXET CTaTh KPUTUIHBIM.

4. O0cy:kneHne M peKOMeHAalu

Pe3ynbTaThl MOJICINPOBAHUS IEMOHCTPUPYIOT, UTO JIETEPMHU-
HUPOBAHHAs AIPOKCUMALIUS WIIN UCIIOJIB30BAHUE TOJIBKO CTAIH-
OHapHBIX (opMyI1 JIUTTIIA HEIOITYCTHMBI TIPH aHATH3E TUHAMHUKH
ceredl. HeoOX0qMMO yUUTHIBATH BEPOSTHOCTHYIO IIPUPOJY IPO-
1ecca N3MepeHws.

4.1. Bausanue Ha npoeKmMuposanue nponoKoi08

Pa3zpabotunkam ctexka TCP/IP pexoMeHmyeTcs YYHTHIBATH
BO3MO)KHOCTH BPEMEHHOT'O CMEIIICHUS OIICHOK IPH PE3KHUX N3Me-
HEHMSIX TpadukKa.

Wunmmanmsanus PTO: TIpu ycTaHOBIEHHN COSTUHEHUS U
T10CJIe TIEPUOJia IPOCTOS! HE CIIEAYET M0JIaraThCsi Ha NEPBOE U3Me-
peune RTT. PexkomeHmyercs UCHONb30BaTh YBEIWYECHHBIN
HayaJIbHBIH 3arac, Tak Kak IIepBoe U3MEPEHHE MOJXKET I0I1acTh B
a3y pocra ouepeu.

AanTuBHBINA KOI(QQUIMEHT CrilaXuBaHus: B nieprnosp! BbICO-
koit mucnepcun mmepenuit RTT (mxurrepa) 1enecooOpazHO
yMeHbIaTh Kodpdumuear @ 8 EWMA-¢unsTpe, 9T006I CHU3UTH
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BJIMSIHUE BEIOPOCOB, BHI3BAHHBIX ITEPEXOAHBIMU MPOIIECCAMH B OUe-
pemsx.

SBHas curHamm3arms neperpysku (ECN): McmomszoBanue
mexann3MoB ECN (Explicit Congestion Notification) mo3BossieT
MOJTydaTh WHPOPMAIHMIO O 3aMOJHEHUM Oouepenn 0e3 OKUIaHUS
MOTepH NakeToB Uiy uckaxeHuss RTT, 4To yaCTUUHO HUBEIUPYET
OTIMCAHHBIHN AP PeEKT.

4.2. Ilpumenenue 6 3a0auax Q0S

Jlyist onepaTtopoB CBSI3U TIOJIyYEHHBIE (OPMYJIBI TTO3BOJISIIOT
ctpouth Oosiee Tounbie Monenu SLA (Service Level Agreement).
lapanTin 3anep>Xkn 0OBIYHO AIOTCS JUIS MEPLEHTHIIEH pacripe-
nenenus (Harpumep, 95-i nepuentmis). Kak nokasano B pabore,
(opma pacripenenenus uamepsiemoro RTT ortnnuaercs oT uCcThH-
Horo (puc. 3—5, o0macTe pa3nuyus pacrpeneneHuii). B mepexon-
HOM PEXHME XBOCT M3MEPSEMOTO PACTIPEIEIICHUSI MOXKET OBITH
TsDKenee. JTO 3HAYNT, YTO MOHHUTOPUHT CETH aKTUBHBIMH 30H-
mamu (ping, twamp), KOTOpble UMHTHPYIOT YXOJSIINE MaKeTHl,
MOXET MOKa3bIBATh XYAIIYIO KAPTUHY, YEM PEATHHO UCIIBITHIBACT
CpelHUH TOJB30BAaTEIbCKUN TpauK B TOT K€ MOMEHT, WIH
HA000pOT, B 3aBUCUMOCTH OT CHHXPOHH3AIMH 30H]I0B ¢ (ha3oi ne-
PEXOHOTO TIpolecca.

4.3. Ozpanuuenusn mooenu

[MpennoxeHHass Mozenb Oa3upyeTcsi Ha MPEAINOI0KEHHH 00
9KCIOHEHIIMATBHOM pacIpefeIeHUH BPEMEHU OOCITyKHBAHUS
(M/M/1). B peanbHBIX CEeTSX pa3Mepbl MAKETOB MOTYT OBITh Jie-
tepmuHUpoBaHHbIMEA (M/D/1) wiam UMeTh MHOE pacrpe/ieicHuE.
OpHako KauecTBEHHBIN A((EeKT cMelIeHus, BRI3BAHHBIA pa3iIi-
yueM pacripeaesnenuii P;(t) n D;(t) B HecTallMOHAPHOM pEXUME,
COXPAHHUTCS U JJISl APYTUX JTUCHUILIHH 00CITY)KMBaHHSI, TAK KaK OH
00YCIJIOBIICH CBOMCTBAMH MOTOKOB COOBITHH, a HE KOHKPETHBIM
BuioM GyHKIMK 00ciyxuBanusi. KomuecTBeHHas! OICHKA I10-
TPEIIHOCTH MOXKET U3MEHHUTBCS, HO TIOPSAOK BETMUUH OCTAHETCS
COIOCTaBUMBIM.

Taxoke B MOJENM HEe YYTEHBI MEXaHM3MBI TIOBTOPHOH Iepe-
naud. B peanmbHOCTH TOTEps MAaKeTOB M MX PETPAHCMHUCCHUS CO-
3[1aI0T JOTIOJIHUTEJILHYIO KOPPEISILIMIO BO BXOHOM ITOTOKE, TIpe-
Bpamas ero B HeMapKoBcKkuid. OTHAKO JUIS TIEPBOTO MPHOIHNKE-
HUS U OLIEHKH mopsiaka dhdexra mogens M/M/1 sBnsercs qocra-
TOYHOU M OOLICTIPUHATON B aKaAeMUIECKOH cpere.

3akJaouenue

B pabote nmpoBeeHO KOMIUIEKCHOE UCCIIE0OBAaHIE 0COOCHHO-
CTCH OIICHKHM BPEMEHHU KPYTOBOTO 000POTa B TEJICKOMMYHHUKAIH-
OHHBIX CUCTEMAax B HCCTALITMOHAPHBIX PEKUMaXx.

1. Iloctpoena nonHas BeposiTHOcTHAst Moziesib RTT Ha ocHOBe
CMEeCH paclipeieieH!ii Jpiianra ¢ BecaMy, ONpeJieiieMbIMU pe-
IIICHUEM CHUCTEeMBbI ypaBHeHH Kommoroposa.

2. AHATUTHYECKH JOKAa3aHO M YMCIICHHO MOATBEPIKICHO HAITU-
YHe CHCTEMATHYCCKOTO CMEIIICHHUS MEXKITy MATCMAaTHICCKIM OXKHIa-
HHEM UCTHHHOTO ¥ m3Mepsiemoro RTT B mepexomHpIX mporeccax.

3. [TokazaHo, 4To [UIs ClieHapHs cKauka Harpy3ku ¢ p = 0,35 1o
p = 0,82 mnukoBas morpemrHocts jgocruraer 9,6%, uTto cyiile-
CTBEHHO BJIMSICT Ha PabOTy ajrOPUTMOB YIIPABJICHHUS [IEPErPy3KaMHu.

4. ObocHOBaHa HEOOXOMMOCTh yueTa JaHHOTO AP eKTa npu
HacTpoiike TaitmayToB B ripotokosiax QUIC u TCP ans MuHuMU-
3aIlMU JIOXKHBIX PETPAHCMUCCHI M ONTHMHU3AIUHN UCIIOJIb30BaAHHUS
MPOITYCKHOW CIIOCOOHOCTH KaHaa.

-
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HOJ'Iy‘IeHHI)Ie PE3YIbTATHI pa3BUBAIOT TCOPETUICCKNEC OCHOBLI
MaTeMaTU4€CKOro MOACJIMPOBaAHUA CeTeil CBSI3U 1 MOTyT OBITH UC-
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MATHEMATICAL MODELING OF ROUND-TRIP TIME ESTIMATION BIAS
IN TELECOMMUNICATION SYSTEMS UNDER NON-STATIONARY LOADS

Kirill A. Batenkov, Moscow Technical University of Communications and Informatics, Moscow, Russia, pustur@yandex.ru

Abstract

This paper examines the problem of accurately estimating the round-trip time (RTT) in modern transport layer protocols such as TCP and QUIC, oper-
ating under highly dynamic non-stationary traffic conditions. Traditional exponential smoothing algorithms (EWMA), regulated by standards such as RFC
9002, are based on the simplifying assumption of stationarity of queue servicing processes. However, in real telecommunications systems, sudden load
surges significantly violate this condition, causing systematic errors in delay measurements. This paper presents a mathematical model based on a clas-
sical M/M/| queueing system, considered in a transient mode. Using a system of Kolmogorov differential equations and the numerical method of matrix
exponentials, we obtain precise analytical expressions for the evolution of probability densities representing mixtures of Erlang distributions for the
"true" RTT, corresponding to an arbitrary observer, and the "measured" RTT, recorded by the outgoing packet flow. The difference between the dis-
tribution of system states at an arbitrary point in time and the distribution observed by outgoing requests in the non-stationary phase is theoretically
substantiated and numerically confirmed. This difference causes a significant shift in the mathematical expectation of the measured delay relative to the
actual value, primarily during periods of transient queue growth. Numerical modeling of a scenario in which the channel utilization rate jumps from the
initial to the final value demonstrated the emergence of a peak in the relative error of the RTT estimate of up to 9.6% during the phase of active request
accumulation. The obtained results are of critical practical importance for the development of new adaptive algorithms for configuring retransmission
timeouts (PTO/RTO), which minimize the number of false retransmissions and prevent buffer overload. This work combines theoretical analysis and
applied communications problems. The study contributes to the development of methods for mathematical modeling of stochastic systems and improv-
ing the efficiency of data flow management in next-generation telecommunication networks.

Keywords: mathematical modeling, round-trip time, MIM/| system, non-stationary mode, telecommunication networks, QUIC, delay estimation
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B HacTosillee BpeMA OAHMM M3 BaXKHLIX HaMpaBjiieHW MNPOEKTUPOBAHUA WU
OLLeHKU NMPOU3BOAUTENBLHOCTU COBPEMEHHbIX TENIEKOMMYHUKALMOHHBIX CUCTEM
M ceTeil ABNAETCA aHa/lM3 MaTeMaTUYECKUX MoJened TaHAEMHbIX CUCTEM.
TaHAeMHble CUCTEMbI ABAAIOTCA MaTeMaTUYECKUMM MOAENAMM PasfinvHbIX
TEXHUYECKUX U COLManbHbIX CUCTEM, B YACTHOCTU, ABNAIOTCA af€KBaTHbIMU
MOAENAMU LLUMPOKOMONOCHBbIX GecnpoBOAHbIX ceTel BAONbL MPOTAXKEHHbIX
TPaHCNOPTHLIX MarucTpanen (aBTOMOOGUIbHBIE U XKeNle3Hble fopOorK, HedTAaHble
u rasoeble Tpy6onposoasl M T.A.). PaccMatpuBaemas B Hacrosulei pabote
TaHAEMHasA cUcTeMa BKJIOYaeT MPOU3BOJIbHOE, HO KOHEYHOE YUCNOo
o6cnyxusatowmx ycrponcts (¢as) ¢ orpaHuyeHHbIM OycdpepoM Ha Kaxpao#
¢ase. MoTok 3aaBok (NakeToB) Ha nepBylo asy ABNAETCA KOPPENUPOBAHHbIM
MAP-notokoM, a cny4aitHoe BpeMAa o6Gcny)uBaHMA onucbiBaeTca (PasoBbIM
pacnpepenenueM. Ecnu npu nocrynnenum 3aasku Ha niobyio ¢asy 6ycdepHas
naMATk 3Toi ¢pasbl 3aMonHeHa, TO 3aABKa OTNpaBnAeTca Ha opbuty (obuuyio
namatb Ana Bcex ¢as), U3 KOTOpOi 4epes clyvaiiHoe BpeMs MOBTOPHO
noctynaet Ha nepsyio ¢asy. OueHMBAIOTCA OCHOBHblE XapaKTePUCTUKU
NpOU3BOAUTENIBHOCTU CUCTEMBI, BKIIIOYaA MEXKOHLEBYIO 3afepxKy (BpeMa ¢
MOMEHTa MOCTYMNEHUA Ha nepByio ¢asy A0 MOMEHTA YCMELLUHOro 3aBepLUeHUA
obcnyxuBaHua Ha nocnepaHen case), cpefiHMe ANUHbI ouvepefie Ha chasax
cucTeMbl U Ha op6ute. [lna cucteM c ABYyMA ovepefsaMM MOMy4veHbl TOYHblEe
c¢dopmynbl ana pacuyeta TpebGyeMbix XxapakTrepucTuK. [lna cucrem c
NpPoOU3BOJIbLHBIM 4UCNOM a3 UCMONb30OBaH MeTO[ MalUMHHOTO obGy4yeHus B
COYeTaHUM C MeTOAOM MWMUTALMUOHHOTO MopenupoBaHuA. [lpoeepeHsbl
MHOTOYUCIEHHbIE YUCTIEHHBIE IKCTIEPUMEHTDI.
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BBenenne

Jl1s1 MozienMpoBaHus COBPEMEHHBIX CUCTEM CBSI3U TPAHCIIOPT-
HbIX U JPYIUX CUCTEM HIUPOKO HMCIIOJIB3YIOTCA CTOXACTHUYCCKUEC
TaHJIEMHBIE CUCTEMBI (MHOTO(a3HbIE CHCTEMBI MAacCOBOI'0 00CITy-
JKMBaHUsI) cM., Hanpumep [1-3]. Takue mMonenu mpeacraBisiOT
0co0BIi MHTEpEC ISl OLICHKN XapaKTEPUCTHK TPOU3BOAUTEIIHHO-
CTH IIMPOKOIIOJOCHBIX OECIIPOBOAHBIX CETEH BJIOJb MPOTSHKEH-
HBIX TPAHCIIOPTHBIX MarucTpaieil (aBTOMOOMIILHBIC U JKEIJIe3HbIC
JIoporu, HeTAHBIC W Ta3oBble TpyOompoBoasl u T.1.) [4-5]. B
CBSI3H C OTUM, UCCIICIOBAaHNE TAaHAEMHBIX CHCTEM, Ha4aToe B Ce-
penrHe MPOIUIOTO BeKa, MHTCHCUBHO MPOODKACTCS 10 HACTOS-
mero Bpemenu [6-10]. CrnemxyeT OTMETHTD, 9TO OONBIIMHCTBO pa-
0OT MOCBSIIEHO UCCIIEIOBAHUIO JINIIL ABYX(a3HbIX TaHIEMHBIX
CHCTEM, XOTsI HauOOJIBIIUI MPAKTUYECKUH HHTEpPEC MpeacTaB-
JISTIOT TaHJIEMHBIC CUCTEMbI OOJIBIIION Pa3MEPHOCTH (C YHUCIIOM y3-
J0B Oouibliie 1ByX). TOYHOE aHAIMTHYECKOC PEIICHUC I TaH-
JIEMHBIX CHCTEM OOJIBIION Pa3MEPHOCTH, OCOOCHHO B ClIy4ae Kop-
PEIMPOBAHHOTO BXOJHOTO TOTOKa M HPOW3BOJBHOM (DyHKIUH
pacrpezeeHust BpeMeHH 00CITy>KMBaHUs Ha (a3zax He OBbLIO MO-
nydeHo. Pa3paboTaHbl I MHOTOYHMCICHHBIE TPUOIMKEHHBIC
METOJIBI OIICHKH ITPOU3BOIUTEIIFHOCTH TakuxX cucteM [9-10].

3aMeTM TakKe, YTO B MHPOBOI JTUTEpaType, MOCBSIIMICHHON
HCCIICIOBAHHIO CTOXACTHUYCCKIX TaHIEMHBIX CHCTEM, CI1a00 OCBE-
IICHBI MOJIENT TaHJAEMHBIX CHCTEM C TIOBTOPHBIMH BbI30BaMu. B
TO XK€ BpPEeMsI, MEXaHH3M MMOBTOPHBIX 3asBOK SBISETCS HEOTHEM-
JIEMOH XapaKTEPUCTHKON OOJBIIMHCTBA COBPEMEHHBIX TEICKOM-
MYHHKAIIMOHHBIX CETEeH M CUCTEM (HaIpuMep, MEXaHU3M ITOBTOP-
HoM niepeaun npotokosna TCP — Transmission Control Protocol).
JlaHHast 0COOEHHOCTh 3HAYUTEIIFHO YCIIOKHSIET MaTeMaTHIECKHUit
aHaJIM3 COOTBETCTBYIOIIMX MOJIENICH, B OTIMYHE OT MoJeleit 0e3
MIOBTOPHBIX 3asBOK, MOCKOJBbKY MapKOBCKHE TN, OIHCHIBAIO-
II1e TIOBE/ICHHUE CHCTEM C TOBTOPHBIMH 3asIBKAMH, SIBIISTIOTCS [TPO-
CTPaHCTBEHHO HEOJHOPOJIHBIMH. B TO ke BpeMs MX H3y4eHHE
B)XHO HE TOJIBKO JUISI TIPAKTUYECKUX MPHIOKEHUH, HO U Tpel-
CTaBJISIET 3HAUNUTENbHBIA TEOPETUUECKUN HHTEPEC.

00630ps! parHuX (70 2016 TOa) PabOT IO MATEMAaTHIECKOMY
aHAIIN3y CHCTEM MAacCOBOTO OOCTYXHBAHHUS C TIOBTOPHBIMH 3asIB-
KaMu MOKHO HaiTu B [11]. TaHgeMHbIE CHCTEMBI C TOBTOPHBIMA
BBI30BaMU MCCIIEIOBAINCH B [1, 12-14]. B O0NBIIMHCTBE JaHHBIX
paboT mccnenoBaIrch AByX(pa3Hble CUCTEMBI, U MPEIoIarajach
BO3MOXKHOCTh MPUCOEIUHEHHS K OpOUTE TOJBKO 3asiBOK, 3a0I10-
KHPOBAHHBIX Ha MEpBOi (aze. XOTs B pa3INYHBIX PealIbHBIX MIPO-
TOKOJIaX B BBIYHCIIHUTCIIBHbBIX CETAX C FapaHTHpOBaHHOﬁ JOCTaB-
KO TakeToB pa3paboTaH MEXaHH3M IIOBTOPHOM Iepe/iauu MmaKe-
TOB 13 o01ei namaru (opoutsr). [loatomy paccmarpuBaemMas B
JITAaHHOW CTaThe 3a/lauya aHajM3a XapaKTepPUCTHK TaHIEMHOW CH-
CTEMBI OOJIBIION pPa3MEpHOCTH C 00IIeH OpOUTON SBIISIETCS aKTy-
anpHOM. [TomoOHBIC TAHIEMHBIC CUCTEMEI ¢ 00IIei OpOUTOI pac-
cMaTpuBaJINCh B pabdorax [13, 14].

B pabore [13] st TaHIEMHO# CHCTEMBI C TIPOM3BOIBHBIM KO-
HEYHBIM YHCIOM (a3 (CTAaHIUH) TPEATIOKESH METOI IIPUOIIKSH-
HOTO pacyeTa CpeIHEer0 BPEMEHHU MPEeOBIBAaHUS 3asSBKU B CUCTEME
Y CPEJTHETO YHCIIa MOCEIeHUH OpOuTHI. J{J1s paccMOTpeHHOM MO-
JIeNT He HaKJIaJbIBACTCA OTPaHUYEHUH Ha paclpeieieHue MexX Iy
MOMEHTaMH TTOCTYIUICHHS 3asIBOK, BpEMEHU 00CITyKUBAHUS U NH-
TEPBAJIOB MCKAY MMOBTOPHBIMHU IMONBITKAMU 3asIBKU OGCJ'ly}KI/ITbCSI.
[Tpexrosnaraercs, 4To U3BECTHA JIUILL BEPOSITHOCTH OJIOKUPOBKU
Ha Kaxnod ¢aze. Mcxons W3 pe3yiabTaToB, MOJTYYEHHBIX JUIA
JIBYX(a3HOW CHUCTEMBI, aBTOPBI JIENAIOT BBIBOJ O TOM, 4YTO
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MIPUOIIMKEHHBI METOJI JIaeT YAOBJICTBOPUTEIIBHBIE PE3YJIbTATHI
IIPY OTHOCHUTEIHHO HU3KOW MHTCHCHBHOCTH BXO/IHOTO ITOTOKA.

B crarbe [14] nccnenoBana TanneMHas cucrema c aByms (a-
3amu 0e3 OydepoB 1 001Iel OpOUTON ISl TOBTOPHBIX BBI30BOB C
[IPOU3BOJILHBIM PaCIpe/Ie/ICHHEM BpeMEHH 00CITYKUBAHUsI Ha Iep-
BOM (pase M IKCIIOHECHIMAIBHBIM — Ha BTOPOU. Bpemst Mexy 1o-
BTOPHBIMH BBI30BAMHU TAKKE PACHPEICTICHO M0 SKCIIOHCHIHAIb-
HOMY 3aKOHY, IPH 3TOM HCIIOJNB3YETCsl KJIACCUYeCcKasi CTpaTerus
MOBTOPHBIX MOMBITOK. [Iperoaras, 4T0 MHTEHCUBHOCTD [TOBTOP-
HBIX BBI30BOB JIOBOJILHO MaJia, aBTOPbHI MIOKA3bIBAIOT, YTO MACIIITA-
OMPOBAHHOE YHUCJIO 3asIBOK HA OPOHUTE aCHMITOTUYECKH OJIU3KO K
1 y3HOHHOMY TIPOIIECCY, YTO JAaee UCTIONIB3YETCS IS IPHOITH-
JKEHHOW OIIGHKHM 4YHclia 3asBOK Ha OpOWTE B CTAl[MOHAPHOM pe-
xume. B cratbe [1] uccnenyercs nByxdasHasi cucrema ¢ opoUToi
Ha 1epBoi (aze u OTAbIXaMH 000MX 00CITYKUBAIOIIUX YCTPOICTB
T10 3aBEPIICHAIO OOCITY)KNBAaHUs BCEX 3asIBOK B CUCTEME.

[Ipu NpOeKTUPOBAHUK M OLCHKE XapaKTEPUCTHK COBPEMEH-
HBIX TEJICKOMMYHHUKALMOHHBIX CETeil 0COOCHHO BaXKHO YUYHTHI-
BaTh HECTAIMOHAPHBINA U KOPPEIUPOBAHHBIA XapaKkTep HUPKYIIU-
PYIOLINX B HUX MOTOKOB AaHHBIX. [Ipy MOJICITUPOBAHUH YUET ITHX
0COOCHHOCTEW BO3MOXKEH C HCIOJIB30BAHUEM MATEMaTHYECKUX
Mozenelr morokoB Ttuia BMAP (Batch Markovian Arrival
Process) u MAP (Markovian Arrival Process) [15], kotopsie
aJICKBATHO OIUCBHIBAIOT MOTOKH B COBPEMEHHBIX BBIYHCIUTENb-
HBbIX CCTAX.

B HacTosmen craTbe NPEJCTaBICH aHAIW3 TaHIEMHOM CH-
CTEeMbI 00JIBIIIOH pasMepHocTH (¢ yrciaoM (a3 N>2) ¢ obiei op-
OWTOH, NMEIOLIEH, B OTIMYHE OT MOJIEJICH, MCCIIEIOBAaHHBIX B TIe-
PEUYHUCIICHHBIX BbIIIE paboTax, Oojee olliee MpeAroIokeHHe O
XapakTepe BXOJHOI0 KOPPEIMPOBAHHOIO MTOTOKA U 0000IIeHHOE
(a3oBoe pacmperesieHne BpeMeHH 00CITyXMBaHHS Ha (pazax cH-
crembl. JJisi IPOrHO3UPOBAHUS XaPAKTEPHCTUK TPOM3BOIUTEIIb-
HOCTH TaHJIEMHON CHCTEMbI OOJIBIIION Pa3MEPHOCTH BIIEPBbIC HC-
0JIb30BaHa KOMOMHAIHSI METO/I0B MMUTAI[HIOHHOTO MOJISITHPOBa-
HUS ¥ MAIIMHHOTO 00y4eHus [16].

Cratpst oprann3oBaHa cieayromuM odpaszom. Pasmen 1 comep-
JKUT TIOCTAHOBKY 33JIa4d M OIHCaHHWe MaTeMaTH4eckod Mojend. B
paszene 2 mpHBeNeH aHAM3 IBYX(a3HOH TaHJAEMHOH CHCTEMbI U
NPEZCTaBIICH aJITOPUTM TOYHOTO PacyéTa XapaKTepPHUCTHK ITPOU3BO-
JMTELHOCTH CHCTEMBL. B paznerne 3 1uist CHCTEMBI ¢ IPON3BOJILHBIM
yuciioM (ha3 BIEPBBIC MPUMCHEHAa KOMOMHAIIMS METOIOB MAIllHH-
HOro oOy4eHWs M HMMHTAIMOHHOTO MOJCIHPOBAHMS Ul OLECHKH
MEKKOHIIEBOH 3aJIEP’KKH | JIPYyIHX XapakTephcThK. Taroke mpoe-
JICH CPaBHUTEIIbHBII aHANN3 TIPUMECHEHHUSI PA3IMYHBIX METOJIOB Ma-
LIMHHOTO 00yueHust. Pa3nen 4 ColepiKHT 3aKITFOUCHHE K CTAThE.

1 ITocTaHoBKA 32124 ¥ ONIMCAHME MATEMATHYECKOH MO

PaccMaTpuBaeTcst CTOXacTUUeCcKasi TaHJEMHasi CUCTEMA, CO-
crosiiast w3 N>2 (a3, mpeaCcTaBICHHBIX CHCTEMaMH MaCCOBOTO
obcyxxuBanus tunia MAP/PH/1/K, u oOreit opoutoii (puc. 1).

MAP(Dy, Dy)

otxay oTHay

B3N pH(S,,Bx)

T

omeay

sl pH(S),B) @22 pH(S), f2)

Opbura

Puc. 1. Croxactiueckas TaHJEMHasi CUCTEMa ¢ 00mIel opoOUTOit
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Uwmcno Mect i oxunaHus B Oydepe Ha ¢asze i orpaHHICHO
gucnom K, i =1,N . asBKr mocTynaroT U3BHE Ha TIepByO (asy

COTJIACHO MapKOBCKOMY BXOJHOMY MOTOKY (MAP-moToky), KoTo-
paIii onuceiBaeTcsd Mmarpuamu D, u D, M cpeaHell HHTEHCUBHO-

CTBIO TOCTYIUIEHHs 3asBOK A = ¢D,e. B mocnennem paBeHCTBe
BEKTOP-CTpOKa @ HAXOAUTCS KaK eIMHCTBEHHOE PEIICHHE CH-
CTeMBI ypaBHEHHIA B(DO +D, ) =0,0e=1, rze e=(1,1,...1)",
0=(0,...,0).

Bpemst o0ciyxuBaHus 3assBKH Ha k-ii (hase numeer pacrpene-
nenue ¢pasoporo tumna (PH, Phase-type), koropoe 3agaercs mapoi

(ﬁi,Si),i =1,_N, roe P, Z(ﬁél),..., Mk)) — CTOXaCTHYECKHUI
BEKTOP-CTPOKa, a S, — cyOreHeparop. IHTEHCHBHOCTB 00CITyXH-
BaHHMs ompenenserca kak 4, =—|P,S,'e]". Cpennee Bpems 06-

cyxuBanus — b, = g k=1, I,N . Boree MoApoOHOE OIMCAHUE
MAP-10TOKa KaK 4aCTHOTO CiIydasi TpynmnoBoro nmoroka BMAP u
(ha30BOro pacrpe/eseHus 1 UX CBOWCTBAa MOXKHO HalTH B [15].

Ecnu mpu nocTyruieHnu 3asBKY Ha i-10 (azy CBOOOIHBIE MECTa
UL OKUaHus B Oydepe OTCYTCTBYIOT, 3asBKa MIEPEXOANUT HA Op-
OuTy i1 IOBTOPHOTO OOCITY)KMBaHUsI Ha 1epBoil ¢asze. Bpems
NpeObIBaHUs TIOBTOPHOM 3asBKM Ha OpOMTE IKCIIOHEHIMAIbHO
pacrpeeneHo ¢ napamMeTpoM «; , T | — YHCIO 3a1BOK Ha Op-
6ure. [Ipeqmonaraercs, 9t0 ¢, =0,; —> oo npu | — oo . Taxas
3aBUCHUMOCTDH BKJIFOYACT, B HaCTHOCTH, HHHeﬁHyIO CTpaTeruro mo-
BTOPHBIX BBI30BOB ¢; =i, a > 0.

3aja4a COCTOUT B OTBICKAHWU OCHOBHBIX XapaKTEPUCTHUK ITPO-
W3BOAUTEIBHOCTH, BKJIIOYAs CPEIHEe BpeMsl TPpeObIBaHUS 3asBOK
B cHCTeMe (MEKKOHLEBAs 3a[epPiKKa) M CPEIJHEE YHCIIO 3assBOK Ha
Kaxaoi daze u opoure.

2 AHanu3 AByX(a3Hoil TaHIeMHOH CUCTEeMBbI € MOBTOPHBIMH
BbI30BaMHU U 00111eli opOouTOii

B nanHOM paszene paccMOTPUM YacTHBIM Cllydaid TaHAEMHON
CHUCTEMBI, OIMCAHHOW B MPEAbIAYIIEM pa3fese, ¢ KOJIUYEeCTBOM
(a3 N=2. Ee pyHKIIMOHUPOBAHHE MOXKET OBITH OMUCAHO CITydaii-
HBIM MPOLIECCOM, MNPHUHAIEKAIM KJIACCy ACUIMMTOTHYECKH-
KBa3WUTEIUIMLEBLIX Lienied Mapkosa [15].

IlycTh B MOMEHT BpeMeHH 1 :

— i, — umcno 3asBoK Ha opbure, 120,

— J, —umcIo 3asBOK Ha nepBoii dase, j, = TKI ,
— N, — 4KCII0 3asBOK Ha BTOPOIl (aze, N, = m,
— V, — COCTOsIHME yHpaBJIstomero npouecca MAP v, = O,_W R
- mt(k) — cocTosiHHE ympasisitoriero mporecca PH ma k-if

pase, MM =1,MY | k=1,2.

Crnyuaiineiii mporece & = {i, j,, N, V,, mt(l),mt(z)},t >0 saBns-
eTCsl peryJIspHON HEeNpUBOJMMON Lienblo MapkoBa ¢ HpocTpaH-
CTBOM COCTOSIHHI

Q={(i,j,n),i=0,j=0,n=0,y =OW}U
(G, j,n,v,m"),i>0,j=0,K,n=0,y =0,W,m" =1,M"1 U

(@, j.nr,m?),i20,j=0,n=0,K,,v = 0,W,m? =1, M}

—
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{(|7 j,n,V, m(1)3m(2))5| Z 07] :03 K]vn = 07 K23V = 0: )

yr[Op?[)_IO‘II/IM COCTOSIHHUS M3 MHOXKeCTBa £ B JIGKCI/IKOFpa(l)I/I—
YCCKOM IMOpAAKE COITIaCHO BO3pAaCTaHUIO 3HAYCHHMI CUETHON KOM-
IIOHCHTHI it . HTeHCHBHOCTH TIEPEXOA0B MEXKIY COCTOSIHUAMU

(bopMHEPYIOT MHGHUHUTE3UMATBHEIN TeHepaTop Q , cTpyKTypa Ko-
TOporo OyZAET omucaHa aajee.

[Tycte | — emunmunas martpuia, O — HyseBas Marpuia,
5(i, j) — cumson Kponekepa, ® u ® — cumsonsr Kporekepo-

BOM CyMMBI H ITPOM3BEICHUS MaTpHI], COOTBETCTBeHHO. O003Ha-
yuMm uepe3 a=(a,,...,a,) U OyIeM HCIIOIb30BaTh CIEAYIOLIUE

BCIIOMOTaTeNbHbIE MaTpuiibl: diag{a} — anaronansHas MaTpuna
pasMepa NXN C IMATOHAIBLHBIMU DJIEMEHTAMH, 33aBAEMBIMH
BekTopoM a, diag’(a) (diag (a)) — marpuua pasmepa Nxn,

UMeoIas HeHyJIeBbIe 3JIeMeHThl ¢ nHaekcamu (i,i+1), paBHbIe

a, s i =1,n—1 (coorBercTBenHo, ¢ nHAeKcamu (i —1,i), paB-
HbIe @ Ui i =2,N).

Jlemma 1. Undunnresnmansubiii redepatop Q menu Map-
koBa ¢&,,t >0 uMeeT OJIOUHYIO TPEXAUATOHANBHYIO CTPYKTYPY

Qo Q. 0 O ©

QI,O Ql,l Ql,2 0 O
0O Q, Q, Q; O .. 1
0 0 Q3,2 Q3,3 Q3,4

Q=

rae matpuibl Q; TalKe MMEIT ONOYHYI0 CTPYKTYpY BHIa
Q=@ j'))i'zo,j':TK. ¢ matpuuamu Q;;.(], '), onpenensie-

MBIMHU PABEHCTBAMHU

Qi (i i-1)=0,i21Lj=1K, Q,,(},J)=0,i>1j=0K,

Q.. (0.1) = e diag{l, ®B,.1, ©B, @1, }i>1j=0,K -1,
K,

Qi,i—l(j’j+1) IIWM (1+K,M; )2 iZLj:l,K—l_l’

Q,(1,0)=diag* {1, ®S\ ®8,.1, @S ®1,, },i>0,

_

K, -1
Q. (i.j-1)=diag"{l, ®S)'B, ®B,.1,, ®SB, ®1,, },
—_—

K,-1

i>0,j=2,K,,
Q. (0,0)=diag{D,,D, ®S,} +diag {1, ®S{, 1, @SB, } -
K, K,—1
—a;1,i120,

Q. (. j)=diag{D, ®S,,D, ®S, ®S,} -[1-5(}.K,) |1 +
K,
+diag {Ly ®Sy, Ly, ©SUB,}i20,j=1K,
K, -1
) =diag{D, ®B,.D, ®p, ®1,, },

_
KZ

i>0,

Q. (0,1




Qi,i(j,j+1):diag{D1®IM1,D1®I,\,II ®1y,, },120,j=1K -1,

K,

Q... (1,0)=diag{0, ®s.0, ®S) ®1, .1, @S ®1, }.i>0,
ﬁf—/

Ky

Qi (1 i=1) = diag {0y 1. ) I ® siB, ®1,.},

i>0,j=2,K,
Qi,i+1(j’j):O’i20’j :17K1_1:
Qii+1(Kl’K1)=diag{D1®|M ’DI®IMM }inO,
5! 1 ~ 172

Q. (i j+1)=0,i20,j=1K -1

Ocransrpie Matpuusl Q;.(J, j"),1'20,]'=0,K|, ne mepe-

k
YUCJICHHBIC BBILIC, ABJIAIOTCA HYJICBbBIMU, SE) ) = —Ske .

Hokazamenvcmso. brnounas crpykrypa Buna (1) cienyer u3
aHaJIM3a BO3MOXKHBIX NEpEX0/10B Lenu Mapkosa &,t >0 mexny

coctosHUAME. C IeNBI0 COKPAIICHUS N3TI0KESHUS OIUIIEM JIUIIb
XapaKTEePUCTHKY ITHX OJIOKOB.

Bnoku Q,; ( INE: 1) OIKCBIBAIOT HHTEHCUBHOCTH MIEPEXOA0B
nenu Mapkosa &,t >0, KOTOpbIE CONPOBOXKAAIOTCS YCIEIIHBIM

Mepexo/I0M 3asiBKU ¢ opOuTHI Ha iepByto (azy. Eciu nepBas dasa
nycra (j=0), oTH nepexomsl CONPOBOKIAIOTCA BBIOOPOM

HavaJIbHOH (ha3bl Mpolecca 00CTyKUBaHUsI Ha MEPBOM (asze B co-
OTBETCTBUH C BEKTOPOM BEPOSTHOCTEH P, .

broku Q;; (j, j') OIMHUCHIBAIOT HMHTEHCHBHOCTH TEPEXOI0B
nenn &t > 0, KOTOpbIe He IPUBOAAT K H3MEHEHHUIO YHCIIa 3aIBOK
Ha opoute. ITycte j'= j—1. Eciiu j =1, Takue nepexomsl co-
MPOBOX/IAIOTCS 3aBEPIICHUEM 00CITy)KHBaHHUS 3asiBKU Ha MEPBOit
(haze (MHTEHCHBHOCTH TIEPEXOA0B €T0 33/1AI0TCS MaTpPHUIEH Sg))
U TIEPEXO0JIOM 3TOM 3asBKH Ha BTOPYIO (asy. B cnyuae j >1 oue-
penHas 3asgBKa MOCTyIaeT Ha 0OCTyXKHBaHUE Ha MepBoil (daze u3
Oydepa. B cinyuae j'= j Bux 6nounsix marpun Q (], j) 3aBu-
CHT OT 3HAYECHUS | W yCTAHABIMBAETCS MyTEM aHAIM3a BO3MOXK-
HBIX IIepexoJioB mpouecca &,t >0, KOTOpble HE CONPOBOXKIA-
I0TCsl COOBITUSMU, U3MEHSIOIMMHU 3HAUYCHHUE | .

Marpuuer Q,, (], ') ONMCHIBAIOT MHTEHCHBHOCTH MEPEXO-
noB rert Mapkosa &,,t > 0, KOTOpbIC IPUBOMAT K YBEIHUCHHIO

YHCJlia 3as1BOK Ha Op6I/ITC Ha €AMHULY B CIIy4ac MOCTYIJICHUS 3a-
SBKH U3BHE, KOT1a HET MECT JJIA O)I(I/IlIaHI/Iﬁ Ha HCpBOﬁ (1)2136.

Marpunst Q, ., ( I, ] —1), j =LK, , onuceBaOT HHTEHCHBHO-
CTH mepexo0B mpouecca &,t >0 B ciydae, KOraa HET MECT UL

OKHJIaHWSI HAa BTOPOH (haze B MOMEHT BBIXOJIa 3asBKH C IEPBOH
(ha3bl (B MOMEHT 3aBEpIICHUS €€ 00CITy>KUBAHUS).
Caencrpue 1. Ilens Mapkosa &,,t > 0 sBisieTCs aCUMITOTU-

YECKH KBa3UTEIUTUIIEBOM 1iembio Mapkosa [15].
Loxazamenvcmso. Ilycts

}

i >0 . ITokaxkem, uToO TIpe-

T =diag{|(Q, ), |- @u),.|[(Qu),.,

rje m — pasMepHOCTh MaTpuibl Q.

JIeBI |
Y, = |imHm'|-i71Qi!i71,Y1 = |imHmTi71Qi’i +1,Y, = |irT1Hw'|'i71Qi’i+1
cymiecTByoT, a Matpuna Y, +Y, +Y, cToxactudeckas. 3ameTnm,
Q. (KI,K1 —1) ,Qui (K19K1) s
Qi (KK, Q. (K, K, —1) me 3aBucar ot i 1 K|, mostomy

4YTo MaTpuma I;, a TaKxke

MOKHO BBECTH 0003HAUYCHUS:
A:Qi,i (K1>K1 _1)>B :Qi,i (K]7Kl)+Qi,i+] (KUKI)’
C= Qi,i+1 (Kl’ K, _1)-

C momonipko anredpanveckux npeodpa3oBaHUi MOKHO MMOKa-
3aTh, 4TO

2

YO = diag+{eT ® IWMI(HKZMZ)} s
v, -2 0 Sk
TloiTTA RICHT) 270

rne T — nuaroHaibHasi MaTpuua, copMHpOBaHHAS MOAYJISIMH
JIMaroHaNbHBIX 31eMeHTOB Marpuusl C . HerpyaHo mposeputs,
uro marpuna Y, +Y, +Y, croxacruueckas. B cuiy sToro coiictea
coryiacHo [15] cripaBeBO yTBEpKICHUE CICACTBHA.

Hanee ycinoBue dproauyHocTd Lenu Mapkosa &,t>0
MOXHO chopMyJIUpoBaTh B TepMuHax Marpun Y,,Y,,Y, . Cienys
[15], BHauasle MONMYyYUM BBIpRKEHHE JUISI IPOM3BOASIICH (YyHK-
i Y (Z) 9THUX MATPHIL.

Jlemma 2.  MarpuyHas hyHKIHSA
Y (Z) =Y, +Y,z +Y222 HMEET BHUI

TIPOU3BOIAIIIAS

Y (Z) =diag”{e’ ® IWM,(HKZMZ)} +
0! o]
g S

*lo iT’lAz z[T’l(C+Bz)}+zl ’

rae matpunbsl A, B,C ompeneneHs! B (2).
Teopema 1. 1) Ilens MapkoBa ¢&,t >0 sproauuna, eciu
CIPaBEJTUBO CIICAYIOIICE HCPABESHCTBO:

Ky-1
l<% {)’(}"‘ZNn(IMI ®eM2) Sg)+yK2 (eM1®IMZ)S(02) NE))
n=1

r7ie BEKTOp Y =(y0,yl,...,yK2) — eAWHCTBEHHOE pEIleHNE CH-
CTEMBI YpaBHEHUH

YW =0,ye=1, “)

a Matpuna V uMeeT BUJ

—
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V =diag"{S\p, ®B,.S\B, ®1,, }+
K, -1
+diag{l,, ®S{,1, ®@SPB,}+
K, -1
+diag(S,,s, ®S,,5, ®S,+S)'B, ®1,, }.

Ky -1

2) nenb MapxkoBa &,,t >0 He 9projauyHa, eciid CIpaBeJIMBO
HEPaBEHCTBO (3), B3ATOE C MPOTHUBOIIOIOKHBIM 3HAKOM.
Hoxazamenvcmeo. Matpuna Y (1) npuBoauma. O0o3HaYNM

aepes Y (1) ee HopmanbHyto Gopmy (cM., Hanpumep, [15]):

Y (z)=diag {e' ® Ly, ik, S +

. - |
2[T(C+Bz)|+2l T'Az10
| a-=1-
o) ! o)
3aM€TI/IM, YTO €AUHCTBCHHBIM HCHUPUBOAUMBIM CTOXACTHUYC-
CKHM OJIOKOM Ha JraroHajin I[aHHOﬁ MaTpHulbl ABJIACTCA OouHas

CTPYKTypa BHIA
Z[T’I(C+BZ)J+ZI T'A
- o I

Y(2)

IWM,(HKZMZ)

M3 [15] (Teopema 3.14) cnenyer, uto nens Mapkosa &t >0
9ProJyHa, €CiIu

> 0. %)

z=1

%[det(zl —Y(z))]

Ha ocHoBannu 6104Hoii cTpykTypbl Matpunsl Y (Z), onpese-
JIUTENH B MOCTEHEM HEPABEHCTBE MOKHO CBECTH K CITETYIOIIEMY
BHLY:

det(z1 -Y (z)) = det(zT ") det[ -z(C +Bz) - A]. (6)

[Tpu z =1 BTOpOIi ONIpeeNTENH B PaBOi YacTH (6) oOpara-
eTcsl B HOJIb B CHJTY CBOMCTBA MH(PUHUTE3UMAIBHOTO TeHEPATOPA.

3aMeTum, 9To det(ZT ’1) >0 mpu z =1, mosTOMy BEIpaskeHue (5)

MPUHUMACT BUJ

d
E[det(—z(c +Bz)-A)]

>0,

z=1
KOTOPHIif, B CBOIO 0YEpEIb, MOKHO CBECTH K HEPABEHCTBY
x(C+2B)e<0, (7)
IJie X - eJMHCTBEHHOE PellleHHEe CUCTEMbI ypaBHEHUI
x(C+B+A)=0,xe=1. (8)
PaccMOTpuM faniee BEKTOp X B BUJIE

x=(0®y,,0Qy,.....0®y, ), 9)

IZie BEKTOp Y, MMEET PasMepHOCTb M, a BEKTOPBI Y,,..., ¥y —

pasmepHocTs M M, . lanee moxcraBuM BekTop X Buzaa (9) u

-
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Beipakerust (2) B (8). C y4eTom Toro, 4to 0( D, + D1) =0,0e=1

mociue  mpeoOpazoBaHMi  moimyunM  (4)  AmsS BeKTOpa

y= (y0 YooY, ) . Takum 00pazom, cuctema (8) 1J1st BEKTOpa X
CBOAUTCA K (4) IUTst BEKTOpa 'y .

Hanee paccmorpum HepaBeHCTBO (7). [loacTaBiisist BEKTOp X
B (9), marpuusr B,C , onpenenennsie cootHomenneM (2), B (7) ¢

ydaeToM 0D,e = 4 mociie anredbpandeckux npeodpa3zoBaHuii moiy-

gynM HepaBeHCTBO (3), skBuBaieHTHoe (7). Takum oOpazom,
yTBepKIeHHE | TeopeMbl ToKa3aHo. Y TBepKIeHUE 2 TOKa3bIBa-
eTCs aHANOTUYHO ¢ oMotrsio [15] (Teopema 3.14).

W3 yrBepkaeHus TeopeMsl 1 ciaeayer, 4To B ciiydae AByXdas-
HOU TaHJIeMHOU cucTeMbl Oe3 OyhepHoii mamsiTh (C napamerpamu
K =K,=LM, =1,S, =—z,B, =1,k =1,2) nepaenctso (3)

HH,

M+ iy
[omyunm nanee cralMOHapHOE pacIpejieliCHHE BEpOSTHO-

cTeil cocrostHui 1ByX(a3HOU TaHIeMHON cuctembl. O003HAYNM
gepe3 p;,i >0, BEKTOPHI CTAIMOHAPHBIX BEPOSTHOCTEH IIEIH

MpUHUMACT BU A <

Mapxkosa &,,t > 0. 31ecs nHIEKC | 0003HAYACT YHCIIO 3asBOK Ha

opbuTe. 3Has CTPYKTYpy HHOUHUTE3NMAIBLHOTO TeHepaTopa LenH
Mapxkosa &,,t >0, MOXHO NPUMEHHTh MaTPUYHO-aHATUTHUE-

CKHI HOAXOJ JUTS pacdeTa BEeKTOpoB Pp,;,i >0 [15]:
1. Pemaem matpuunoe ypaBHenme G =Y (G) c momorursio
utepanuonHoii cxembl G =Y (G™),n>1 ¢ HauanbHEIM yciT0-

siem G =0 .
2. Beranensiem matpuust G, .G, ,,...,G, ¢ momorpio 06-

paTHOI peKypcuu
G =(-Quiin _Qi+l,i+2Gi+1)7l Qi st i =i, —Li,-2,...,0

¢ TpaHNYIHEIM ycroBueM G; = G,i > i, Te i, - HeoTpHIaTensHOE

LEI0€ YMCII0, TAaKOC, YTO IJIA HEKOTOPOTO IOJIOKHUTECIIBHOIO &

(TouHocTH BBIYKCIIEHHS) BBITIOJHACTCS HEPABEHCTBO
IG, ~Gli<s.
3. Beruuensem matpunsl Q; =Q;; +Q,,G, Qi =Qi i,

rae G, =G,i>i,.

4. Beraucisiem Matpunsl F,i>1 ¢ MOMOIIBIO PeKypcHn
Fo=1LF= Fi—lcji—l,i (_(ji,i)ilfi 21

5. BeraucnseM BEeKTOp P, Kak €IMHCTBEHHOE PEHICHUE CH-

CTEMbI

Po(-Qu0) =0, P Fe=1.

i=0
6. BorunciseM Bextopsl p; = p,F,i > 1.

BrruncnuB cranpoHapHOE pacmpeneneHne p;,i >0, MOXHO

MOJIYYUTh Psifi XapaKTEPUCTUK MPOU3BOAUTEIILHOCTH paccMaTpu-
BaeMOM CUCTEMbI U IPUMEHUTH 3aKoH JIUTTHA AJis pacuera cpe-
HETo BPEMCHHU IPEOBIBAHMS BO BCECH CHCTEME:
1. CranmoHapHbIC BEpOSTHOCTH 4YHCIA 3asBOK Ha OpoOWTE
p, =p;ei=0.




2. CpenHee 4HMCIIO MECT, 3aHSTHIX TIOBTOPHBIMU 3asBKAMHU

L= iipie.
i=1

3. CoBMECTHOE pacIpeeicHue

g (J,n),i=0,j=0,K,n=0,K,

Yrcia 3asBOK Ha OpOuTe, Ha MEPBOii U Ha BTOPOii (ha3ax. 3mech
g, (J,n) - BEPOATHOCTH TOrO, YTO B CHCTEME UMESTCS | 110~

BTOPHBIX 3asBOK, Ha NEpBOH (hase OKMIAIOT | 3asBOK, a Ha
Bropod (aze — N 3asBok. OOo03HAYMM  uepes3
R=M, (1+M,K,).Bepostioctn  ¢,(0,0),  q,(],0),

q; (O, n) , 0 (j, n) BBIYHCIISIIOTCS 110 (hOpMYyJIam:

€w .
q;(0,0)=p; o ,i>0,
W (M, K, +RK; )
O;I[HMz(n—l)]
g (0,n)=p, ey, Ji>0,n=1K,,
OT
W[ M, (K, —n)+RK, |
O;II—V[1+M2KZ+R(j—1)]
q (jao)zpi Cum, >
o

W[ M M,K; +R(K, - )]

.
W[ 1M, K, +R(j=1)+M, (1+M; (n-1)) |

qi(jan):pi Cm,m, >
or

WM M, (K, -n)+R(K, - j)]

i>0,j=1K, n=1K,.

4. CraunoHapHbIE BEPOSITHOCTH COCTOSIHUI ITepBOH (a3bl:

qgl) = zpi
i=0

5. CpenHee 9uCIo 3asBOK, OXKHUIAFOIINX HA IIEPBOH (ase:
S i)
- (1
I-1 = qu i
i=1

6. CrarmoHapHBIC BEPOSITHOCTH COCTOSTHII BTOPOU (ha3bl:

Ky _

qi(j:n)a ijaKl'
0

K;

r(12) = Zpi Zqi (j,n), n=0,K,.
0

=0 j=

7. CpenHee 4KCII0 3asBOK, O)KHIAIONIMX HA BTOPOH (dase:
SIE
2
L, =>nq,”.
n=1

8. MexkonieBas 3aaepxka: W = ( L+L +L, )/1’l .

Jast cucrem, UMEIOMNX NPAaKTHYECKOEe IPUMEHEHNE B KOMITh-
IOTEPHBIX CETSIX, HEOOXOAMMO, KaK MPaBWIIO, MCCIIEA0BATh MO-
nmenu ¢ Oonee, yeMm aByMs y3nmamu (azamu). OTmMeTHM, 49TO pe-
3yNbTaThl, MOJYYeHHBIE B JAHHOM pasJielie, HIMCIOT HE TOJBKO

i
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TEOPETHYECKOE 3HAUCHHE, HO U OY/IyT UCIIONB30BAHBI B CIIEIYIO-
IIEM pasJiene Ui BepU(pUKAINK KIMUTAIIMOHHONW MOJICIH, OIIHChHI-
Baroieil (YHKIMOHUPOBAHHE CTOXACTHYCCKOM TaHIEMHO# cu-
CTEMBI C POU3BOIBHBIM dncioM ¢a3 (N >2).

3 AHa/IM3 TaHJAEMHBIX CHCTEM C TPOU3BOJIBLHBIM YHCJIOM (a3
MeTOJaMH MAIINHHOTO 00y4eHHus!

B nanHoM paznene mis vcciieJOBaHUs TaHAEMHON CUCTEMBI C
HOBTOPHBIMH BBI30BAaMU U IPOM3BOJILHBIM YHCIIOM (a3 BIIEPBBIE
MPe/ITI0KEHO MCII0JIb30BaHUEe KOMOMHAIIMY METOZ0B HMHUTAI[HOH-
HOTO MOJICJIMPOBaHMSI U MalIMHHOTO 0o0yd4eHusl. MuTanmnoHHas
MOJIEJIb TIO3BOJISIET MOJMYYHTh HA0Op AaHHBIX (JaTaceT) O Xapak-
TEPUCTUKAX TAHAEMHOHN CHCTEMBI, KOTOPBIH Jjajiee NCTIONIb3yeTCs
JUIs. TIPOTHO3MPOBAHUSI XapaKTEPUCTHK MPOHU3BOIUTEIBHOCTH
TaHJIEMHOW CHCTEMBI C HCIIOJIb30BAaHHEM METOIOB MAIIMHHOTO
o0yd4eHusl.

3.1 I'enepayus cunmemuyeckozo Havopa OaGHHbIX

Jlyist IpyMEHeHUs] METOJI0OB MallMHHOro oOydenust [16], Ha
IEPBOM 3Tale HEOOXOIUMO CIeHepUpOBaTh 0Oydaromui Habop
JAHHBIX, BKIIIOYAIOIIUH B ce0s BXOIHbIE apaMeTphbl TaHIEMHOM
CHCTEMBI € IPOU3BOJIBHBIM YHUCIIOM (ha3:

—Marpunpl Dy, D, , onuceiBaromue MAP-norok;

—u cio a3 N ;
—Marpuusl (S, , B; ), xapakTepusytolue (azoBoe pacrpezee-

Hue, U pasmep Oydepa K, Ha i-it dase, i = I,_N;

— MaKCHUMaJIbHOC KOJIMYCCTBO MCCT Ha Op6I/ITe K n CKO-

orbit
POCTb @ TOCTYIUICHUS 3asBOK,

a TaKKe XapaKTEePHCTHKU MPOM3BOIUTEIBHOCTH TaHAEMHOH CH-
cTeMbl (MEXKOHIIeBas 3a/Iep)KKa, Cpe/lHee KOJIMYECTBO 3asBOK B
CHCTEME M T.1.), BEIYHCICHHBIX C IOMOLIBIO IPYTUX METOIOB
(aHaJIMTHYECKUIT pacyeT, UMHUTAMOHHOE MOJenrpoBaHue). B
JTAHHOM IipuMepe OyJieM paccMaTpuBaTh JIMIIb OJIHY XapaKTepu-
CTHKY — MEKKOHIIEBYIO 3aJICPIKKY.

JIMCKPEeKTHO-COOBITHIHASL MOJIENIb pealn30BaHa Ha SI3bIKE
nporpammupoBanust C++. Mo/ysib MAIIMHHOTO O0YUYCHUSI UMEET
JIBE OCHOBHBIC CTPYKTYPHBIC YacTH: NpenoOpaboTka JaHHBIX H
oOyuenne mozeneil. Kaxias n3 HUX pea30BaHa Ha si3bIKE MPO-
rpammupoBanust Python. 3amaga ckpurnra 00pabOTKH JaHHBIX —
CUHUTATh M IPe0oOpa30BaTh ITH JJAHHBIC B YHCIOBOW (opmaT, IpH-
TOTHBIN i 00paboTKu OHOIMOTEeKaMH MAIIMHHOTO OOyYeHUS.
W3-3a pazmmumii B mapameTpax oOydeHHUs U UCTIOIb3YEeMBIX OHO-
JHMOTEKaX y Ka)KIOr'o METOZA MAIIMHHOTO OOy4YeHHs eCTh CBOM
COOCTBEHHBIN CKPHUIIT OOyUESHHSI.

Jlnst oOyueHusl MalIMHHBIX MOJeIel HeoOXoquM Habop JaH-
HBIX, TIOJIYYCHHBIX C MOMOIIBI0 MMHUTAIIMOHHONW MOJICIH TaH/IeM-

HOH CHCTEMBI ¢ OOJIBIIIMM KOJIMYECTBOM HAaOOPOB TaHHBIX (X, y) ,
rie X COOTBETCTBYET BXOAHBIM MTapaMeTpaM IMpOrpaMMbl IMHTA-
[IMOHHOTO MOJICJIUPOBAHUSL, & Y - IPOTHO3UPYEMBII HCKOMBIH T1a-

pametp (MEeKKOHIIeBas 3a/iepkka). Habop naHHBIX creHeprupoBaH
HAa OCHOBE BO3MOXXHBIX KOMOWHAIMA BXOJHBIX MapaMeTpOB,

Bmovas: N =2,15; pasmep matpui, onuchiBaommx MAP u
PH - or 1 pgo 16; K,;=0,32 s izl,_N; pasmep OpOHTHI

K, it = 0,512 . 3ameTnmM, 94TO TSt IMATAITHOHHOM MOIEITH pa3Mep

orbit
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OpOUTHI NOKEH OBITH OTPAaHIYCH.
C 1enbio mpeIcTaBiIcHUs 00jIee pa3Ho0Opa3HOro Habopa JaaH-
HBIX MCIIOJIb30BaHbI JIBa METO/1a BEIOOpA HEeJMaroHa bHBIX 3HAUE-

Huit anementos marpur, Dy, D,,S,, i =1, N u nnreHcuBHOCTH O/

MTOCTYTUICHHS 3asBOK C OPOUTHI HA MEPBYIO (a3zy:
Cnoco6 1. HeqnaroHanbHble 37eMeHTHI MaTpuibl D, u ane-

MEHTB!I MaTpHlbl D, reHepupyroTcsi Kak HelpepbIBHBIE CITydaii-

HbI€ BEIMYMHBI, PABHOMEPHO pacrpe/ielieHHble Ha OTpe3Ke
[1;1024]. HeguaroHanbHble 3JIEMEHTBI MAaTPULL S, , HTHTEHCUBHO-

0
CTH TIEPEXOI0B Sf ) B MOTJIOIIAIOIIEE COCTOSIHUE M MHTEHCHB-

HOCTB TIOBTOPHBIX TIOMBITOK HA OPOUTE (¢ TEHEPUPYIOTCS KaK He-
NpepbIBHBIC CIy4aiiHbIe BEIMYUHBI, PABHOMEPHO paclpe/iesieH-
HbIe Ha oTpeske [2;2048].

Cnoco6 2. Hegnaronasnbable neMenTsl MaTpul, Dy, D, rene-

pHpyIOTCs Kak € ; HeaMaroHaNbHbIE HJIEMEHTBI MaTpull S, , UH-
0
TEHCUBHOCTH IIEPEX0I0B S§ ) B mornowaronee cocTosHME U HH-

TEHCHBHOCTb TIOBTOPHBIX 3aABOK ( I'€HEpUPYIOTCs Kak 2e | rie

P — HempephIBHAS CITy4yaifHast BETMYMHA, PABHOMEPHO paciipeie-
JIeHHas Ha oTpeske [-2,5; 2,5].

JluaronanbHelie ke ameMentsl MaTpul, Dy, S; 3aznatorcs sie-

MeHTaMH BektopoB —(D,+D))e u —(S,e+S"), coorser-

cTBeHHO. Jlanee BXOJHbIE MapaMeTphl MacIITaOUPyIOTCs IIOCPE -
CTBOM JieieHus dneMenToB Matpul, Dy, D, S, u untencusHoctu

MTOBTOPHBIX MOTBITOK HA OPOUTE @ Ha KOA()HHUIHEHT, paBHBIH A
(cpemHee 4mCIIO 3asiBOK, IMOCTYMAIOIINX B €AMHUILY BPEMEHH) C
LEIIbIO, YTOOBI BCE BXOAHBIC HAOOPHI IAHHBIX UMEIU OJUHAKOBYFO
WHTEHCHBHOCTH BXOJHOTO MOTOKA, PaBHYIO 1.

JlaHHbIe TaTaceTa MOJy4eHbI C HCIIOIb30BAHMEM HMHUTALOH-
HOM Mojenn TauaeMHo# cuctemsr: Dataset300k - HaGop maHHBIX

n1st 06yuenust, conepxaumx 200 Toic. snementos (X, y) (croco6

1), monoiaeHHbIX 100 THIC. AIEMEHTOB, CTEHEPUPOBAHHBIX METO-
JoM 2, u Test60K - Habop MaHHBIX U1 TECTUPOBAHHUSI, COJICPIKa-

A u3 60 THIC. 2TIEMEHTOB (X, y) (cmmocob 2).

C menbio COKpameHus! BBIYUCIUTEIBHON CIIOKHOCTH Ha KO-
HEYHOM 3Tale NOATOTOBKU JAHHBIX NPEIyCMOTPEHA IPOLErypa
YMEHBIICHHS pa3MepHOCTH MAP-TIOTOKOB ¢ HMCIONB30BaHHEM
ANTPOKCUMAITUH, OTTMCaHHOM B [18].

B crnenyromem paszgene npoBeAEM CPaBHUTEIBHBIM aHAINU3
Pa3IMYHBIX METOAOB MAIIMHHOIO OOY4YEeHUs: I'paJHeHTHOro Oy-
CTUHIA, CIy4allHOI'O JieCa U UCKYCCTBEHHBIX HEMPOHHBIX CETEH
[16]. Bompiiasi yacth 0Oy4YeHUs] METOJAMH T'PaAUEHTHOTO Oy-
CTHHTA ¥ CIy4aifHOTO Jieca BBIITOJIHEHO C TIOMOIIBI0 OMOIMOTEKN
scikit-learn — rorosoit Python-6ubaunoreku st MamHHOTO 00Y-
yenns. i1 MeToma HEMPOHHBIX ceTed mcmosib3oBaHa Python-
6ubsmorexa PyTorch.

3.2 I'paouenmmuotit Gycmunz

I paouenmmupiti 6ycmumne — 370 aHCAMOJIEBBII METO]T MAILTTHHOTO
00yueHHsl, KOTOPBIA MOCJIENOBATEIbHO CO3MaéT HAOOp ClAadbIX C
TOYKH 3pEHHSI POrHO3a TpeOyeMbIX 3HAUYEHHUIA Mojiesel, KOMOHHH-
PYys UX B €IMHYIO0 00JIee CHIIbHYIO IPOrHOCTHYECKYIO MOJIEIb.

AHcaMOIH — 3TO aNTOPUTMBI, COYETAIOIINE CPa3y HECKOIBKO
MOZENEH A MCHpPaBICHUS OLIMOOK, AOIYIICHHBIX NpeIblIy-
LIMMH MOJICTISIMU.

Jist pelieHus 3ajaud NPOTHO3UMPOBAHMS MEKKOHLIEBOM 3a-
JIEP)KKH CTOXaCTUYECKOW TaHAEMHOH cucteMbl OyjaeM o0ydaTrh
MO/IEITIM TPaJIMEHTHOTO OyCTHHTa ¢ TIapaMeTpaMy, 3aJJaHHBIMH 10
YMOJIUaHUI0, CKOpocThio 00yueHus 0,01, METOIOM HAUMEHBIIIHX
KBapaToB s oleHKH (yHkuuu noteps u 10000 ureparmii 00y-
yeHus. PaccMoTpuM Takke JBa BapuaHTa: ¢ JIOTapU(PMUYECKUM
npeoOpa3oBaHUEM HCKOMOTO Iapamerpa (MEXKOHIIEBOW 3a-
JIEp’KKHM) ¥ 0e3 Hero, 4To MperyCMaTpUBACTCSI BO3MOKHOCTSIMHU
METOJIa ¥ TO3BOJISET BEIOPATh CIIOCO0 00YUCHNs, HatolImii Ooee
TOYHBIN pe3yibTaT. M3 pe3ynbTaToB 00ydeHHs, IPEICTABICHBI B
Tabmuue 1, crnexyer, 4To JIydIIui pe3ynbTaT JaeT OIIMs Jora-

prdMIIECcKoro npeodpasoBaHus HCKOMOro napametpa In(y).

Tabimmna 1
Pe3ynbraThl OIICHKH MOJIEICH METOIOM I'PaJHEHTHOTO OyCTHHTA
O0yuenne OO6yueHne
HaGop fiaHHbIX 6e3 orapu(MHIECKOro C JIOTapUPMUIECKUM
npeoOpa3oBaHust npeoOpa3oBaHIeM
Score o Score o
Dataset300k 0,5988 1,8435 0,0790 0,1351
Test60k 0,5659 1,8155 0,0900 0,2021

3.3 Cayuannwii nec

Cnyuatineiii nec — 3T0 emé OJUH MOMYJISPHBIA aJrOpUTM Ma-
LIMHHOTO OOYy4YeHHs, KOTOPBIA Tak ke, KaK U IPaJUeHTHBINH Oy-
CTHHT, OTHOCHUTCS K KJIacCy aHCaMOJIeBBIX METO/I0B. MeTo npe-
TIoJIaraeT Co3AaHie MHOXKECTBA OT/ICIbHBIX HE3aBUCHMBIX «pellla-
IOIIMX JIEPEBBEB», UTO IMO3BOJISAET MONydYaTh Oojee TOYHBIE pe-
3yJIBTATHl 1, B TO JK€ BPEMSI, CHI)KaTh TEHACHIMIO K Iepeolyue-
HHIO MOJICTIH.

PesynbraTsl MPOrHO3MPOBaHUS MEKKOHLIEBON 3a/ICPIKKH METO-
JIOM CITy9aifHOTO Jieca IpeAcTaBieHkl B Tadnmie 2. Kak u B crydae
NPUMEHEHHS TPaJUEHTHOrO OYyCTHHIa, Pe3yJbTaThl MOJIYYEHBI C
HCIIOJIL30BaHUEM JIOTapU(MUYECKOTO MPeoOpa3oBaHKs HCKOMOTO
mapameTpa (MeKKOHIICBOH 3a7ep>KKH), a TaKxKe 0e3 Hero.

CpaBHuBast pe3ysbTaThl TadaHIl 1-2, MOKHO OTMETUTH OoJiee
BBICOKYIO TCHACHINIO K nepeo6yqumo Ipy UCIIOJIb30BAHUU ME-
TOJIa CIIy4YaifHOTO Jieca, MOCKOJIbKY Ha 00yJaroliel BEIOOpPKE TOY-
HOCTh MOJICJIH CITy4aifHOTO Jieca (4,6%) BBIIIE, YeM Y TPaJUCHT-
Horo OyctuHra (7,9%), HO XyKe Ha TECTOBOW BBIOOPKE JTaHHBIX
Test60k.

CyniecTBeHHBIM HEJIOCTATKOM METO/1a CIIy4aifHOT'O Jieca SIBIIsI-
eTcs 3HAUUTENIBLHO 00BN 00beM TpeOyeMol mamsiTu (Tabnuma
3). Hampumep, naske mpu komdgecTse nepeBbeB 100, uTo sBisercs
3HAaYCHUEM TI0 YMOJTYaHHI0, Monenu Tpedyercs 2,6 ['b mamsaru.
DT0 OOBSCHSACTCS TEM, UTO 10 yMOTdaHWIO Oombnmoreka Scikit-
learn He npe/inoaraeT OrpaHUYEHHs Ha TIIYOUHY JIEpeBbEB pelie-
Huii (mapamerp maxDepth =0 ). CinenoBaTenbHo, 11t OONIBIINX

o0y4aronmx HabOPOB JIAHHBIX B HAIIEM CITydae JepPeBbs PELICHUH
OymyT pazpacTaThCsi 1O MAKCHMaJIbHO BO3MOXKHOT'O pa3Mepa, 4To
MPUBOAUT K OOJIBIIOMY pa3sMepy pe3yJIbTUPYIOIIEH MOICTH.
UTo0bI YMEHBIIUTH pa3Mep MOJIEIH, cleayeT o0yJaTh ee ¢ mapa-
MeTpoMm maxDepth > 0 3a cueT CHHKEHHS TOYHOCTH.
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Tabmuma 2

Pe3ynbTaThl OLIEHKH MO/iEeH METOAOM CIIy4aiHOro jeca

OO0yucHue 0e3 JTorapupMUIECKOro mpeoOdpa3oBaHus
Uucio 1epeBbeB
HaGop naHHBIX 100 300
Score % Score o
Dataset300k 0,0551 0,1603 0,0551 0,1587
Test60k 0,1176 0,2693 0,1181 0,2703
500 800
Score o Score o
Dataset300k 0,0551 0,1580 0,0551 0,1579
Test60k 0,1180 0,2694 0,1177 0,2686
O0yuenue ¢ orapup)MUIECKUM Peodpa3oBaHUEM
Yucio 1epeBbeB
100 300
Score o Score o
Dataset300k 0,0467 0,0914 0,0458 0,0897
Test60k 0,1097 0,2357 0,1089 0,2344
500 800
Score 2 Score O
Dataset300k 0,0456 0,0893 0,0455 0,0891
Test60k 0,1085 0,2343 0,1085 0,2343
Tabmuma 3

PesynbTaThl olleHKH MojeNel cirydyailHoro Jieca,
00yUYCHHBIX C pa3TMYHBIMU 3HaYCHUIMU maxDepth

HaGop naHHbIX
M?;‘;;{ggﬁﬁ’*a Dataset300k Test60k | OOBEM mamsitn
Score (o3 Score (o3
4 0,5205 | 0,5744 | 0,4781 | 0,5450 243 KB
8 0,2601 | 0,3397 | 0,2419 | 0,3417 3,49 MB
16 0,1153 | 0,1429 | 0,1399 | 0,2500 209MB
32 0,0476 | 0,0905 | 0,1098 | 0,2358 2,34 GB
64 0,0467 | 0,0915 | 0,1094 | 0,2350 2,60 GB
0 0,0467 | 0,0914 | 0,1097 | 0,2357 2,6 GB

3.4 Heiponnvle cemu

B coBpemeHHOW INpakTUKE MAIIUHHOTO OOYYEHHs HCKYyC-
CTBEHHbIE HEHPOHHBIE CETH 3aHUMAIOT JOMHHUPYIOLIEE IT0JI0NKE-
HHE, IEMOHCTPUPYSI BEICOKYIO () (EKTUBHOCTD B IIUPOKOM CIIEK-
Tpe NPHUKIJIAAHBIX 3a1a4. HecMoTpst Ha TO, YTO JaHHBIH METO U3-
BECTEH JIOBOJILHO JITaBHO, €r0 MaclITaOHOE BHEPEHHE CTAJIO BO3-
MOXHBIM JIMIIb B TOCJIEHUE JECSTUIICTHs Onarojapsi cyie-
CTBEHHOMY POCTY BBIYHCIHMTEILHON MOIIHOCTH 00OpY/OBaHMS,
ONTHMHU3UPOBAHHOTO JUISl BBIIIOJIHEHUS! BBICOKOIIPOM3BOANTEIb-
HBIX omepanuii. To M03BOJIHIO0 3PPEKTHBHO 00ydaTh TIIyOOKHe
HEHpPOHHBIE CeTH C OONBIINM YHCIOM IMapaMeTpOB HA MAacCIITa0-
HBIX Ha0Opax JaHHBIX, YTO, B CBOIO OYEPEb, 00ECIIECUNIIO TPEBOC-
XOZICTBO METOZOB, Oa3MpYIOUIMXCA HAa HEHPOHHBIX CETSX, Hal
AIBTCPHATUBHBIMU METOAAMH B 3aJadax IMPOTHO3UPOBAHHA I10
KPHUTEPUIO TOYHOCTH.

CtpyKTypa HEHpOHHOM CeTH, UCTIONIb3YEMOH JUIs peIIeHUs 3a-
Jlau¥l TIPOTHO3UPOBAHMS MEXKOHIIEBOW 3aJIep)KKH B TaHAEMHOMN
CHCTEMe C TOBTOPHBIMH BBI30BAMH, IPECTABICHA Ha PUC. 2.

Linear ( -+ Linear ~* Linear
Il | ol

Ml | sl

O O O |
O O O] (o

1024 =1 1024 = 1 1024 = 1 1x1

- 000
O

NLReLU

Puc. 2. Ctpykrypa MoJeiu HEHpOHHOU ceTH

CeTb COAEPAKUT TPU CKPBITBIX CIIOS, KaX bl U3 KOTOPBIX CO-
crout u3 1024 Heiponos. M3HauanbHO UCHONB3YyeTCs CTaHIAPT-
Has ¢pyHKImsA akTuBaruy ReL U Mex Ty KaKIbIM CKPBITBIM CIIOEM,
OJTHAKO BO BpeMs 00YUEHHs BO3HUKAET Mpo0IeMa: 3HaUYCHHUE T10-
TEpb CTAHOBUTCS OYCHBb BBICOKHUM (B3pPBIBHOHM TPAJMEHT), YTO JIe-
JaeT Mozenb HeoOydaemoil. IIpocToe pemeHue 3ol mpoOIeMbl
COCTOHT B 3aMeHE (DyHKIIMHU AaKTUBALUH HA €€ JIOTapU(PMUIECKUH
BapuaHT ReLU:

NLReLU (x) = In(ReLU(X)+1) = In(max(0,X)+1).

B rtabmuue 4 mpencraBieHbl 3HAYCHUS MEKKOHIEBOHM 3a-
JEPXKKH ISl HEKOTOPBIX JTAllOB O0YYEHHMsI, YTO JIEMOHCTPHPYET
6oJ1ee BEICOKYIO O0YJArOIIy O CTIOCOOHOCTH HEHPOHHOM CeTH, 4eM
METOIbl TPaJMEHTHOr0 OYCTHHTa U CIIy4alHOTO Jieca.

Tabnuma 4

Pe3ynbpTaThl OLIEHKY MOAEIN HEMPOHHOU CETU Ha HEKOTOPBIX
sTanax o0yueHus

MomeHT 00y4eHus
Hagop nan- 5670 ’ 6912
HBIX
Score o Score O
Dataset300k 0,0733 0,2068 0,07070 0,1950
Test60k 0,0646 0,0936 0,0576 0,1005
8448 9344
Score o Score o
Dataset300k 0,0761 0,2048 0,0741 0,1986
Test60k 0,0659 0,1317 0,046 0,0716

Ha ocnoBanuu MMPUBCACHHBIX BbILNIC PE3YJIbLTATOB HUCIIOJIb30-
BaHUWA pa3jIMYHbIX ME€TOJ0B MallIMHHOT'O 06yquI/151 MOXHO IPOBC-
CTH MX CPAaBHHUTEJBHbBIH aHamH3. Mojens ciy4ailHOro Jjieca mpo-
THO3UPYET OO0JIbLIC 3HAUCHUI MEXKOHIICBOH 3a/ICPKKHU C OTHOCHU-
TenbHO Hebombinol ommbkoi (<£10% ), yem rpaaueHTHBINA OY-
CTHHT, HO TIPH 3TOM PE3YIILTATOB, OJyIaeMbIX C HETPUEMIIEMO
oumbkoii (= 90% ) Hecom3mMepumo OOITbIIE, YeM Y IPYTHX METO-
J0B. MeTo/T rpaIMeHTHOTO OYCTHHTA JUTS pacCMaTpUBAEMOH TaH-
JIEMHOM CHCTEMBI JIaeT HAWMEHBIIIEE YKCIIO PE3yabTaToB, Om3-
KHAX K TOYHOMY, HO TIPH 3TOM YHCJIO PE3yJIbTATOB C HEIOMYCTH-
MO# OITHOKOM TaKKe MEHBIIIE, UM Y IPYTHX PACCMOTPEHHBIX Me-
TO/10B (Tab. 5).

—
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TaGmuna 5
Uwrcno 3KCIepUMEHTOB TIPU Pa3INYHBIX 3HAYCHUSIX OIIUOKH €
& HeiipoceTtsb I'pamuent. Byctunr | Ciyvaiinblii gec
<10% 532 347 474
>50% 66 90 89
>90% 35 25 43

3.5 Cpasnumensnulii ananus epemenu 6bI4UCIeHUT

OcHOBHas 3a/1a4a IPUMEHEHHSI METOJIOB MAIIMHHOTO 00y4e-
HUSI K 337[a4aM TEOPUH MacCOBOTO OOCITYKUBAHHS — COKPAIIICHHUE
BPEMEHHU BBIYUCIICHUST TPEOYEMbIX XapaKTEPUCTUK MOJIEIH, BO3-
MOYHO, C HEKOTOPBIM CHH)KEHHEM TOYHOCTH BBIUYMCICHUI. AHa-
JIM3 BPEMEHHBIX 3aTpaTr MOKa3bIBaeT, YTO TeHepallusi OJIHON BbI-
0OpKM JIAHHBIX MOCPEJCTBOM HMHUTAIMOHHOTO MOJICTHPOBAHMUS
3aHUMAaeT B cpeiHeM 4 cekyHabl. J{is MaciTaOHbIX HAOOPOB JIaH-
HBIX (COTHH THICSY WJIM MUJITHOHBI BBIOOPOK) 3TO TIPHBOJIUT K CY-
IIICCTBCHHBIM BPEMCHHBIM 3aTpaTaM, OrPAaHHYUBAIOIINM IIPUME-
HUMOCTh METO/Ia B YCIIOBHSIX HKECTKUX BPEMEHHBIX OTPAHUYCHUIA.
B Tabnuiie 6 npuBeIeHBI CPAaBHUTEIIBHBIC TaHHBIC O TIPOHM3BO/IH-
TEJIBHOCTU U 00beMe TpeOyeMOl mamsTh Uil METOJOB MallliH-
HOTO O0YYCHUS, 9YTO JEMOHCTPHUPYET IMPEBOCXOJICTBO JTaHHBIX ME-
TOJIOB TIO BBIYHMCIHUTEIBHON CKOPOCTH Ha TOPSIIKA BEIUYUH IO
CPaBHEHHIO C METOJIOM HMHUTAIIMOHHOTO MOJCITHPOBAHUS IS
OLICHKH TIPOU3BOIUTEIILHOCTU MOJISITH TAHAEMHOM CHCTEMBI C 110-
BTOPHBIMH BBI30BAMH U O0TIEH OpOUTOM.

Tabmuma 6
CpaBHeHHe 00beMa MTaMsITH M CPEIHETO BPEMEHU 00yUYeHUs
Merox O6bem LIPIVCHO urepa- | OOuiee Bpems
namsTd | uuil oOyuyeHus o0y4eHus
T pauerHif 34,5 M6 10000 143 ¢
OycTHHT
Cayuaiinslii ec 2,616 100 306 ¢
HeiiponHas cetpb 24,8 M6 10000 13y

4 3akJI0ueHue

Jns nByxa3HOl TAHAEMHOM CHCTEMBI pa3padoTaH alrOPUTM
pacdera TOYHBIX XapaKTEPUCTUK MPOU3BOAUTEILHOCTH (MEKKOH-
LeBas 3a/iepxKKa, CPeTHsII YUCIIO 3asiBOK B y3JIaX M Ha OpOHUTE U
1p.). Takoe nccnenoBaHre UMEET HE TOJIIBKO TEOPETHYECKOE 3HA-
YEHHEC, HO UCIOJIB3YETCs It BepI/Iq)I/IKaLH/II/I HMHTaHHOHHOﬁ MO-
JIeITH, OTIMCBIBAIOIIEH (YHKIIMOHUPOBAHUE CTOXACTHYECKOM TaH-
JIEMHO CHCTEMBI C TIPOM3BOJIBHBIM uuciioM (a3. /st nccnenoa-
HUSI CHCTEMBI C TIPOU3BOJILHBIM YUCIIOM (ha3 BIIEPBBIE MPEIOKEH
MOJIXOJ] C HCIOJb30BAaHHEM METOJOB MAIIMHHOIO OOYyYeHHs,
o0ecrieunBarONIMi BBHICOKYIO BBIYHCIUTEIBHYIO d(QQEKTUBHOCT
10 CPAaBHEHHIO C UMHUTAIIMOHHBIM MOJICTHPOBAHHEM.

[TpoBenena omeHKa JOCTOMHCTB M HEIOCTaTKOB Pa3IMYHBIX
METOJIOB MAIITTHHOTO 00y4YeHNs (TpaJueHTHBIN OYCTHHT, CITydaii-
HBII JIeC 1 HEHPOHHBIE CETH) C LEJBI0 NX MPUMEHEHHS JUISl [IPO-
THO3UPOBAHMS OCHOBHBIX XapaKTEPHCTHK IMPOU3BOANTEIHHOCTH
CTOXaCTUYECKUX TaH/IEMHBIX CUCTEM C TIOBTOPHBIMU BBI30BAMU U
o011ei opOoUTOH.
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Abstract
At present, one of the key areas in the design and performance evaluation of modern telecommunication systems and networks is the analysis of math-

ematical models of tandem systems. Tandem systems are mathematical models of various technical and social systems, in particular, they are adequate
models for broadband wireless networks deployed along extended transportation routes such as highways, railways, oil and gas pipelines, etc. The tan-
dem system considered in this study consists of an arbitrary finite number of service units (stages) with a limited waiting space. The arrival process (pack-
et flow) at the first stage is a correlated Markovian Arrival Process (MAP) and the service times have the phaseltype distribution. If the buffer memo-
ry of any stage is full upon the customer arrival the customer is placed to an orbit (a shared memory for all stages). From there, after a random peri-
od of time, it is tries to get served at the first stage. We evaluate the key performance metrics: end?to?end delay (the time from the moment a cus-
tomer enters the first stage from outside the system until it is successfully served at the final stage); average queue lengths at the system stages and in
the orbit. For systems with two queues, exact formulas are derived to calculate the required performance characteristics. For systems with an arbitrary
number of stages, we employ a machine learning approach in combination with a simulation modeling. The study involved conducting numerous numer-
ical experiments across a wide range of parameters.

Keywords: Queueing systems, tandem system, retrials (orbit), MAP-input, phase-type distribution, simulation, machine learning
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B paHHOM cTaTbe paccMaTpuBaloTca cucteMbl Maccosoro obcnyxusanua (CMO) ¢ rpynnosbimMu
(navey4HbIMM) BXOAHBIMM MOTOKAMM, B KOTOPbIX 3aABKM MOCTYNalOT He MO OTAENbHOCTH, a
naykamu. Llensio paboTbl ABNAeTcA cucTeMaTM3auma Moaenel rpynnoBbiX NMOTOKOB, Nofy4yeHue
aHaNUTUYECKNX BbIPaXXEHWN ANA CpefHen AJIMHbI ovYepeau U AUCNEepCUMM B OAHOKaHaNbHOW
CMO c nocroaHHbIM BpeMeHeM obcnyxuBanua (G/D/1). OcHoBy MeToponorum cocraBnser
MHTEpBaNbHbIA METOA aHanu3a, MO3BOJIAIOLIMA ONUCbIBaTb HEOpAMHapHble MOTOKU 4epes
pacnpepeneHue 4ucna 3aaBok, NOCTynaloLWmx 3a BpeMa o6cnyxueaHua ogHoli 3aasku. B pabote
paccMoOTpeHbl crieflyloliMe MOAEeNnu: FpynnoBOi MyacCOHOBCKUM MOTOK; CMeCh [pynnoBoro
NyacCOHOBCKOIO NOTOKa C (hOHOBLIM OpPAWHAPHBIM MYaCCOHOBCKMM MOTOKOM; FpynnoBow
AETEPMUHMPOBAHHbIA MOTOK C MOCTOAHHLIMM WHTEpPBaNlaMM MeXAy navyKaMu; CMeLUaHHbIW
rpynnoBoi NOToK, 06beAUHAIOWINIA AE€TEPMUHUPOBAHHYIO W TMYaCCOHOBCKYI0 KOMMOHEHTbI;
KBa3MMyacCOHOBCKUI MOTOK C OAMHAKOBbIMM Nay3aMW, FAe KaXKAbli MeX nayeyHblii UHTepBan
COAEPKUT NOCTOAHHYIO COCTABNAIOLLYIO; NapHOe 0606l eHne TaKOro NOTOKa, B KOTOPOM 32 OAUH
UMKn POpMUPYIOTCA ABE NMaYKK; TMNEeP3KCNOHEHUMaNbHBIA FPYNMNOBOMA NOTOK BTOPOro nopsaaka.
PasnuyHble MoAenu nNo3BONAIOT annpOKCUMMUPOBaTL pa3fiMvHble BUAbI NOBeAEHUA peanbHOro
Tpaduka. [Ana Kapow Mopenu nosyvyeHbl aHaNUTUYECKUE BbiPpa)KeHUA, CBA3biBalOLiMe
CcpefiHIo0 ANMHYy ovepeau u ko3 duumeHT 3arpysku. [LocToBEpHOCTb NpeANnoXeHHbIX Moaenen
noaTBepXKAeHa pesynbTaTaMM WMMTALMOHHOIO MOAENUPOBaHMWA, MOKa3aBLUMMMU BbICOKYIO
cTeneHb COOTBETCTBMA aHANUTUYECKMX M IKCMEPUMEHTasNIbHbIX AAaHHbIX BO BCEM AuanasoHe
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OpAMHApHbIM NyacCOHOBCKMM mnoTokoM. lpeanoxeHHbie Mopenu npepcraenaioT cobon
aHanUTUYECKU NPOCTON, HO AOCTATOMHO TOYHBbIN MHCTPYMEHT ANA pacyéTta oyepepen B cuctemax
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BBenenune

Teopus cuctem MmaccoBoro obciyxkuBauus (CMO) npencras-
JseT co0O0i MaTeMaTUYEeCKU ammapaT JUId aHajIi3a MPOIecCoB,
T7Ie BOSHUKAIOT odepeu 3asBoK. OcHOBO# mo00i moaenn CMO
ABIISIETCSI MATEMAaTHUECKOE OMMCaHNE BXOSIIEr0 MOTOKA 3asBOK
Ha OOCIy)XHBaHHE. DBOJIOLMS MOAENEH MOTOKOB OTpa)kaeT
CTpEeMJIGHHE HCCliefioBaTee aJeKBaTHO OIUCaTh pealbHbIe
MIPOIIECChI, KOTOPhIE 3a4acTyl0 CYIIECTBEHHO OTKJIOHSIOTCA OT
UJcaIN3UPOBaHHbIX MPEAIOI0KeHU. McTopuuecku nepBoil u
HanOosee rIyOOKO M3yYEeHHOW MOJICNIBIO CTall ITyaCCOHOBCKHUM
(mpocTeimii) MOTOK, KOTOPBII JIET B OCHOBY KIIACCHYECKOH TEO-
prun CMO, paspabdorannoit A.Sl. Xununusim, A.K. Dpraanrom u
JIpyTUMHU y4eHbIMH B Hadaine XX Beka [1, 2]. OcHOBHBIE CBOH-
CTBa IIyaCCOHOBCKOTO MOTOKA 3TO: CTAI[MOHAPHOCTH (BEPOSIT-
HOCTHBIE XapaKTEPUCTHKH HE 3aBHUCSAT OT BPEMEHH), OpAMHAp-
HOCTB (BEPOSTHOCTD TIOSIBJICHHUS IBYX U O0Jiee COOBITHIT B MaJIBIH
MPOMEKYTOK BPEMEHH TPEHEOPeKMMO Maja), OTCYTCTBHE
noceAeiCcTBUS (MHTEPBAIIbI MEXK/Yy COOBITHSIMU HE3aBUCHUMBI U
pacmpe/ieneHbl YKCIOHEeHIIUaIbHO). [TyaccoHOBCKuUIT TOTOK cTaj
OCHOBOIIOJIATAIONIMM OJiarojiapsi CBO€H MareMaTHUecKOH «J10-
CTYIHOCTU» — MapKOBCKOMY CBOMICTBY, KOTOpPOE€ MO3BOJSET
CTPOUTH AaHAMTHYECKHE peleHus uIsl upokoro kinacca CMO.

Mogenn M/M/1, M/M/n 1 uxX Ipon3BOJIHBIE 10 CHX TIOp OCTa-
I0TCSI BAXKHBIM MHCTPYMEHTOM IIPE/IBAPUTEIHLHOTO aHAIN3a CH-
creM. 1o mepe npumenenus Teopun CMO K peanbHbIM TEIEKOM-
MYHHUKAMOHHBIM CHCTEMaM OOHAapYXWINCh CYIIECTBEHHBIC
OTPaHWYCHUS ITyaCCOHOBCKOW Mojiesiu. PeanbHble MOTOKHM IaKe-
TOB YaCTO JIEMOHCTPUPOBAIM BBICOKYIO IMau€YHOCTb, 3aBHCH-
MOCTb HHTEHCHBHOCTH OT BPEMEHH, KOPPEIALHIO MEKITY HHTEP-
BaJlaMU. DTO MPHUBEJNIO K Pa3BUTHIO HEMAapPKOBCKUX MoJenell mo-
TOKOB: PEKYPPEHTHBIE TIOTOKH, B KOTOPBIX HHTEPBAJIBI MEXKY CO-
OBITHSIMH HE3aBHCHUMbI M OJIMHAKOBO paclpe/iesieHbl, HO He 00s-
3aTeIbHO 10 SKCIOHEHINATBbHOMY 3aKOHY [3].

OTH MOTOKHM CTaJi BaKHBIM 00O0OIICHHEM, COXPaHSIOUIMM
CBOMCTBO OTCYTCTBHS IMOCIENEHCTBUS MPU MPOU3BOJIEHOM pac-
NpE/ICICHNH MHTEPBAIOB. bhutn pa3paboTaHbl CrIEIUaIn3nupo-
BaHHBIE KJIACCHI TIOTOKOB, TAKHE KaK MOIYJMPOBAHHBIE MApPKOB-
ckue norokn (MMPP), rie MHTEHCUBHOCTh COOBITHI yIIpaBIIs-
€Tcs BHEITHIM MapKOBCKHM IIPOLIECCOM C KOHEYHBIM YHCIIOM CO-
crostnuii. MMPP no3Bosnn MonenupoBaTh KOppPEIUpPOBAaHHBIE
MOTOKHU C TIEPEMEHHONW MHTEHCHBHOCTBIO, HAXOASAIINE IPUMEHE-
HHE B TEJIEKOMMYHHKAIUAX I onucaHus Tpaduka ¢ "maded-
HOU" cTPYKTYpOit [4].

K MapKoBCKMM MOJETSIM TAKKE OTHOCSITCS. MHOTOKaHAJIbHbIE
CMO c rpynnoBbiM 00CIyKHBaHHEM, 3aBHCAIIAM OT pa3mepa
TPYIIIbI, U HETEPIEIUBOCTRIO 3as1BOK [5, 6] C pa3BuTHEM HHTEP-
Her-Tpaduka B 1990-x romax ObuTH 0OHAPYKEHBI TOTOKHU C JIOJI-
TOCPOYHO 3aBHCUMOCTBIO B camonoooueM [7]. Moaenu Ha oc-
HOBE (hpaKTaJILHOTO OPOYHOBCKOT'O JIBMIKCHHUSI M YCTOHUMBBIX
pacrpezneneHuii JIeBu mMO3BOIMIAM a/eKBaTHO OMKCHIBAThH CETe-
BOW TpaduK, IEMOHCTPUPYIOUIMH MacIITaOHO-HHBapHAHTHBIC
cBoiicTBa. OfHAKO yKa3aHHbIE MOJEIN OKA3aJIUCh JOCTATOYHO
CJIOKHBIMU M B HACTOSIIIEE BPEMS HE MOIYyYWIN 3HAYNTEIBHOTO
pa3BUTHs. AHATUTHYECKHE METOABI NCCIIEJOBAHNS TIOTOKOB pa3-
BHBAJHCH OT peodpa3oBanuii Jlammmaca-Ctunteeca K MAaTPHYHO-
AQHATUTHYECKUM MeTozaM, pazpadoranasiM M.@. Heifrcom [8].
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1 Knaccuueckast myaCcCOHOBCKasi MOJ1€/1b

B nuTeparype ClOXWIMCH NPOTHUBOIIOJIOXKHBIC B3Il Ha
MIPUMEHUMOCTh ITyaCCOHOBCKOM MOJIENIM K CyMMapHOMY Tpa-
¢uky. Kak nmokazano B [9], Hen3MeHHast ITyacCOHOBCKasi MOJICIIb
COXpaHseT OOBSCHHUTEIBHYIO CHIIy TPH aHAJIH3€ CyMMAapHOTO
TpauKa Ha ONIpeIeNEHHBIX BpEMEHHBIX MacTabax. AHaIN3 Ma-
THCTPaNIbHBIX KaHaoB cBs3u cTangapra OC48 u WIDE nemon-
CTPHUPYET, UTO HA MHTEPBAJIAX MEHBIIE CEKYHIbI pacIpeiCICHIE
MIPOMEXXYTKOB BPEMEHH MEXIy IaKeTaMH SIBJISICTCS OJIM3KHM K
9KCIIOHEHIIMAILHOMY, a KOPPEISILUS MEXIYy COCEAHUMU MHTEp-
BaJIaMH U Pa3MepaMH MAKETOB SIBJISIOTCSA CTATUCTUYECKH HE3Ha-
YUMBIMH ((PYHKIIMST aBTOKOPPEISUK HE BBIXOJHT 3a IPEJIelibl
95%-ro noBeputensHOro uHTepBana). Ognaxko B [10] mpuso-
JTUTCSI, YTO JTAXKE HAa MAaruCTpaIbHOM Tpaduke (M3MEepeHHsI Ha OII-
THdeckoM kanane Gigabit Ethernet ¢ HaHocekyHIHOHM TOYHO-
CTBIO) THIIOTE3a O ITyaCCOHOBCKOM TIpoliecce oTBepraercst (op-
MaJIbHBIMH CTaTUCTUYECKUMHU TecTaMU. ABTOPBI OTMEYAIOT, 4TO
orpyOieHre BpEeMEHHBIX METOK JI0 MHUKPOCEKYH/ MOXKET CKpPbI-
BaTh 3aBUCHMOCTD

B tpaccax maHHOW paboTHI 0OHApPYKEHO camonoaodue u He-
TpPHUBHAIIBHOE MYJIbTU(PAKTATBHOE MacITaAONPOBAHHUE, YTO yKa-
3bIBACT HA HAJIWYME JOJTOBPEMEHHOH 3aBHCHMOCTH, KOTOPYIO
KJIacCHUECKask ITyaCCOHOBCKAsl MOJIEINb TI0 OTPE/ICIICHHIO HE CIIO-
cobHa ynoBuTh. CpaBHEHHE MOjeNel ToKa3ano, 4To Kiaccuye-
CKasi MyacCOHOBCKasi MOJICJb CHCTEMAaTHYECKH HEJJ0OLCHUBACT
BEPOSITHOCTH OJIOKUPOBKH B MHOTOKaHAJIBHBIX CUCTEMAaX U BEPO-
STHOCTb TEPENOHEHHs Oydepa Mo CPaBHEHHIO C MCXOJIHBIMH
TpaccaMu, XOTsl U MMEET CTENEeHb NPUOIMKEHUS, CIOCOOHYIO
OIUCHIBATh ONpe/eNEHHbIE 3aKOHOMEPHOCTH Ha Macmradax
MEHBIIIE CEKyH/IBI.

Taxkum 0Opa3om, HECMOTpPsI Ha MPOTHUBOIOJIOKHOCTH UCXOJI-
HBIX MOCBUIOK, PE3YJIBTaThl PACCMOTPEHHBIX HCCIIEA0BAHUI CXO-
JIITCSL B TOM, YTO IIyaCCOHOBCKHE MOJIENTM CIIOCOOHBI K YacTHU-
HOMY OIMCAaHWIO peasibHOro Tpaduka. B Hacrosmeir pabdote
npeJyiaraeTcs MoIu(GUIMpPOBaTh ITyaCCOHOBCKYIO MOJEIb TAKUM
00pa30oM, 4ToObI OHa ObIIa CIOCOOHA YYUTHIBATE ONPEACIICHHBIC
3aBUCHMOCTH M 3aKOHOMEpHOCTH. Takas Momgudukanus mo3so-
JISIET MOJICTIM OCTaBaThCsl JIOCTATOYHO NPOCTOM, HO INPH ITOM
OIUCHIBATh KOHKPETHBIE CLIEHAPHH TpadHKa ¢ yuETOM 3aBUCUMO-
cTel.

2 UnTepBanbublii anaans CMO

B nannolf paboTe HMCTONB3YIOTCSI MHTEPBAIBHBIE METOJIBI
aHaJM3a, TaK KaKk OHM ONEPUPYIOT HEOPIMHAPHBIMH MOTOKAMH
3asBoK. [losToMy B nanpHelmieM paccMaTpUBaeTCs aHAIW3 WH-
TepBanbHbIME MeToaMu CMO ¢ rpynmoBsIME BXOIHBIMH HOTO-
KaMH 3asBOK (TakeToB, kaapos) [11].

Knaccnueckas teopus CMO mpearmonaraeT paccMOTpeHHE
JIBYX pacIpeleieHUi BEpOATHOCTE!: pacpeesICHUs] BEPOSITHO-
cTen JJIMH BPEMEHHBIX UHTEPBAJIOB MEKAY COCCITHUMU 3asiBKaMU
U pacripe/ieJIeHUs BEPOSITHOCTEH BpEMEH 00CITyKUBAHUS 3as1BOK.
[Tpn mcronb30BaHMM WHTEPBAIBLHOIO METOJ@ MpENoiaraeTcs
aHaJIM3 OJJHOM XapaKTEPUCTHKU — BEPOSTHOCTHOTO pacrpeierie-
HUSI YHCIIA 3aBOK, IPUXO/IIINX 32 TIEPHOJ] 00CITyKUBAHUS O/
HOM 3a51BKH.
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3asiBKH, OCTYIAOIINE B TEUCHUE NHTEPBaJa 00CITyKUBAHMUS
OJHOM 3adBKHU, 00Pa3yt0T HEOPAUHAPHBIH IIOTOK, XOPOLIO COIJIa-
CYIOUIMHCSI C TPYNIOBBIMH IOTOKaMH, PAacCMaTPUBAEMBIMH B
JaHHOU paboTe. C MOMOIBbIO MHTEPBAILHOIO MeTOa ObLIa HO-
JydeHa 3aBHCHMOCTH CpPEIHEro pazMepa ouepean OT BHIOpaH-
Horo koadduirenTa 3arpysku [11]:

N Dm (,0)+ 2COVqu, (p) _E
a(p) = 20-p) 5

3neck p — koabduuueHt 3arpy3ki. OTHOIIEHHE HHTEHCHB-

, ()

HOCTHU BXOIAIICTO ITOTOKA 3asdBOK K HpOHYCKHOﬁ CIOCOOHOCTH
CUCTCMBI. HpI/I % >1 MHTCHCUBHOCTH NOCTYIUICHUSA NPEBLIIIACT

BO3MOXKHOCTH OOCITY)KMBaHHs, YTO MPUBOANUT K HEOTPaHWYECH-
HOMY POCTY OYE€pPE/N 1 MPEBBILICHHIO IPOMYCKHOH CITOCOOHOCTH
CHUCTEMBL. M, () — 3aBUCUMOCTh YUCIIA 32 BOK MPUXOJAIIMX HA

i-it unTepan. Cov — KOBapualus CIy4alHbIX BEJIWYUH —

Qi
KOJINMYECTBA 3a4BOK, IMOCTYNHUBIINX 3a - WHTEPBAJI, U JJINHBI
OYepey Ha NPeIIIeCTBYIONIEM HHTepBaie. OnpenesseTcs Bbipa-
JKCHHUEM:

Cov,, . (P) =101 (2] [M(P) = Pl

Cootnomenue (1) — ato o6o0menne Gopmynst [Mossiuexa-
XWHUYMHA U SBISIETCS! CIIPABEUIMBBIM JUIS JIFOOBIX CTAHOHAPHBIX
MOTOKOB 3asIBOK HPH YCJIOBUH (PUKCHPOBAHHOTO 3HAUCHHS KOI(-
¢urmenTa 3arpy3ku. Eciii B MOTOKe OTCYTCTBYIOT KOPPEIISIIIUOH-
Hbie cpoiictea Cov, . (p) =0, 10 mosyqmm:

_bulp _p
a(p) W-p) 2 o

IIpu anamuze ouepeneit 8 CMO ¢ rpynnoBsIMH MOTOKAMU
KIroueBoi sBisiercst popmyna (1). Tak kak Juist IyacCOHOBCKOTO
noroka 3asBok D_(p)= p, T0 popmyna (2) npMHUMAET BUJL U3-

BCCTHOI'O COOTHOIICHMA
2

—
q(p) 27 o

3 I'pynnoBbie NOTOKH

OnHUM M3 BHJOB MOTOKOB, HAMOOJIEE TOJHO OTPaXKAIOIINX
CBOWCTBa MauyeyHOro Tpaduka TEIEKOMMYHUKAIIMOHHBIX CH-
CTEeM, CliellyeT CYHMTaTh paccMaTpuBaeMble B JIAHHOW paboTe
IPYIIIOBBIE TOTOKH.

B TelekoMMyHHKAIIMOHHBIX CETSIX C MAKETHOW KOMMYTaIlen
(cetu Ethernet, IP) makeTbl TaHHBIX MEPEAAIOTCS TPYyNIIaMHU, 00-
pa3yst TpymnnoBsie (IauevHbie) MOTOKH 3asBoK. B CMO pasnu-
YaroT rPyNIOBEIC BXOqHBIC TOoTOKH (Arrival Batch), korna 3asBku
MPUOBIBAIOT TPYIMIAMH CIYYalfHOTO WM (PUKCHPOBAHHOTO pa3-
Mepa, u TpymmnoBoe obciyxuBanue (Service Batch), korma kanan
00CTy’)KMBaHUS 3a OHY OIEpAII0 MOXET OOCIYKHUTh He-
CKOJIBKO 3aBOK OJHOBpeMeHHO. KoMOMHAIHS 3THX IBYX THUIIOB
co3maer Oorarelii KJIacC MoJelieii, 0oyiee ageKBaTHO OTpaKaro-
IIUX CIIOKHBIE peabHbIe CHCTEMBI.

Jlnsa onucanust Takux CMO ucnonb3yeTcs paciimpeHHas Ho-
taims Kenpamna. Kiaccnueckast 3anuch A/B/m jonomnHsiercs
nByMs mapametpamu: GP: rpymmoBoii Bxo, rae b — pacnpenere-

HHUE pa3Mepa IPyIMIbl BXOJHOTO MTOTOKA (MAaTeMaTHYeCKOe 0XKH-
nmanre G(B)). Hanpumep, o3HayaeT rpymnoBoil mMyacCOHOBCKHIA
MOTOK, C Pacpeic/ICHHEM YKCIa 3asBOK B rpymmax — b u 9KcIo-
HCHIIMATBHBIM PaCIIPEIeICHHEM BPEMEH 00CTyKHBaHHUS B OTHO-
ka"anbHOM CMO.

[TycTh mMeeTCs TyacCOHOBCKHIA TMOTOK HE3aBUCHUMBIX COOBI-
TUH ¢ MHTEHCUBHOCTHIO A. Kaxmoe i-e coobite (i = 1, 2, ...)
03HAYaeT OJIHOBPEMEHHOE MOCTYILICHUE ITaYKH [TAKETOB, MO/JIe-

KallEX repenade. 371ech pasMepsl madek B, — HesaBucHMBIC

OJIMHAKOBO pacrpe/esI€HHbIEe Cy4yaiiHble BEJIMYUHBI C pacipe/ie-
nenneM Pr{B; =k} = f,k =1,2.... Bpems nepesauu kaxaoro

maKeTa 3amaéres JIMCKPETHBIM pacrpeieIeHuEM
Pr{r, =t,} = p,, K =1,2....K , npuuéMm BeIUUNHEI HE3ABUCHMBI

U OJIMHAKOBO PACIIPE/ICIICHBI.
Jliist nanbHEHInero pacyera HEOOXOMMO BBIBECTH MOMEHTBI
mM(z,) ¢ nomolbo npousBoaAIKX GyHkuuid. Onpenenum mpo-

M3BOMSIIYI0 (DYHKIMIO pasMepa Tauku kak f(z)= Z szk :
o
B takom ciyuae as M(z;) uMeeM:

Ghiry(2) = Z:Pr{‘ri =t} = i%”uk(f(z))" =

« At (f
— t (f(2)-1)
= pe

k=1

3,[[60[; HCIIOIB30BAJIMCh CBOMCTBA IMaYeK ITyaCCOHOBCKOT'O
IIOTOKAa:

aGm(‘ri ) (Z)

K
=Y P At, fi(z)e" T
= LR @)

- )

z=1

S -

=ABY pt, =ArB=m(z,)
k=1

m(z,)=ArB

B cBoro oyepeib B U T DOTO MAaTEMaTUYCCKUEC OXXMIAHUS
COOTBETCTBYIOIINX CJ'Iy‘-IafIHBIX BCIIMYNH, aHAJIOTUYHO:

aZGm(ri)(Z)
(0z)’

z=1
K

> (2 F @)+t () e O
k=1 z=1
A7(B’—B)+ 7 (AB)’ =
m’(z,)—m(z,),m*(z,) = A7B* +7° (1B’
B pesyinbrare nonyuyaem:
D(m(z,)) = A7B* + (1B)*D(r)

Eciu npuHsaTh BpeMst 00CIyKUBaHUsI 3aBOK [OCTOSHHBIM, TO
yuuThiBas, uto BAT = p, nonyunm:
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Dm(p): B(I—Vé)p, ®)

2
rae Vg - KBaapar Kod(duiuenTa Bapuauy pasmMepos nauek. Ha

pucyHkax | u 2 npsmoit TuHHEH 0003HAYEHA 3aBHCUMOCTD IS
pa3mepa nauku B=10, Toueunoit muaueit ms B=20, Toukoit-tupe
B=40, tupe B=80. IIpu a3Tom, Ha puc. | mokazaHsI rpaduku 3aBU-
CHUMOCTH JWCIIEPCHH OT KO3 HUIMEeHTa 3arpy3Ku MpPH Pas3ind-
HBIX pa3Mepax madek B. 3aBUCHMOCTH, KaK M CIIEIOBAIO OXKH-
aTh, JIMHCHHEIC.
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Puc. 1. 3aBucumoctu aucnepeun D (p) oT koappuuuenta

3arpysKu p JUI YKa3aHHBIX BBIIIC Pa3JIMYHbIX 3HAUCHUI napamMeTpoB B.

Ecnu nmoncraButh Beipakenus (4) u (5) B (2), pe3ynbTupyro-
UM BBIpQKCHUEM OyIeT:

—— B(-v;
ap)=2U=ve)p_p ©)
2(1-p) 2
®Dopmyna (6) 7aéT BO3MOXKHOCTh BBIYHCIATH CPEIHHE pas-

Mepsl ouepeneit s CMO, Ha BXOJ KOTOPBIX MOCTYTAIOT TPYTI-
MOBBIE [TyaCCOHOBCKUE MOTOKH [12]. 3aBUCUMOCTB CpeiHEl ove-

pean (,0) ot koddduKMenTa 3arpy3KK NPUBEIEHA Ha PHC. 2.

45256

alp)

A

31222
25547
198.70

14103

B35

o e e i e

oo oar o 045 ot o a1

Puc. 2. KpuBbie 3aBHcHMOCTei cpenteid JuuHb odepenn ()
oT K03(HULIHCHTA 3arPy3KH ) JUISL IPYIIIOBOIO IyaCCOHOBCKOTO

MOTOKA JJIs yKa3aHHBIX BBIIIE 3HAYEHUI mapameTpos B.
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4 Bropoii HayaJabHBbIII MOMeHT o4epeneii B CMO
€ TPYIIOBBIMH MYACCOHOBCKUMH MOTOKAMH

Bropoii HayaNbHBI MOMEHT OYepeId MOXKHO OIPEIEITHTh
HCTONB3ys ypaBHeHHe Oananca [13]:

ai(p) =0, (p)+m(p)—35(p);

6;(p)=0,ecnu q_(p)=m(p)=0;
0,(p)=1, 6 npomuenom cuyuae. %)

3zech, Kak u mpexze, M () — YKUCiIo NOCTYNHBLINX 3asBOK,
0,(p) —3HaueHune ouepend, a O, (L) — KOINUECTBO 3asBOK, 00-

paboTaHHBIX 332 BPEMEHHOM MHTEpBAll — 7; .

ITpn uMerommxcst OorpaHMYEHUSIX !

S (P)=3(p), M(P)S(p)=m(p),
G4, (P)S(P) =0, (P) S(p)=m(p).

B mponecce Bo3Benennst ypaBHeHHs (7) B TPETHIO CTEIIEHb,
JUTSL COKpAIIEHUs 3aMuch Ko3(hGUIMEHT 3arpy3KH p OITyCKaeTCst:

®)

Q' =0’ +30% (M =6)+3q (M —5)° +(m, -5
B pe3ynbraTe cCOOTBETCTBYIONIMX MPEe0Opa3oBaHUid, C y4ETOM
orpaHuueHui (8), momydaercs cieayromiee:
9’ =0’ +39°.,m 39",
+3q,_,(m* =2m, +1)+
+(m’ =3m? +3m, - §,)
[IpousBenem ycpenHeHHe 00EHX YacTe:
3¢, (1-m ) =30, (m —2m +1)+
0 -3 +3m)
30°,(1-m) =30, (D, +m, —2m +1)+
Hm =3m +2m,)
3¢, (1-m ) =30, D, +30,,(m ~1)* +
+H(m =3m? +2m)

Janee, HEOOXOMMMO ONPENETUTD (.

m’ —3m’ +2m,
3(1-m;)

m —3m.> +2m,

3(1-m)

> __Dm+(1—mi)2 m_i3_3m_i2_’_2ﬁi

4. =0, (l—ﬁi) 3(1—&)
Il_(l—ﬁi)[Dm_{_(l m|) ] 3(1_5) .




CBA3b

TpeTnii HayaIbHBIH MOMEHT N’ BBIpAXKaeTCs Yepes TpeTHii

LIEHTPAJIbHBI MOMEHT:
H=m-m)’,
M’ =(m —m)' +3mD, +Mm =44 +3mD, +m .

B pesynpTare moacTaHOBKH MOMyYaeTcs CIEIyomIee:

D, +(1-m)
qzi—l = qi—l [——
I-m
_ )
3mD,+m, -3D, -3m, +2m, A

3(1-m;)

BBuny Toro, 4to B rpynnoBoM IIyacCOHOBCKOM ITOTOKE auKu
He3aBHCHMBI, TO B (1) KoBapuanus paBHa HyJIO, B TAKOM Clly4ae

npu moxacraHoBke G, =0(p) u3 (1), mpm yuére, dgro

m(p) = A7 = p , nomy4um:

¢ (p) =2 LI=PU=P)ip (o)1= pY ]+
2(1-p)
P +3pDy(p) =3B, (p)=3p" +2p ()
3(1-p) 3(1-p)

Bropoii HauanbHbIi MOMEHT pa3mepa ouepean B CMO c
IPYHIIOBBIMH ITyaCCOHOBCKMMHM IIOTOKAMH OIIPEAEIISAETCS IPUBE-
JOEHHBIM HIDKE COOTHOLLICHHEM:

Bp—p+p°
F(p)=-L LTl [Bpr1-2p+p*1+
2(1-p) '
P +3Bp’ —3Bp-3p’+2p  i(p)
3(1-p) 3(1-p)

Jots mpocteiimero nmotoka B, =1, 1,(p) = p , BeIpaxeHue

CBOJHTCS K H3BECTHOMY COOTHOIICHHIO:
2

P 1 1,
L= prp)
2(1-p) 373

Takum 00pa3oM, B HOCJIEAHEM CIIy4ae BTOPOI MOMCHT 3aBH-
CHT HUCKITFOUUTEIIBHO OT KO PHUIHEHTA 3arpy3KH.

o (p)=

5 Nucnepcus ouepeneit B CMO ¢ rpynnoBsiMu
NMyacCOHOBCKHMH MOTOKAMH

Omnpeznenum JUCHEPCHIO Pa3MEpOB OUYepeaeil HCIIOIb3ys KaKk
OCHOBY clleiyIoIiee cooTHomenue [14]:

D, (0)= (p)-a(p)

-
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B pesynbrate npeoOdpa3oBaHHil M TIOACTAHOBOK:
— D — o(1—
D, (p)= 2L =PU=D)ip ()42 34 %)
4(1-p) )
P +3PDy(p)=3Dy(p)=3p" +2p  is(p)
3(1-p) 3(1-p)

Jlucniepcust B JaHHOM CJy4ae UMEET 3aBUCUMOCTb OT TPETh-
€ro HEHTPaJILHOIO0 MOMEHTA.

[IpuMeHUTENHEHO K MPOCTEHIIIEMY MyacCOHOBCKOMY TOTOKY
BEIpakeHUe (9) CTAaHOBUTCS CYIIECTBEHHO IMPOIIE M CBOIUTCS K
H3BECTHOMY COOTHOILEHHIO:

B=1,D,(p)=m(p)=p,

: 1
BT

XapakTep U3MEHEHUS AMUCHEPCUU OYEpPEAU DPAs3IndeH Ui
JIBYX THUIIOB ITOTOKOB. J{JIs1 ITyacCOHOBCKOTO MOTOKA: JTUCTICPCHST
ouepenw 3TO (YHKIUS HCKIIOUUTENHFHO Kod(h(uIeHTa 3a-
rpy3kH. st rpynmoBOro myacCOHOBCKOTO MOTOKA: JHCIEPCHS
BBIPAJKAETCS Yepe3 TPETUM LEHTPaIbHbII MOMEHT paclpeese-
Husl pazmepoB nauek. [locnenHuil, B CBOIO o4epeb, Onpeness-
eTcsl CTEIEHBI0 CUMMETPHUYHOCTH 3TOTO PacIIpeACICHUs.

1,
p6p)

6 CyMMHpﬂBaHHe HE3aBUCUMBbBIX I'PYIIIIOBBIX
MMyaCCOHOBCKHUX IOTOKOB

['pymnmoBslie MyacCOHOBCKUE IIOTOKU 00JIaIAl0T HYJICBOH KOp-
penanueit 1 TMHEHHOI 3aBUCUMOCTBIO IUCTIEPCHH OT K02 duiu-
eHTa 3arpy3ku. Kpome TOro, mpu MyJbTHIUIEKCHPOBAaHHU He-
CKOJIBKMUX TaKHX IOTOKOB PE3YJIbTHPYIOLIMH IOTOK OCTa&TCs
IPYIIIOBEIM ITyaCCOHOBCKHM. B Takom citydae mucnepcust pe-
3yJIbTaTa paBHAa CyMMe AUCIEPCUIl HCXOJHBIX TOTOKOB, a KO3(-
(urmeHT 3arpy3ku — cyMMme ux K03()(UINEHTOB:

D,.(p)=2_Dy(p).
pzzpiﬂ

rae M 9To KOJIMYecTBO MCXO/HBIX MOTOKOB. B cooTBeTCTBUM C
BbIpayKeHUEM (2) Uil OJHOKaHAILHON CHCTEMBI MAacCOBOTO 00-
CIy’)KUBAHUSI C TPYIIIOBBIM ITyaCCOHOBCKHM IMOTOKOM CpEIHHI
pasMep ouepeu 3aMIChIBACTCS CIIETYIOMINM 00pa3oM:

- PE P
Q(p)—m_p) %

Toraa dopmyna i cpeqHero 3HaueHUsl ouepeau Cymmap-
HOTO NMOTOKa MpuHuUMaet Bua [15]:

M M M ?
XD Xa PART
q(p): i=1 — _ =l __ = L _E

0y 2 Ao 2

1% .
3neck P =" 5710 BeposTHOCTB 3arpy3KkH i-M MOTOKOM.



7 I'pynnoBoii yacCOHOBCKHIi IOTOK B YCJIOBHAX
CylIecTBOBAaHUS ()OHOBOI0 OPIAUHAPHOIO ITyaCCOHOBCKOI0
NMOTOKA

Kak 0b110 CKa3aHO paHee, TPYIIIOBOMY ITyaCCOHOBCKOMY I10-
TOKY CBOHCTBEHHBI CTaIllHOHAPHOCTh M OTCYTCTBHE IOCIICICH-
CTBUS, HO HE CBOWCTBCHHA OPJMHAPHOCTB: JIOMYCKACTCS OJHO-
BPEMEHHOE TPUOBITHE HECKONBKHUX 3asBOK («maykm»). CoObI-
THEM SIBJISIETCS TPUOBITHE TTAYKH CO CITyYaiHBIM YHUCIIOM 3asSBOK

B,. B uwacTHOM ciryuae rpymmoBOro IyacCOHOBCKOTO MOTOKA

Mayvka, COCTOUT POBHO U3 OJTHOMW 3asBKH U COOTBETCTBYET OOBIY-
HOMY ITyaCCOHOBCKOMY HOTOKY. B 001em ke cirydae coObITHE B
IPYIIIOBOM OTOKE 03HAYACT OJTHOBPEMECHHOE MPUOBITHE MTAYKH,
colleprKaleil cllydaifHOe YHCIIO 3asBOK (pacmpelenEHHBIX CO-
[JIACHO HEKOTOPOMY 3aKkoHY). [Ipu 3TOM COXpaHSIOTCS CTAIHO-
HApHOCTh M OTCYTCTBHE MOCIEACHCTBUS, HO TEPSAETCS OpAUHAP-
HOCTH (pa3pelieHbl MHOYKECTBEHHbIE MOCTYIUICHHS B OJMH MO-
MeHT). B manHO# paboTe 3a cirydaifHOe 9HCITO 3asiBOK CYHTACTCS
JIOCTATOYHBIM NPUHATH 3HaYeHHe B kak mocTosiHHOE 03HAYalo-
1Iee cpejiHee KOJIMYECTBO MOCTYIAIONIMX TaKeTOB U OyJeT uc-
OJIb30BAHO MOJA00OHBIM 00pa3oM B HayibHEHIINX (HopMysax, 10
TeX Top, M0Ka He YKa3aHO HHaue.

Kak ObUIO OTMEYCHO paHee, 3aBUCUMOCTh JIUCIICPCUU

D, (p) ot kosdduumenTa 3arpy3kn O HOCUT THHEHHBII Xapak-

Tep, YTO CIPaBEITUBO KAK JIJISL TPYIIIIOBOTO, TAK M JUIsi OOBIYHOTO
ITyacCOHOBCKOTo mortoka. Koadduimentsr 3arpy3ku oiHOKa-
HanbHOM CMO OT IpyNIIOBOTrO IyacCOHOBCKOTO U OT OOBIYHOTO

ITyaCCOHOBCKOI'0 IOTOKOB 0003HAYUM Kak pl nu p2 COOTBCT-

cTBeHHO. [IJ1s1 HE3aBHUCUMBIX TMOTOKOB JUCIIEPCHUs] U KOAPduIu-
€HT 3arpy3KH pe3yJIbTHPYIOIIEro MOTOKa PaBHBI CyMMaM COOT-
BETCTBYIOUIMX BEJIIMYUH OT/EIbHBIX IOTOKOB

CrnenoBareiabHO, CyMMapHbBIH KO3(DPHUIMEHT 3arpy3KH MPH-
HUMAaeT 3HaueHHUE:

p=p +p,=pP+p1-P),

rue P — BeposiTHOCTB TOTO, UTO 3arpy3Ka 00yCIlIOBJIE€Ha IPYNIIO-
BBIM ITyaCCOHOBCKHM TTOTOKOM.

Cpeansist nnuHa ovyepenu B CMO, Ha KOTOPYIO MOCTyHaeT
CMECh YKa3aHHBIX MOTOKOB, BBIPAXKAETCs CIAEAYIOLIMM COOTHO-
LHICHUEM:

— _[PB-D+1lp p
a(p)= ) > B>1.

Yucnurenb B JAHHOM BBIPOKCHUH JIMHEHHO CBSA3aH C KOA(]-
¢unnentom 3arpysk p . [Ipu 3Hauennn P = 1 ponOBBIH myacco-

HOBCKHII IOTOK OTCYTCTBYET, ¥ IPH (PUKCUPOBAHHOM IapameTpe
B ncxongHoe BeIpakeHue npuBOAUTCS K BULY (1) ¢ HyneBoit ko-
Bapuanueil. B curyanuu, xorna P = 0, rpynnoBoii myaccoHOB-
CKHH IIOTOK OTCYTCTBYET, M (hOpMyJIa HEPEXOIUT B COOTHOIICHHE
(3). [Toce cOOTBETCTBYIOMIMX MPEOOpPa30BAHUIN HCXOIHOM 3aBU-
CHUMOCTH TIOJTy4aeTCsl BEIpasKeHNE, KOTOPOE yUUTHIBaeT 00a pac-
CMOTPEHHBIX CITydasl.

—:,1)P(B'—1)+p2
a(p) B

Wzmensist 3HaueHue kodpunnenta P, MOXKHO peryaupoBarb
HaydaJIbHBII Yrojl HaKJIOHA KPUBOH, OTpakarolied 3aBUCHMOCTD

B=1.

5 =
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CpelHel UIMHBI Ouepelin OT 3arpy3KH CUCTEMBI. DTO MO3BOJISIET
OCYILIECTBIIATh HACTPOMKY MapaMeTpoB MOJENIH JJIS allpOKCHU-
Mally peaibHOro BUIEONOTOKAa. B naHHON MOAeNn 4YucIuTeNh
COJICPKUT IB€ KOMIIOHEHTHI: JINHEUHYI0, KOTOpask ONpeaeIIseTcs
JI0JIeH TPYMNIOBOIO MyacCOHOBCKOTO MOTOKA, U KBaJIpaTUYHYIO,
OIMKCHIBAOIIYIO BKJIAJl ()OHOBOTO TPYIIIOBOTO MOTOKA.

Ipu pasmepe mauku B=1, OTOK CTAHOBUTCSI OOBIYHBIM ITyac-
COHOBCKHM ITOTOKOM, ¥ JTaHHAs1 ()OPMYIIa CTAHOBHUTCS Klacchuie-
CKUM BBIpaxxeHueM (3).

7.1 prnnonble ACTEPMHUHHPOBAHHBIC U CMEHIAHHBIC MOTOKHU

B nanHOM pa3zene BBOJIATCS U pacCMAaTPUBAIOTCS IPYMIIOBBIE
TIOTOKH, XapaKTCPU3YIOMIUECA TEM, YTO MHTCPBAJIBI MCKIAY I10-
CJICO0BATCIIbHBIMU IMAaYKaMH SABJISAKOTCA IIOCTOAHHBIMH, TO €CTh
HOCAT JEeTepMHHUpPOBaHHBII Xapakrep. B paccmarpuBaeMom
YaCTHOM CITy4ae, KOTJia pa3Mephl Madek MMOCTOSHHEI, (Gopmysia
JUIS CPEeTHUX Pa3MEpOB MaveK MOJIydaeTcs JOCTaTOYHO MPOCTON
[14]:

— Bp p
a,(p)= B

YKazaHHbIE 3aBUCUMOCTH O4epeaei HOCIT JTUHENHBIN Xapak-
Tep. Ecnu rpynnoBoii myaccoHOBCKUM TOTOK COBMECTHUTh C IPYII-
MTOBBIM JETEPMUHUPOBAHHBIM, TO TaKOH MOTOK OyaeM Ha3bIBaTh
TPYTIIOBBIM CMEIIaHHBIM. Takol MOTOK MOKET OBITH MCIIONIB30-
BaH B Ka4eCTBE MO/IeNIeH aueqHoro Tpaduka.

| )

4213

3257

13.40

D.000 025 0.50 0.75 1.00

Puc. 3. Kpusbie 3aBucumocteii cpeiHux pasmepos ouepeneii ((,0)
OT K03 (DULIMEHTA 3arPy3KH O B CIIy4ae CMEIIAHHBIX TPYTIIOBBIX

IIOTOKOB

Ha puc. 3 nokaszaHo, Kak MEHSIIOTCS CpEeIHHE JUIMHBI Ouepe-
JIeH B 3aBHCUMOCTH OT KO3 (HUIHEHTA 3arpy3KH O ISl CMEIIaH-

HBIX TPYNIOBBIX MOTOKOB. PaccmaTpuBaroTcs pasindHbIE COOT-
HOILLIEHHS] UHTEHCUBHOCTEH AETEPMUHUPOBAHHOM U IPYIIOBOH
COCTaBJIAIOLINX, YACIIO 3a8BOK B IMayKaX MPHU 3TOM OJHHAKOBOE.
BepxHss kpuBas OTBE4aeT TPYyNIIOBOMY ITyaCCOHOBCKOMY IIO-
TOKY, HIWKHSISL — IPYIIIIOBOMY JeTepMHUHMpOBaHHOMY. Cpennue
KPHBBIE OTPa)kaloT 3aBHCHMOCTH CPEIHUX pasMEpoB ouepesei

q(p) ot koddduIEeHTa 3arpy3KH O I CMEIIAHHBIX TPYIIIO-

BBIX IIOTOKOB. YeM HIDKe KpuBasi, TCM 0oJIbIIIe J0JI ACTCPMHUHU-
pOBaHHOfI YacTu Cpe€au CMEUIAHHOT'O ITOTOKA.




CBA3b

Ecmu crnoxuTh cpemHue 3HAUCHUS OYepeneH, IMorydaecMble
P HE3aBUCUMOH T€HEPAIlUH TPYIIOBBIX ICTEPMUHUPOBAHHBIX
U TPYNIOBBIX ITyaCCOHOBCKMX IMOTOKOB, NMPHXOIUM K CIEIYIO-
IIEMY BBIPAKCHHIO:

a(p)=0d,; (PP +0a,(p)1-P);
Bp(-pP)_p

a(p)= 2=p) 2

(10)

a, ( p) uq, ( p) — COOTBETCTBYIOIIUE CPEIHHE OYePEeaU s

IPYMIOBBIX JICTCPMUHUPOBAHHOTO U MyaCCOHOBCKOTO CIYYacB.
Pasmepbl mauek i 000MX TOTOKOB MPHHUMAKOTCS OJUHAKO-
BBIMH, TTIOCTOSTHHBIMH U paBHBIMH B. BeposSTHOCTH MOSBICHUS
HMHTEpBaJIa JCTCPMUHUPOBAHHOTO MOTOKA paBHA P, myaccoHOB-
ckoro (1 — P). Coornomenne (10) maét moCTaToOYHO TOYHYIO
OIIEHKY CPEJIHUX OYepejel il CMEIIAHHBIX TPYIMIOBBIX MOTO-
KOB, 4TO MOJATBEPKIACTCSI PUCYHKOM 4.

alp)
354

30

254

20

P=0,75

01 02 03 04 05 06 07 08 09
Puc. 4. ConocrapiieHue 3aBUCUMOCTH CPEAHEH JUIMHBI OUepean OT
3arpy3Kku npubopa, NOCTPOSHHOH 10 JaHHBIM UMHUTALIMOHHOTO

MozenupoBanus, ¢ pacuéramu o Gopmyie (10). Pazmep nauku B = 20.

8 I'pynnoBbie KBa3MIyacCOHOBCKUE MOTOKH
€ OITMHAKOBBIMH NAay3aMHu

Ha 6a3e Mozeny rpymnmoBoro myacCOHOBCKOTO MTOTOKA TPEJ-
Jlaraercs ee pacluMpeHne — FPyNIoBOH KBa3UIlyaCCOHOBCKUM MO~
TOK, XapaKTePU3YyIOIIUNHCS OAUHAKOBBIMU M1ay3aMH.

XapakTepHOl 0COOEHHOCTBIO PACCMaTPHUBAEMOTO TPYIIIO-
BOI'0 MOTOKa ABJISACTCA TO, YTO K KaXXJIOMY OKCIIOHCHUHAJIbHO

pacrpe/ielIeHHOMY HHTEepBally N00aBJISI€TCS OJIMHAKOBBIN U TO-
crosiHHbIN uHTepBan T. IlocTynieHue 3asBOK B JaHHOM IIOTOKE
MIPOMCXOJIUT TTAYKAMH, TJIe YMClia 3as5BOK B KaX/10M [1aUKe - He3a-
BHCHMbIE, OJTMHAKOBO pacipe/ieEHHbIC IUCKPETHBIC CIyYaiiHbIe
BEJIUYHHBI By.

WHTtepBan BpeMeHH MEXKIY MOMEHTaMH TPHOBITHS MOCIIEN0-
BaTEJbHBIX Na4yeK MPEICTABIICT CO0OH CyMMy OKCIIOHEHIIH-
AJIBHO pacIpeAeIéHHON CilydaiiHON BEJIWYHHBI C TapaMeTpoM A
1 MTOCTOSIHHO BeJIMYMHBI BpeMeHH T. [ToCKOoNbKy KIroueBOi nH-
TEpec MpEeJCTaBIISIeT CBSI3b MEXJy CPeAHEH JUIMHOW ouepenu H
3arpy3Kkoit npubopa, u Mpu 3TOM BPEMEHHOM MAacITab He BaKeH,
paccMaTpuBaeMblil KBAa3MITyaCCOHOBCKHU TMOTOK MOXET ObITh
OIMCaH ¢ NOMOUIBIO IBYX [1apaMETPOB: B — MOCTOSIHHBINM pazmep
nauku, & = AT — BenuuuHa, paBHask OTHOIIEHHIO JIETEPMUHUPO-
BaHHOW May3bl K CpeIHEMY 3HAYCHHIO BPEMEHH SKCIOHEHI[H-
aJbHO pacrpe/IeIéHHOro HHTEepBaja

Jnst ompezesieHUsi TapaMeTpoB MOJIENM  HMCIIOJB30BalIOCh
00o001eHne Gpopmyiist [Tonsiuexa-Xunuwnna st cuctemsl G/D/1,
MOJIYY€HHOE MHTEPBAIBLHBIM MeTOI0M [16]. B pesynbraTe momy-
4yeHa (opmyJia, TO3BOJISIONIAs OLEHUTHh CPEIHIOI OYepesb B
CMO G/D/1 B 3aBucumocTH 0T K03((uIMeHTa 3arpy3Ku IpH-
6opa. [Tonyuennas popmyia IeMOHCTPUPYET XOPOILIEe COOTBET-
CTBHE C PE3yJIbTATAMU UMUTAI[HOHHOTO MO/ICIIUPOBAHHUSL.

— pB—p(l—
q(p) =227 R) '02( p)’ ecu p< p,
q(p):&(z_&)(w)
PP 2 (11
LB P UZP) i ps

2(1-p")

Ha puc. 5a u 56 nuHHSAMHU U300paKCHBI BBIXOIHBIC JTaHHBIC
MMUTALUOHHONW MOJICIIH, MAPKEPaMHU - pacUETHBIC TOYKH 110 (op-
myiae (11). Ilpum sTom, Ha pucyHKe 5a 3Be3/10H 0003HAYECHBI
pe3ynbTathl mpu mapameTpax o =0.5, TpeyroibHUKoM « =1,
KpyroMm « =2. Pe3ynpTaThl MOAEINpPOBAHHS, 0003HAYCHHBIC THPE
a =0.5, Touka-Thpe =1 ¥ cIIoIWHON ¢« =2 cooTBeTCTBeHHO. Ha
pucyHKe 50 3Be3/10i 0003HAUCHO OIICHOYHOC 3HAYCHUE C ITapaMeT-
pom B=10, rpeyromsankom B=50, xpyrom B=100. Pezynsrars! Mmo-
JIeTIMPOBaHMsT 0003HAUYCHHBIC TUpEe MMEIoT 3HaueHne B=10, Tou-
koii-trpe B=50 u crimormaoir B=100 cooTBeTCcTBEHHO.

[omydeHHoe mpHONMKEHNE MTOKAa3bIBAECT BHICOKYIO CTEICHb
COOTBETCTBHSI.

LpeAHAR D4EpEib

01 02 04 05 06 07

3arpyska npuGopa

a)

0.3 0.8

CPeAHAR O4EpElb

04 05 06 07

3arpysxa npubopa

6)

Puc. 5 Conocrapnenue pe3ynbTaToB HIMHTaMOHHOTO MOJECIMPOBAaHUs ¥ pacu€ToB 1o opmyie (11) st 3aBUCUMOCTH CpeHEH ITIMHBI Ouepe i
oT k03 (pULMEHTA 3arpy3KH CUCTEMBI: a) BCE MOTOKK MMeIoT napameTp B = 20; 6) Bce moToku nMeroT mapamerp o = 1.
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8.1 [IapHble rpynnoBbie KBa3UIIyaCCOHOBCKHE
MO/IeJIM MTaYeYHOro TpaukKa

[TapHblii TpynIoBO KBAa3UIlyaCCOHOBCKHUM IOTOK IIPENCTaB-
nseT co0oi MOAM(HUKANNIO TPYIIOBOTO ITyaCCOHOBCKOTO IIO-
TOKa, B KOTOPOM KayK/JIbIil MEXIIauyeqHbI HHTEPBaJ COIAEPHKUT J0-
MOJTHUTEIbHYIO TOCTOSIHHYI0 BPEMEHHYI0 cocTaBistomlyro T.
ITociie 0OKOHYAaHMS TIOCTOSIHHOM COCTABJISIOIIEH IPOUCXOAUT Ie-
Hepauusl AONOJHUTENBHOW Mauku 3asBoK. CleqoBaTeNbHO, B
paMKax OJTHOTO MHTEpBajia MIMEETCs IBa MOMEHTA IPHOBITHS T1a-
uek ¢ pasmepamu B, u B, .

B,=4B, B,=(1-5)B, B, +B,=B, fe[0,1].

Cxema OTHOTO IMKJIA TAPHOTO TPYIIIIOBOTO KBAa3HITyaCCOHOB-
CKOTO IOTOKA IPEJICTaBJICHA Ha puc. 6.

PaccmarpuBaemast MOJIeIb SIBIIICTCSI MOAM(HUKALIUCH TPYIIIO-
BOTO KBa3WITyaCCOHOBCKOTO ITOTOKA C OJMHAKOBBIMHU ITay3aMH.
[pu B,=0 sta Mogudukanms CTaHOBUTCS aHAJOTHYHON MCXO-
HOMY NIOTOKY. B naHHO#M Mozenn oTpaskeHO CBOMCTBO PEAIbHOTO
Tpaduka: OOJIbIINE TAYKK TMAKETOB pa3eNsioTcs Ha Habop He-
CKOJIBKMX MEHBINNX MO/IaueK.

—_a
P =g
B
a g™,
NG
Br
T
T+1/A
1
<
5| P7 B P (TB)a+)
“.B:
.B'
LT ]
|Br
T+1/A

CBA3b

BI B|

T 1/A

T+ 1/A

Puc. 6 CxemaTuueckoe MPEACTAaBICHUE BPEMEHHOT'O UHTEPBaJia
MapHOIr'o IpynroBOTro KBa3uIlyaCCOHOBCKOT'O IIOTOKA B IIpeaeax
OJIHOI'O LHKJI1A.

Takoe pa3jeneHne CHUKAET MMKOBYIO HATPY3Ky M JAET BO3-
MOKHOCTB 00JIEE TOYHO OMUCHIBATE BPEMEHHYIO IIPOTSKEHHOCTh
nepeiauk aKeToB B CETH.

BBoauTcs orpaHMdeHne: OCTOAHHbBIN uHTepBan T He MpeBbI-
[IAET CPEIHEH IJIUTENBHOCTH JKCIOHEHIMAIBHOM COCTaBJIsIO-
el IS TOT0, 9TOOBI TPYIIIOBOM HOTOK HE CTAHOBUJICS H3IHIIHE
JIETEpPMUHMPOBAHHBIM. J[JIsl BRIPaKEHHS COOTHOIMICHHS OCTOSH-
HOTO MHTEPBAJIA K SKCIIOHEHIIMAIEHOMY MCIIONIb3yETCS BBIPaKe-
nue: & = AT . Boeipaxkas 1aHHbIH (akT 4epe3 HePaBEHCTBO, TOJIY-
yaem: ¢ <1.

._a . a
P>ae1 ' P<Ba+)

T+1/A T+1/A

a . 1
ol "B P (B)a*)
.
BI
" e \
T T

T+1/A T+1/A
“Br

Puc. 7. VI3MeHeHune yncia 3asBOK B CHCTEME [UIsl PA3JIMYHBIX CIIydaeB 00pabOTKH Mavyek B1 u B2 :

a) B = B, + B, ycnesaer o6paGorarscs 3a npomexyrok T; 6) B = B, + B, ne ycneBaer o6paGorarscs 3a npomexyrok T, npu sToM mauka B, He

ycreBaer o0pabarbiBathes 3a mpomexxyTok T; B) [Tauka B = B, + B, ne ycneaer o6paGorarscst 3a mpomexyrok T, mpu stom mauka B, ycmnesaer

obpabartsiBathest 32 mpomexyTok T; 1) B = B, + B, ne ycnesaer o6paGorarscst 3a mpomexytok T, mpu atom mauku By u B, He ycrnesator 06pa-

1
60TaThCs 32 COOTBETCTBYIONIHNE MPOMEXYTKH T 1 1

g
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Jlist pa3paboOTKH aHAINTHYECKOW MOJIENN HCIOIb30BATUChH
MPEATIONOKEHHS, CXOXKHE C pe3ysibTaTaMyd MOAW(PHUIUPYEMON
MOJIEIIH, ONTMCAHHOM B MPE/ABIAYIIEM pa3zerne. PucyHok 7 -
CTpUpYET AMHAMUKY U3MEHEHHUSI OUepe/Id BO BPEMEHH JUIsl aHa-
n3upyeMoi monenu. BennumHa mmomamn AS  COOTBETCTBYET
peoOpa3oBaHUI0 TPEYTOJILHOW OO0JIACTH, HCIIOIB3YEMOH MpU
BBIUMCIICHUH MTOMPABOYHOTO KOAPPHUIIMEHTA UCXOTHON MOJICIIH.

B 3aBucuMocTH OT ypOBHSI Harpy3ku BO3MOYKHO HECKOJIBKO
CllyyaeB KOTOpPbIe HEOOXOAMMBI OTPAa3UTh B AaHATUTHYECKOH MO-
Jend. B 9acTHOCTH, paccMaTpHBAIOTCS CIETYIOMINE YCIOBHSL:
ycrieBaeT Jii ObITh 00CITyKeHHOH nauka B 1o okoH9aHus mpome-
KyTKa T; ycrieBaroT i ObITh 00CIyskeHHbIME B, 1 B, 10 okon-

YaHWA MMOCTOSAHHOI'O ITPOMEKYTKA Tu J10 OKOHYAaHHs DKCIIOHCH-

1

IHUAJIBHOTO MPOMEXKYTKa CO CpEIHUM 3HAYCHHUEM Z COOTBET-

CTBEHHO. B ciyuae r), korna obe mauku B, u B, He ycneparor

00CITY)KHUTBCSI B ITPEieaX CBOMX HHTEPBAJIOB, TO OUEpPE/Ib pacTeT
0ECKOHEUHO, U OlpeJieNIeHe €€ CPeIHEro 3HauCHUs aHaIUTHYe-
CKH TepsIeT IPAaKTHYECKYO IIEHHOCTh. JTO CBS3aHO C TEM, UTO 3a-
SIBKY TIOCTYTIAIOT OBICTpEE, YeM 00pabaThIBAIOTCS, IOATOMY OUe-
penb HEOrpaHWYEHHO PACTET, @ KaHaJl OKa3bIBACTCS MOJHOCTHIO
3arpy’KeHHBIM. Y CPeJTHEHHBIN pa3Mep odepe/ Iy IepecTaeT 0Too-
paxaTh peaJbHOE COCTOSIHIE CUCTEMBI.

Takum 00pa3oM, JaHHBIE yCIOBUS MOKHO BBIPa3UTh aHAJH-
THYECKH € TOMOIIBIO CJICITYIOMUX COOTHOILICHHI:

BT<T,
Br<T,

1
BzT<z.

C mpaxkTn4ecKol TOYKH 3pEHUsI JaHHbBIEC YCIOBHS LIEJIECO00-
pasHo omnpezaenats depe3 koddduupent 3arpysku. s sroro
MO>KHO HCIIOJIb30BATh yXKe HMEIOLINecs aHaTUTHYECKHE COOTHO-
HICHUST MOIU(DUIMPYEMOIl MOJEH; OHU B JalbHEHIIEM TakKe
OyayT IPUMEHATHCS TPH pacu€rax | Jyis MpeoOpa3oBaHUsi UTO-
TOBBIX BBIPAYKCHHMN:

T+%
r=p—2=4 12
- (12)
p*:p_po’
1-p,
a T
o= = (13)
a+l 1,2
B*=|B|1-2 ||, (14)
Yo

Torza orpaHuueHus yisl pa3HbIX BAPHAHTOB 0OPaOOTKM MavyeK
MOYKHO TIPE€ACTaBUTb B BHUAC CICAYIOHINX AHAJIMTHYCCKHUX HEpa-
BCHCTB!:

e 15
p<(a+1)’ (13)

a
P<m, (16)
PR — (a7

<—.
(=) a+1)

ITpu 5ToM, eciu BeImonHseTes yenosue (15), TO BBITOTHUTCSE
u yciosue (16), tak kak S <1

B cmyuae (a) Bo3MoxkeH mpsMol pacu€T cpenHeil ouepenu,
UCXOJs U3 MOBEICHUs BO BpeMeHH. LuKi1 BKkiroyaeT B ceOst He-
CKOJIKO TIOCIIeIOBATEIbHBIX HHTEPBaIOB. CpeHsis JUIMHA Ove-
pely 3a IUKJI PE/ICTAaBIsIET OO0 yCpeIHEHHYIO BEJTMYMHY OYe-
penu 3a BeCh LUK PabOThI CHCTEMBI.

OnpenenuM CpeHIOI MPOIOJDKUTEIBHOCTD UK U KO3 (-
(bunMeHT Harpy3KH Kak:

T+l= 1,,.
A A
p=ABr. (18)

Ha ocHoBanuu OTOTr'0, CPEAHAA JIMHA OUCPEAU JId JaHHOT'O
ClIydas onpeacsieTCsd CICAyromnumM 06p3.30M:
- * (82T +Bzf) *
— _ 1 2 _
q(p) = (Sg; + Sy )4 T — A=

_ (B*B*r +1- p)*B*r) 2
2 .
Ecmu yuects (12) umn (18), pe3yapTHPYIOUM BBIPAKSCHUEM

cpeaHeit ouepenu Juis ciaydasi, korja B ycrieBaer oOpaboTaThest
3a IPOMEXKYTOK T, SBISIETCS:

_ B(l-28+2p°
o) =221 f+ﬁ).

Crny4an (6) 1 (B) MOKHO paccuuTaTh, CKOPPEKTHPOBAB (op-
Myy Momuduimpyemoit moaenu. [TomnpaBounsnii ko3dduiuert
OIpe/IeNIsieTCs KaK:

KoPofr_ Po|_S*
p p) S
rae S * — miuomane Tpameuy, BKIIoYalomas B cebs miomans
2
AS , a S — nuomiaap TpeyroibHUKa, paBHas S = L* .
2(B -B )

W3 pucyHka 7 BUIHO, YTO IMOCJE pa3/elieHus MadyKy Ha JIBe
COCTaBIISIOLINE, PE3YIbTUPYIOLIEe COOTHOLICHHE IIIOLIAneH s
MOIIPAaBOYHOT0 KOG GHIIMEHTA TPUHIUMAET BUJI:

_AS
S

K

[Tpu sTOM B 3aBUCHMOcTH OT ycnoBuii (16), (17) u (11) Benu-
ynHa AS OyAET NMETh pa3IndHOe 3HAYCHHUE.
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.
TB,, Bla +11)

p<——m—.
S (I-B)a+1)
P<L;

BB, Pla+1)

>4

(ax+1)

Takum 00pa3om, KodGHUIUESHT [UIs CIydasi, KOTJa YCIOBHs
(15) u (16) He BBIMOIHSIOTCSI CYUTACTCS CIIETYIOLIMM 00pa3oM:

(B+BjT
(S -As 5 *T8,  2TB,(B-B’)
ew T g T TB? IR - CR
2(B—B*)

IToncrasum Belpaskerue (14) B hopMyity BbIlIe, IPEACTaBUB
ero B BUjE:

(B-B) _p
B p
B pesynbrate nomydaem:

K—Zﬂ—ﬂ%%i}

Yo,

Ecnu ycnosust (15) u (17) Beinonusitorest, Ho ycnoue (16) He

CB43b

(B+B")T
S _AS +B,B7 2B,B,7(B-B’)
Korew =g = TB? =K -
2(B-B)
:K_zﬂ(l—ﬂ)r(B—B*)

T

ITpu yuere Boipakenuii (12), (13) u (14) pesynbrupyromei
(hopMymoit a1 TaHHOTO ciydast apisercs: K —2 ﬂ(l - ,B).

Torpa, ecnm cobpaTh Bce pe3ylbTUPYIOIINE BBHIYMCICHUS B
OJJHO aHAJMTHYECKOE BBIpaKEHHUE, OTpakaloliee pa3padaTbiBae-
MYI0 MOJIEIb, TOJIYyYUM OKOHYATeIbHO (19).

Ha pucynke 8 mpuBeficHO cpaBHEHHE pe3ylIbTaTOB pacuera
cpeaHeit jumHbI ouepenu 1o hopmyiie (19) ¢ pesyspratamu nmu-
TALMOHHOT'O PKCIIEPUMEHTA IIPOXO0XKIECHHUS [IAPHOTO IPYNIIOBOTO
KBa3HITyacCOHOBCcKoro noroka gepes CMO tuna G/D/1. Ha pu-
CyHKe 8a IpUBEIEHBI MPUMEPHI sl (PUKCHPOBAHHOTO CyMMap-
HOTO 3HaueHus B u pUKCHPOBAHHOTO 3HAUEHUS (¢ NPH Pa3Iny-
HBIX 3HAYEHUsIX Kodpduuuenta [ . Bepxuss cruionrHas Kpusas

OTpaXkaeT 3aBUCUMOCTb Ui 3HaueHusi o =1, cpenusis o =0.5,
HwkHAA @ =0.1 Koaddunuent S onpenenser cootnomenne B,
u B, . B npenensusix ciayuasx, npu f=0, £ =1 napusuii rpymn-

MOBO KBA3UITyaCCOHOBCKHUI MOTOK CBOAMTCS K MOAUDUIMPYE-
MOMY TPYNIIOBOMY KBa3HITyaCCOHOBCKOMY TOTOKY C OJMHAKO-
BBIMH [1ay3aMH, & COOTBETCTBYIOIIEE AaHATUTUIECKOE BBIPAYKEHHE
CTaHOBUTCS aHAIOTMYHbIM BbIpakeHuto (11). Ha pucynke 80
TIPUBEJICHBI TPUMEPHI TSI (PUKCUPOBAHHOTO CYMMAapHOTO 3HaYe-
HUA B 1 QukcupoBaHHOro 3HaueHus [ HpU pa3UUYHBIX 3HAYe-

HUSIX KO3 unuenTa ¢ . Bepxuss crutonrHas KpuBast OTpakaeT

BBITIOJTHSICTCSL:
3aBUCHMOCTb Ul 3HaueHus f =1, cpeausas [ =0.5, HKHI
£ =0.1 IlomyuyeHnHoe NpUOIMKEHHE MOXKHO MPU3HATH BIIOJHE
YJIOBIIETBOPHUTEIILHBIM.

pB(1-28+2p) o
B ,0 <
2 (a+1)
k_x * % p> o
— (po(. Py Py \|pB-p(1-p) P B —F (1_’0 ) pla+1) (19)
ap) =1 2 2= |-2(1- )| L : . 1
P P p 2(1— p ) pe— L
(1=p)a+1)
a
k_x * %
_ _ P>
pol. P B-p(l-p) P B P(lp) +1
[_0[2‘_0}%—/3)]” — LT
p 2(1- o ) pe O
Pla+1)

_
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FLL ]

----- Maogenuposanwe, a =01, B = 20, B=0.5 ]
—=—— Mogenuposaxue, a= 0.5, B =20, f=0.5 .
—— Mogenuposanue, a=1, B = 20, B=0.5 / _'
« Ouenxa, a=0.1, B=20, B=0.5 i I.‘
s  Duewka, a= 0.5, B=20, B=0.5 H ;
*  Ouewxa, a=1,B=20, B=0.5 . ]

15.04

1259
i J

10,04

—— MogenupoBanie, a = 0.5, B = 20, B=1
=== Mopenuposanwe, a =05, B = 20, B=0.8
------- Mopgenuwposanwne, a =05, B = 20, B=0.5
«  Ouewsxa, a =05, B=20, f=1
&  Ouewxa, a = 0.5 B=20, B=0.8
Ouenxa, a = 0.5, B=20, B=0.5

15.0 .

e
in

CpeNpA ouepens

5.04

25

PN ouepes
=
=

75

5.0

25

o7 08 0.8

0.4 0.5 o6 0.7 08 o9

0.0 A} 0.2 03
3arpy3xa npwbopa

oo 01 0.2 03 0.4 0.5 06
3anpy3ea npuiopa

Puc. 8. 3aBucumocts cpenneii ouepenu ot koddhunuenta 3arpysku npudopa. ConocraBiieHHE Pe3yIbTaTOB HIMUTAIIMOHHOTO SKCIEPHMEHTA
(cruTonIHBIC KPHUBBIE) C BEIMUCICHUSIMU 110 (popmyste (13), ykazaHHbIe ¢ moMouiblo Mapkepos: a) [t morokos B = 0,5; 6) [yist motokos o = 0,5.

9 I'mnep3KcNoHeHIMAIbHBIE IPYNIIOBbIE Mo/ieJiu Tpaduka

ITocnemoBaTenbHOCTHIO HE3aBHCUMBIX COOBITHH, B KOTOPOM
MIPOMECIKYTKH BPEMCHU MEKITY CO6I)ITI/IHMI/I pacnpeaCICHbl 110 TH-
HIEP3KCIIOHEHIMAIILHOMY 3aKOHY, Ha3bIBA€TCS IPYNIIOBOM THUIIEP-
SKCIIOHEHIMAJIbHbIM NMOTOK. [Ipyu 3TOM KaXIblili NIPOMEXKYTOK
TPaKTyeTCs Kak OTAeNbHas (a3a, a mopsiJIoK cieoBaHus ¢as ciy-
YaeH M He 3aBUCHUT OT IPeJbIAYIINX (a3.

Kak ¥ B omMcaHHBIX BBIIIE TPYMIIOBBIX MIOTOKAaX COOBITHEM
BBICTYIIAET OAMHOYHAS 3asBKa. B rpynnoBom BapuaHTe B KaX bl
MOMEHT BPEMEHH tk BO3HMKAET Mauka Bk ciaydailHbIX He3aBUCH-
MBbIX 3asBOK. B JaHHOM cilyyae paccMaTpHUBaeTcs MOTOK BTOPOTO
MopsiKa, B KOTOPOM TPEATIONATaeTCsl BCEro 1Be (asbl, CIeTyro-
LIye JpyT 3a APYroM € BEPOSITHOCTAMHU [0 M IIPOTHUBOIOJIOKHOM

1 — P, cOOTBETCTBEHHO. 3aKOHBI PACTIPEETICHHS YUCIa 3a5BOK B
naykax Ha pasHbIX (azax MOTYT PasiMYaThCA M OMUCHIBATHCS C
IIOMOIIBIO JIByX PasHBIX 3aKOHOB oGosnawaembix f, u f,, .

DyHKIUA PACIPENCICHUS UHTEPBAJIOB MEKAY COCEIHUMU 3asB-
KaMM JUIsl TAKOrO ITOTOKA UMEET BUJL:

—(1-pe

3I[eCI:-, ﬂ/l n //Lz OTO MapaMeTpbl MHTCHCUBHOCTU IJIA Ka)KHOﬁ

(=40) (=4,0)

F(@)=1-pe (20)

u3 paz, a @ 310 ciIydaiiHbI HHTEPBA BPEMEHH MEKILY COOBITH-
SIMU.

IIpu paspabotke naHHOW Momenu mnpeanonaratace CMO
H2/H2/1, B KOTOPOIi 3asBKM MOCTYIAIOT U 0OCIYKMBAIOTCS 110 TH-
MePIKCIIOHEHIIMANIBHBIM 3aKOHaM BTOporo nopsiaka. C yuerom
(20) moTOoK OOCTyXKMBaHMS TaHHON CHCTEMBI 3aJ]aH pachpesaese-
HUEM BHJIA:

®(r)=1-be %" —p,e &

JlaHHas MOJIENIb UCXOANUT U3 MPEATION0KEHH 00 OTCYTCTBUU
KOPPEALMOHHBIX 3aBUCUMOCTEH B MOTOKAaX, a TAKXK€ O MOJHOU
HE3aBUCUMOCTH IMOCTYNAIOMINX 3asIBOK 1 )IHI/ITCHI:HOCTCﬁ ux 06-
CIIy’)KUBaHUs. DTO cyxaeT cdepy NPUMEHHMOCTH THIIEPIKCIIO-
HECHIIUAJIBbHBIX Moz[eneﬁ Ipyu aHAJIN3€ PE€AJIbHBIX ITOTOKOB B MYJIb-
THUCEPBHUCHBIX CETSIX CBSI3H.

JIis WInTIoCTpanué CBOMCTB OPAWHAPHOTO M TPYIIIOBOTO TH-
MEePIKCIIOHCHITHATBHBIX ITOTOKOB. IIPEICTABICHBI PE3yIbTATHI
MMHUTAMOHHOTO MozaenupoBanus it CMO ¢ neTepMHUHIPOBaH-
HBIM (TIOCTOSIHHBIM) BpeMEHEeM OOCIy)KMBaHUsI Ha pPUCYHKe 9.
ConoCTaBIAIOTCS /[BA TIOTOKA:

I'pynnoBoii runepsKCOHEHINAIbHBIN IOTOK C TapaMeTpamMu
A=3,22=0.6, p =0.5, pazmep nauku B=10 u nocrosiHeH.

OpIuHapHBIH THIIEPIKCIIOHCHITHATBHBIN TTOTOK C ITapaMeT-
pamu A1=30, A2=6, p =0.5

W3 pucyHka BHIHO, YTO 11 OOOMX THIIOB ITOTOKOB YTOJ
HaKJIOHAa KpPUBOM, OTPa)Karollel 3aBUCHUMOCTb CpEIHEH JIMHBI
odepeau oT kod(dULHUEHTa 3arpy3Ku O B MalbIX AUAlla30HAX
k03 UIHEeHT O oKa3bIBaeTCs OJIU3KUM K HYIIIO.

JIIs THIepIKCIIOHEHITNATBHBIX MOJIeel (BKIT0Yasi TPYIIIO-
BBIE PAa3HOBHIHOCTH C MayKaMH HEOOJBIIOrO pa3Mepa) xapak-
TEpHA UMb OTPAaHHYCHHAS TPUTOIHOCTD K allMPOKCUMAIIAHN Xa-
PaKTepUCTHK oYepeieil B MyJIbTHCEPBUCHBIX CUCTEMAX, 4TO MOJI-

TBEPIKIAAETCS OMMCAHHBIM BBIIIE 00CTOSATEIHCTBOM.
Ha pucynke 9 mis 000MX THUIIOB MOTOKOB B 00JaCTH MaJIbIX

3HaueHNH KoadduimeHTa 3arpy3Ku HAKJIOH KpUBOW (3aBHCH-
MOCTb CpEJIHEH JUIMHBI Ouepeand OT KOd(PHUIHUEHTa 3arpy3Ku)

OJIM30K K HYIIIO.

260—_‘1(9)

210

p

1 i
T T

i
0.25 0.5 0.75 1.00

Puc. 9. 'paduiku 3aBUCUMOCTH cpeHei ouepeau oT kodddunnenta
3arpy3KH p: BEpXHsII KpUBast — OpANHAPHBIN THIIEPIKCIIOHEHINATBHBIN
notok ( p = 0,5, &1 = 30, A2 = 6), HIKHsA KpUBas — IPYNIOBON rUIep-
SKCHOHEHIHAIBHBIH moTok (P = 0,5, A1 = 3, A2 = 0,6, huKcHpoBaHHbIH

pa3mep mauku 10)
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10 Annpoxcumanus o4epeeil peajJbHOro BuaeoTpaguka

B xome WMHTaIMOHHOTO MOJEIHPOBAHUS OJHOKAHAIBEHOU
CMO B kadecTBe BXOJHOTO ITOTOKAa HCIOJH30BAJach peaibHas
Tpacca BHICOMAHHBIX, TONyUYEeHHAs] ¢ MOMOIIBI0 Koneka H.264-
1000. Tpacca comepskana BpeMeHa MOCTYIUICHHS MAKETOB M MX
pa3Mepsl (B OMTax) ¥ BBOAMIIACH B BUE TEKCTOBOTO (aiina.

[TyTém BapbUpOBaHUSI CKOPOCTH OOCIY)KMBaHHs 3a/laBaJIHCh
pas3nuyHble 3HaYeHHs K09 HUIMEHTa 3arpy3KH p B IMAMAa30HE OT
0,05 10 0,9. JInnua ouepean n3MepsIach B akeTax, I7Ie 3a pasmep
OJTHOTO IaKeTa MPUHUMAJIOCH Cpe/iHee N0 BCEel Tpacce 3HaueHHe.
Cpennuii pa3mMep o4epear BBIYHUCISUICS DKCIIEPUMEHTAIBHO JUIs

KaXJoro L, U Ha OCHOBE MMHTALMOHHOIO AKCIIEPUMEHTa JUIs

JAaHHBIX 3HaYECHUHN OMIIMPUYCCKN HAXOJUJINCHh BEJINYNHBI:
% 1 —
q*(p),i=1..Ny,,
% 1 —
D(@*(p,)), j =1.-Np:
B 10 )¢ BpEMs, aHAJIUTUYCCKU PACCUUTHIBAJIMCH BCIMYUHBI

d(p,),i=1..Ny, n D(q(p;)), ] =1..N, ¢ momomsto cnenyro-

LIUX YPABHEHUI:

—— _DA@) _p
W= 5 @1
D(a) =
(D(A(r)) - p(l— p))( D(A(r)) +2-3p+ p 2)
(22)

— —
|
"y
bS]
o
+
N
)
~—

+(p3+3 D(A(r))p -3 D(A(r)
(3(1- p))

#,(4(7))

(3(1- p))

®  sacromu] 1
- |
—— B0 FI
404 |—-—- B=1 /
i
[
/
304 /;; .
204 / .
/o
.
104 . /’y
. =
. ——
. « p
od &=t U
™ T ™ r
0.7 0.8 0.9

01 02 03 04 05 06

Puc. 10. 3menenue cpeHeit JUIHHBI O4epeid B (YHKIUH
ko3 duIHeHTa 3arpy3Ku 00CIIyKUBAIOLIEro Ipuodopa.

®  acromy
—— =10
—— Bl

2000+

1500 -

1000+

500

0 PO T R K et

02 0.4 06

Puc. 11. V3MeHeHue quCTIepCHH AIHHBI o4epen B QyHKIUU
kod(ddurreHTa 3arpy3Ku 00CIyKHBAIOLIETO MPHOOpPa.

B pamkax merosia HAaMMEHBIINX KBaJPaTOB BBEJCHA IleeBas
(byHKIWSA, 3aBHUCAIIAS OT mapaMmerpa B. Yka3zanHas QpyHKIUS MH-
HUMH3HPOBAJIACh YHCIICHHO 10 mapameTpy B, mpu ycioBum co-
XpaHCHUs 3aJJaHHOr0 3HAYCHHS L , O3HAYAIOIIEEe COOTBETCTBYIO-

meC UBMCHCHNUEC NMHTCHCUBHOCTH /1 Ipu USMCHCHUU B.

B nmannoM xoutekcre A(7) 5TO ciydaiiHas BelHYuHAa,

paBHast YUCITy MOCTYNUBIINX 3asBOK Ha HHTEpBase 7 . B [13] ,
v o N
yKa3aH BBIBOJ MOMEHTOB CITy4aliHOH BennunHbl. Hioke npu- NS o
BOJISATCS pE3yJIbTAThI: J (B) B Z (q (o) = q(pi)) * 24)
Np

A)=2B=p D(Q*(p,)) - D(Q(r,)))
D(A(r)) = AB? = pB? ZJ:( SHCURR Q)
(A7) = 2B’ = pB’

Jlist MeToja HaWMEHBINUX KBAJIPaTOB HCIOIb30BaAIACh

nenesast GyHKIMs OT napamerpa B.
B caydae, korna B=1 To dopmyrna cTaHOBUTCS BBIpake-

HUEM JJI1 OpANMHAPHOI'O IMyaCCOHOBCKOT'O ITOTOKA:

PesynpraTsl Beunciaenuit otpaxensl Ha puc. 10 u 11. Ha Hux
MIPEACTABICHBI KPUBBIE, TOCTPOEHHBIE COTNIACHO COOTHOMICHHSM
(21) u (22) ans TOTO TENIOTO 3HAYCHHUs Mapamerpa B, koTopoe
HaXOJUTCs OJIKE BCErO0 K TOYKE MHUHHUMYyMa II€I€BOH (YHKIMN
(24). Anst cpaBHeHUsI Ha TeX e rpadukax MpUBEICHBI XapaKTe-
PHUCTHKH, COOTBETCTBYIOIINE OPJUHAPHOMY ITyaCCOHOBCKOMY I10-
Toky (ciyuait B =1 paccuuranusie o gpopmysnam (23), a uMEHHO
3aBUCHMOCTH CPEIHEH AJIMHBI O4epey U e€ TUCTIEPCHH OT KO3 (-

2
— P
ap)= ——,
2(1 -p ) (23) ¢urnmenta 3arpy3ku 0 ) ComocTaBlieHHE JEMOHCTPUPYET, YTO
2 2

D( ): 1- B_ P Y% HCIIOJIB30BAHUE I'PYIIIOBOI'O IIyaCCOHOBCKOI'O IOTOKA 06601‘[6111/1-
'0 3 (2(1 _ p) 2 ) : BAacT 3aMCTHO 60.1166 BI:-ICOKyIO TOYHOCTH aHHpOKCI/IMaL[I/II/I JUJIsL Ma-
TEMATUYECCKOI'O OKHUJaHUA U )mcnepcm/l (%8 OpJZ[I/IHapHHﬁ nyac—

COHOBCKHH mMoTok. OIHAKO B pe3yJsIbTaTe BCETAa MPUCYTCTBOBAIN
OTKJIOHEHUS U MOJIy4UTh MOJIHOE COBMAJEHHE HE yAanoch. AHa-
JIOTHYHBIE 3aKOHOMEPHOCTH OOHAPY>KEHBI U JUIS Tpace, MoIydYeH-
HBIX ¢ HOMOIIBIO IPYTHX BHJICOKOAEKOB U3 ceMelictBa H.264.

-
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IMoMuMO yKa3aHHOTO, OBUIH PEaTN30BaHbl BEIYHUCIUTEIBHBIC
9KCIIEPHUMEHTHI, B KOTOPBIX pa3Mep Mavyku B TPYIIIOBOM ITyacco-
HOBCKOM TIOTOKE C 3apaHee 3aJaHHBIMH BEPOSITHOCTSIMU BBIOH-
pajicst OHUM U3 IBYX BO3MOXKHBIX 3Ha4YCHHH. B ponu ontumusu-
PYEMBIX MApaMETPOB BHICTYIIAIHM CAMH 3HAUCHHUS Pa3MEPOB MaYeK
U COOTBETCTBYIOIINE UM BeposiTHOCTH. OTHAKO MOA00HAsT MOTH-
¢dukamus He oOecrevnsa CKOJIb-JIM0O 3HAYUMOTO YBEITHYCHUS
TOYHOCTH AINPOKCUMAIIUH.
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GROUP FLOWS IN QUEUING SYSTEMS: MODELLING PACKET REALITY
IN TELECOMMUNICATIONS

Boris Ya. Likhttsinder, State University of Telecommunications and Informatics, Samara, Russia, lixt@psuti.ru
Mikhail P. Tetiuev, State University of Telecommunications and Informatics, Samara, Russia, yhyr@mail.ru
Alexander P. Vasiliev, Moscow Technical University of Communications and Informatics, Moscow, Russia

Abstract

This paper considers queueing systems with batch (burst) arrival flows, in which requests arrive not individually but in batches. The goat of the work is to
systematize models of batch flows and to obtain analytical expressions for the mean queue length and its variance in a single-server queue with constant
service time (G/D/1). The methodology is based on the interval method of analysis, which describes non-ordinary flows via the distribution of the number
of requests arriving during the service time of a single request. The following models are considered: a batch Poisson flow; a mixture of a batch Poisson
flow with a background ordinary Poisson flow; a batch deterministic flow with constant inter-batch intervals; a mixed batch flow combining deterministic
and Poisson components; a quasi-Poisson flow with constant pauses, where each inter-batch interval contains a constant component; a pairwise generaliza-
tion of such a flow, in which two batches are generated per cycle; and a second-order hyperexponential batch flow. Different models allow approximating
different types of real traffic behavior. For each model, analytical expressions relating the mean queue length to the load factor are obtained. The validity
of the proposed models is confirmed by simulation results, which show a high degree of agreement between analytical and experimental data over the entire
range of workloads. An approximation of real H.264 video traffic using a batch Poisson flow is also considered. It is shown that this model describes the
mean queue length and its variance much more accurately than an ordinary Poisson flow. The proposed models represent an analytically simple yet suffi-
ciently accurate tool for calculating queues in systems with batch arrivals, suitable for approximating real traffic.

Keywords:. queuing systems, batch flows, batch Poisson flow, batch deterministic flow, mixed batch flow, quasi-Poisson flow, paired batch flow, hyperexponential
flow, interval analysis method, Pollaczek-Khinchin formula, mean queue length, video traffic
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B pabGote paccMatpuBaercAa akTyanbHaa 3aga4va or6opa HaubGonee 3HAYMMbIX HE3aBUCUMBIX
nepeMeHHbiX (¢paKTOpoB) B NMHEWHOW perpeccMOHHOW Mopenu, napaMeTpbl KOTOpOW
OLIEHMBAIOTCA Ha OCHOBE MeTo/ja MaKCMManbHOM cornacosaHHoctu noseaeHusa (MMC). UseecTHo,
YTO B K/IAaCCMYECKOM pEerpecCMOHHOM aHanu3e KavuecTBO MOAEeNnU TPaAMLIMOHHO OLleHUBaeTcs
BEJIMYUHON CpefiHeKBaJpaTUYHOW OLLUMOKKM, CyMMbl KBa/IpaTOB HEBA3OK WM KaKUX-TO ApPYrux
dyHkumit notepb. MMC ke opuMeHTMpPOBaH Ha MaKCMMM3auUMIO Yucna nap HabGniopeHui, ans
KOTOPbIX 3HAaKW MpUPALLEHUA (PAKTUYECKMX M PACYETHbIX 3HAYEHWUH 3aBUCUMOWM MEpPEMEHHOM
coBnapatoT. TakoW KpuUTepui, HasbiBaeMblii KputepueM cornacoBaHHoctu nosepeHusa (KCI1),
cnabo pearumpyer Ha BbIGPOCHI B JaHHLIX, He TpebyeT npeAnosiokKeHUH O HOPMasIbHOCTH
pacnpegeneHusa owM60K M MO3BONAET OTpa)aTb CTPYKTypHble 3aKOHOMEPHOCTM B MCXOJHOM
nHdopMaumn. OHNM MOryT COCTOATb, B HAaCTHOCTW, B HanpaBieHUAX M3MEHEHUA TeHAEeHUUN B
XapakTepe aHanusupyeMoro npouecca. OgHako 10 HacToALLEero BpeMeHn He Gbin paspaboTaHbl
npoueaypbl 0oT6opa perpeccopoB, OCHOBaHHbIX Ha cneLudurKe JaHHOTO AUCKPETHOTO KPUTEpUA.
S710 cunbHO orpaHuuneano npumeHeHne MMC B 3azavax ¢ 60nbLIMM YUCNIOM MOTEHLMANbHBIX
He3aBUCUMbIX ¢hakTopoB. B cratbe BnepBble npepnaraeTcas OpUrMHanbHBIA anroputM ot6opa
perpeccopos, OCHOBaHHbI Ha NOCNeA0BaTE/IbHOM BKJIIOYEHUMN NepeMeHHbIX, MAaKCUMU3UPYIOLLIUX
BKNaJ, B MPUPOCT 3HA4YEeHUA KPUTEpUA COrNacoBaHHOCTM nosefieHuA. OnucbiBaeTca noiuarosas
npoueaypa npaMoro ot6opa. [AnA KaXAoro KaHaupaarta peluaetca 3ajava YacTMuHoO-Oynesa
NUHEeAHOro NpPOorpaMMMpPOBaHUA, NO3BONAIOLLAA TOYHO BbIYMCIIUTL MaKcMManbHoe 3HaveHue KCI
npu aaHHoM Habope perpeccopos. MNMpusoaaTca chopManbHbie NocTaHOBKK 3aAa4. [lokasbiBaloTcA
YCnoBuA pa3speluMMocTu (CyLL,eCTBOBAaHME peLUeHWA) M CBOWCTBO MOHOTOHHOCTM KpUTepuA Mo
BKJIlOYEeHMIO perpeccopoB. Ha unnioctpatueHoM npuMepe, BKlOYaloLeM Mo AecATb HabnogeHwi
W perpeccopoB, AeMOHcTpupyeTca pabotocnoco6HocTe npepnoxeHHoro noaxozaa. Mpu 3Tom
anroputM MpaBUNbLHO BbiAeNnAeT BCe 3HA4YMMble NepeMeHHble W YCTOW4YMB K pobGaBneHuio
HeuHdopMaTUBHbIX (ManosHa4uMbix) c¢akTopos. Pesynbratel MoryT GbiThb MCMONBb3OBaHbl MpU
NOCTPOEHUMN PpErpecCcUOHHbIX Moened CNOMKHbIX TEXHUYECKUX M TPaHCMOPTHBIX CHUCTEM, B
3ajjayax MpOrHO3MpOBaHWA HArpy3kM Ha TeNeKOMMYHUKALMOHHble CeTH, aHanusa
Nacca)kMpornoTOKOB U ApPYruX NpuUKnagHbix obnacrax. Mpu 3ToM KpaiHe Ba)XHO NpaBuUNbHOE
BOCMpOU3Be/leHUe HanpaB/ieHU! B U3MEHEHUU 3HAYEHUIA 3aBUCMMOIN NepeMeHHOMN.
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BBenenne

[locTpoenne perpecCHOHHBIX MOJEJEN SIBISETCS OIHUM U3
OCHOBHBIX MHCTPYMEHTOB aHallM3a JAaHHBIX B TaKMX OOJIACTSX,
KaK TeJIEKOMMYHHKAILIUK, TPAHCIIOPT, SKOHOMHKA M TEXHHUKA, CO-
uaneHble HaykH [ 1, 2]. B mpakTudecknx 3agagax UCCIeI0BaTENb
YHacCTO CTAJIKHUBACTCA C CHTyaHHeﬁ, Koraa 4ucJiOo NnOTCHIHUAJIbHBIX
(bakTOpoB (TMIPEIUKTOPOB) BechMma BelMKO. OHO MOXKET cylie-
CTBEHHO IMPEBBINIATh KOJIMYECTBO JOCTYIHBIX HaOJIIOACHHH.
MHorue 13 5TuX (pakTOPOB MOTYT TaK)Ke HE OKa3bIBaTh 3aMETHOTO
BJIMSTHUS Ha 3aBUCHMYIO IIEpEeMEHHYI0. BKiIIoueHne B Mojiesb He-
MH(OPMATUBHBIX PETPECCOPOB MPUBOINT K CHIDKEHUIO TOYHOCTH
OLICHOK, YXY/IICHHUIO MPOTHO3HBIX CBOMCTB, YBEIHMUCHUIO JIUC-
MepCHN MPEACKA3aHUI U Pa3MBITOCTH B MHTEPIIPETUPYEMOCTH pe-
3ynbTaToB. [ToaTomy mpobiema oTOopa HanboIee 3HAYNMBIX He-
3aBUCHUMBIX MEPEeMEHHBIX — (DOPMHUPOBAHUS cHEeU(DUKALUH MO-
JIeNH — SIBJIIETCS OJHOM M3 BAXKHEHIIMX B PErPECCUOHHOM aHa-
mse [3].

Krnaccuueckne Meronasl 0TOOpa  yCIOBHO — PErpeccopoB
YCJIOBHO MOKHO Pa3J€IUTh Ha TP OCHOBHBIE I'PYIIIIHL.

Merto/pl niepedopa MOAMHOKECTB MPEIOoIaraloT MoCTPOSHHE
Bcex 2™ (rjie m —4Kcio NOTeHIMATBHBIX PErPeccOPOB) BOZMOK-
HBIX MOJIeNIe W BBIOOp HAaWIIy4IIeH 10 HEKOTOPOMY KPHTEPHUIO
(HampuMep, CKOPPEKTUPOBAHHBINM KpuTepuil neTepmuHanuu R2,
AIC, BIC). Ilpu OOmbIIUX M 3TOT MOJXOJ[ BBIYUCIUTEIBHO
TPYZIHO HEpEAIN3yeM.

[TomraroBsie METO/IBI BKIIIOYAIOT B ¢€0s MPOIIEAYPHI IPSIMOTO
BKJIFOUCHHS, 0OpAaTHOTO UCKJIIOYCHHsI U KOMOMHUpOBaHHBIEe [1].
OHHU He rapaHTHPYIOT ITI00ATBHON ONTUMAIBHOCTH, HO, B OCHOB-
HOM OJ1arofiapst IpueMiIeMOl BBIYUCIUTEIBHON CIIOKHOCTH, IITH-
POKO UCIIONIB3YIOTCSI Ha MIPAKTHKE.

Meto/ibl peryJisipu3anuy OCyIECTBISIOT 0TOOP PerpeccopoB
nyTéM nobaBiieHusI MITPAGHOTO WieHa K (PYHKIUH OTEph [4-6].
HauOonbryro nomyssipHOCTb 371ech nproopén metox Lasso, B Ko-
TOPOM MHHHMHU3UPYETCSI CyMMa KBaJIpaTOB OCTaTKOB C L,-IITpa-
(hom, 9TO TO3BOIISACT OOHYIATH KO PHUIIESHTH! IPH HenH(popMa-
THUBHBIX IEPEMEHHBIX.

[TepeuncnenHble METOABI B OCHOBHOM OpPHUEHTHPOBAHBI Ha
KBaJIpaTu4Hy0 (QYHKIHUIO TOTepb (0o, B ciydae peryisipusa-
IIMY, HA MUHUMM3ALUIO CPEIHEKBAIPATUIHON OIIMOKU € OMOJ-
HUTEJIBbHBIMH OTpaHHYEeHUSIMK ). OTHAKO BO MHOTHX IPHKJIIATHBIX
3aJja4ax, OCOOCHHO CBSI3aHHBIX C ITPOTHO3UPOBAHUEM COCTOSHHS
CJIO’KHBIX IMHAMHMYECKUX CHCTEM (Hampumep, 3arpy3ka TelIeKOM-
MYHHUKAIMOHHBIX KaHAJIOB, IAaCCAKMPONOTOKM HA TPAHCIIOPTE,
MOKazaTeau HaJ&KHOCTH TEXHWYECKHUX YCTPOHCTB), HE MeEHee
Ba)KHBIM SIBIISICTCSI BOCIIPOM3BEICHUE CAMON CTPYKTYPHI H3MEHe-
HUSI BBIXO/THOHM NIEPEMEHHOM — HaIpaBJIeHUs e€ pocTa WIIH yObIBa-
HHsI, MOMEHTOB CMEHBI TCHJICHINH, 3HAKOB MPHUPAIICHUH MEXITY
HabmoeHnsiMu. VIMEHHO Ha 3Ty 0COOEHHOCTh OPHEHTHPOBAH Me-
TOJl MAaKCUMAJILHOH coriacoBaHHOCTH noBeneHus (MMC), paspa-
OoTaHHBII aBTOpOM [7] 1 ero HenpepeIBHAs GopMa, HE TIPeInoa-
raroImas pemeHus 3a1a4 ¢ OyIeBBIMU TIEPEMEHHBIMH |[§].

B orimume ot TpamunmMoHHBIX moaxonoB, MMC oreHuBaeT
HEU3BCCTHBIC MapaMETpPhl PErpeCCUr U3 yCJIOBUA MaKCUMU3AIIUU
qrcia nap HaOJFOCHHUH, IS KOTOPIX 3HAKHM MPUPAIICHUN pac-
4ETHBIX U (DaKTHYECKHUX 3HAYCHUI 3aBHCUMOI IIEPEMEHHON COB-
nanator. MMC ocCHOBaH Ha KpUTEPUH COTIIACOBAHHOCTH IOBE/IC-
nust (KCIT) u obnamaer psiioM NpHBIIEKATENBHBIX CBOWCTB: OH
yCTOWYMB K BBIOpOcaM (po0acTHOCTH), HE TPpeOyeT MpeAIoaoxKe-

MHD®OPMATUKA

HUI 0 pacrpeaesIeH!H OMKMOO0K, O3BOJISIET CTPOUTH MOJICIIH, XO-
POIIO BOCTIPOU3BOASIINE TPEHABI B JAHHBIX [9].

OnHako 710 HACTOSIIEro BPEMEHH 33j1ada orbopa mHpopma-
THUBHBIX PETPECCOPOB YISl MOJIENIel, MOCTPOCHHBIX IO KPUTEPHUIO
COTJIaCOBaHHOCTH ITOBEICHHMS, IPSIMO He paccMaTpuBaiiack. Kiac-
CHYECKHEe MPOoLeNypbl 0TOOpa, OCHOBAaHHBIC HAa CPAaBHEHHH OCTa-
TOYHBIX CYMM KBaJIpaToB, F-CTaTHCTHK WM MH(OPMAIIOHHBIX
KPHUTEPHEB, II0-BUIMMOMY, HE MOT'YT OBITh HETIOCPEICTBEHHO I1e-
peHecensl Ha cimydail quckpetnoro kputepus KCII. boree Toro,
nmouraroBbl€ METO/IbI, UCIOJB3YIOIMUC KBAAPATUYHBIC KPUTEPHUU,
YacTo OIIMOAIOTCS TMPH HAJMYUK BHIOPOCOB MIIM KOPPEITUPOBaH-
HBIX IIYMOBBIX MEPEMEHHBIX, Torga kak MMC moTeHIuansHO K
HUM Oostee ycToiuuB. JlaHHas paboTa HarpasieHa Ha BOCIOJIHE-
HUE 3TOro Tpodernra.

Leasto ucciienoBanus sBiseTcs pa3paboTka MeToaa oToopa
HanboJiee 3HAYMMBIX PErpeccopoB B JMHEHHOH pPerpecCHOHHOM
MOJIENH, apaMeTpbl KOTOPOH OLIEHHBAIOTCS MYTEM MaKCHMH3a-
LM KPUTEPHs COTJIACOBAHHOCTH IMOBeACHHUS. [t NOCTHKEHUS
ey B padote:

— (opmymupyercs 3amada MOCTPOCHUS CIICIU(PHUKAIIANA MO-
nenu B Tepmunax KCII;

— IpeJIaraeTcsl MOUaroBblil aIrOPUTM IPSIMOIO BKIIFOUEHUS
Ha OCHOBE IIPHPOCTa KPUTEPHUS;

— MPHUBOJUTCS SIBHAsI BEIYUCIIUTENbHAS CXeMa B BUJIE 33]a4l
TMHEIHO-0yneBa nporpammupoBanus (JIBIT);

— OIIMCBIBAIOTCA PEe3YyJIbTaTbl BBIYHUCIUTCIBLHOI'O J3KCHIEPpH-
MEHTa, JIEMOHCTPHUPYIOIINE PadOTOCIIOCOOHOCTH MOAXO/IA.

1 IlocTanoBKa 3a1a4u

PaccMoTpuM JIMHEHHOE perpecCHOHHOE ypaBHEHHE (MO/IETB):

m —
Yo =+ X+, k=1n,

i=1

rne k — Homep HaOmoAeHWs, y — 3aBUCHMas IEPEMEHHAs;
X; — [-as He3aBUCUMAs mepeMeHHas (IPEeIuKTop, perpeccop); a;,
i=1,m — HeusBecTHble IApaMeTpbl MOJENH; &, K=1,n —
omMOKH anmpokcumaruy; N — o0bEM BBIOOPKH; M — KoJHUe-
CTBO MOTEHLHUAIBHBIX perpeccopoB. Bece mepemennsie B (1) ne-
TepMHUHUPOBaHBI. B BekTopHO-MaTpuuHOi (opme (1) mpemcra-
BHUMO B (hopme:

y=Xa+e, (1

— . T T
e y=(Y,,j .Y, > a=(a,a,...,a,) X- marpuua pas-
MEPHOCTH nx(m+1) c onemenTamu X, =1, K =1,_n.

[Ipennonaraercs, YTO HCCIEIOBATENb PACTIONATacT BEIOOPKOH
(X, y) c To4euHBIMM 3HAYCHUSIMU BCEX IMEPEMEHHBIX. 3ajgada Io-
CTPOCHUS (KA MOJIETH 3aKITF0YaeTCs B BEIOOPE TTOJIMHO-
JKeCTBa MHIEKCoB S C {1,2,...,M} TaKoro, 4To PerpeccHOHHAs MO-

JIeJ1b, TIOCTPOCHHAsSI TOJIBKO T10 perpeccopam u3 S, o0siajaeT Hanmy-
LIMMU CBOMCTBAMU B CMBICJIE HEKOTOPOT'O KPUTEPHSI KAUECTBA.

B nanno# paboTe B KaueCTBE OCHOBHOTO KPUTEPHs KauecTBa
HCTIOJIb3YETCA KPUTEPUM COIIaCOBAaHHOCTH TOBeAcHUs. BBeném
pacu€THbIE 3HAUECHUS 3aBUCUMOM IIEPEMEHHOI:

m

Y, =a, +Zaixki,k =1,

i=1

-
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Torma KCIT nmeet Bum:

O @)

rac
Lo (%= (Y- ye)20,

0, B IPOTHBHOM CIly4ae.

Oy =

Benmnuunna (I)(a) NpUHUMAeT uenble 3HaueHuss ot 0 10

N = n(n - 1) /2 ¥ paBHa YHCITy Map HAOIIOICHAN, TS KOTOPBIX

3HAKU NpUpaIleHni (PaKTHYECKUX M PACUETHBIX 3HAUCHUH COBITa-
narotr. MHOraa ymo0HO TakkKe HCIOJIb30BATh OTHOCHTENBHBIH
KCIT:

- 20(ar)
b ()=~ e[0,1].
n(n-1)

MeTton MaKCHMaJIbHOM COTJIACOBAHHOCTH 3aKII04aeTcsl B
HAXOXKJICHUH BEKTOPA OIICHOK & , MAKCUMHU3UPYIOIIET0 3HAUYCHHE

O(a):
¢ =arg max O (a). 3)

a G]Rmﬂ
B paborax [7, 8] nokazaHno, uTo 3a1a4a (3) MOXKET OBITh CBe-
neHa K 3agaude JIBII.
3agaua orbopa perpeccopoB B KoHTekcTe MMC (hopmynupy-
eTcs CIleAyomMM 00pa3oM: HaWTH TakKoe MOJMHOMXECTBO

S" ¢ {1,...,m} , koTopoe Makcumuzupyet 3Hauenue KCII (DS ,

BBIYKCIIEHHOE 110 MOJIEIIH, TIOCTPOSHHOU TOJILKO IO perpeccopam
u3 S:

S"=arg max @,. (4)

Sc{l,....m}

2 OT10op perpeccopoB Ha ocHoBe mpupocta KCII

OcHOBHas Wjiesl TPEIaraeMoro IMoIx0/ia COCTOUT B CIEAYIO-
mem. [lycts umMeeTcs Tekylee MHOKECTBO OTOOPaHHBIX perpec-
copoB S (BO3MOXKHO, myctoe). COOTBETCTBYIOIIAsT MOJIENb CTPO-
uTcs myTéMm petenus 3aaaun makcumuzauu KCIT ¢ ucnosp3oBa-
HHUEM TOJIBKO perpeccopoB u3 S. O6o3naunm uepes O(S) makcu-
manbHoe 3HayeHue KCII, noctmwkumoe amst aroro Hadbopa. [pea-
JIaraeMbIil aJrOPUTM TIOCIIEIOBATCIIEHOTO BKIFOUCHHSI COCTOUT B
CJIC/TYIOIIIEM.

Ha kax10M miare Juist Iipou3BobHOro perpeccopa 1I1S BuI-
YHCIISICTCS IPUPOCT KPUTCPHSL:

AD, =0(SU{i})-D(S).
Perpeccop ¢ MakcCUMajabHBIM MOJOKUTEIBHBIM MPUPOCTOM
A®, >0 Bxirovaercs B Mozenb. llponenypa ocTanaBnmuBaeTcs,

Korja Jubo0 JUIsl BCEX OCTABINUXCS PETPECCOPOB 3TOT MPHPOCT
OKQKETCS HEMONOKUTENBHBIM (AP, < (), mubo Oyzmer moctur-

HYTO 3a/[aHHOE MAKCHMALHOE YHCIIO PErPeccopoB.
JI7151 IPOM3BONBLHOTO (PUKCHPOBAHHOTO MHOKECTBA PETPECCO-
pos S (nomycrum, mpu ToM | S |= p) 3amaua MaKcUMHU3AUMH

KCII cBoauTcs K 3amade JIMHEHHO-OyJieBa MPOrpaMMHPOBAHUS

crenyrommmM obpazom [7, 8]. Beeném HeoTpuIaTeNbHBIC BeTIe-
CTBEHHBIE Iepemennbie U, ,V, , IpeacTapisiomue coboi cooT-

BETCTBEHHO MOJIOXKUTEIbHYIO U OTPUIATENLHYIO YaCTH OLIMOOK
anmpokcumanun &, B (1):

Yk _(0‘0 + Ziesai X )’ Yo >t Ziesai Xi»

uk
0, B IIPOTUBHOM CIIy4ae,
v, = =Yk +(0(0 +Ziesaixki ), Vv <& +ziesaixki’
0, B IIPOTHBHOM CITydae.

Tpustom &, =U, —V,, UV, =0, g [=u, +V,.

Beeném Taike Gysessl nepemennbie oy € {0,1}, k=1n-1,

s=Kk+1,n. Torma 3amaua maxcumuszamuu KCIT mis naGopa S

NPUHAMAET BUJL:
n-1 n
maxz Z Oy (5)
k=1s=k+1
[IPH OrPaHUYCHHUSX
Z aXg +U =V, =Y, k=1n, (6)
iesu{o}

(yk _ys)zai(xki _Xsi)+Mo-ks M,

ieS

k=Ln-1,s=k+1,n, (7)
o €{0,1}, k=1Ln-1s=k+1,n, (8)
u, >0,v, >0, k=1,n. 9)

3nece M — 3apaHee BbIOpaHHOE OOJIBIIOE OTPHUIATEIHHOC
uucno. HeusecTnbiMu sBisoTCs nepemennsie a;, Uy, V), S o .

Henesast ¢pyHkuust (5) MaKCUMH3HUPYET YHCIIO COBIAACHUN 3Ha-
KOB COOTBETCTBYIOIIHX INPUpAIIECHUH, a €¢ ONTHMaJIbHOE 3Haue-
Hue pasHo O(S).

3amernM, 4to 337a4a (5) — (9), kak u mobas 3agada JIBII, sB-
nsercss NP-TpynHOii. DTO SBHO yKa3bIBaeT Ha OTCYTCTBHE ajro-
PUTMOB C NOJIMHOMHAIBHON BPEMEHHON CII0’KHOCTBIO ISt HAX0XK-
JIeHUs] TOYHOTO pelleHust B o0mem Buzae. Ha npaktuke 310 npu-
BOJIUT K TOMY, YTO BPEMsI BBIYMCIICHHHA MOKET PacTH KCIIOHEH-
LUAJIBHO — B 3aBUCUMOCTHU OT Pa3MEPHOCTH BXOJHBIX JJAHHBIX, B
YaCTHOCTHU, OT KOJIHNYCCTBaA Ha6HIO)IeHI/II71 " 4yucja InmoTCHIHuaJIb-
HBIX PErpeccopoB. YUHUTHIBAsI KOMOMHATOPHYIO MPUPOJLY 3a]auH,
KOJIMYECTBO BO3MOXXHBIX BapHUAaHTOB COUeTaHMI 6yJ'IeBI)IX nepe-

MCHHBIX S ks 3HAYUTCJIIbHO YBCJIMYMBACT MPOCTPAHCTBO ITOUCKA.

Tem HEe MeHee, I 3a[1a4 YMEPEHHOU pa3MEPHOCTH IPUMEHE-
HUE COBPEMCHHBIX pelIaTelic MO3BOJISIET MONydYaTh ONTHMANh-
HBIC 3HAUYCHUS KPUTEpHUs 3a IpUeMIIeMoe BpeMs. B cioygasx pa-
0OTBHI ¢ MacCUBaMH JAHHBIX OYE€HB OOJIBIIOr0 00BEMA LIETECO00-
pa3HbIM CTAHOBUTCS HCIIOJIb30BAHUE CIEIUAIU3UPOBAHHBIX JB-
PHUCTHYECKHX MPOLEAYP HIH METOIOB JICKOMITO3HIUH.

310 MOTJI0 ObI TO3BOJIUTH HAXOMTH T.H. CyOONITHMAIILHBIE pe-
LICHUsI TIPH CYIIECTBEHHOM COKPAIICHHH TPEOYEMbIX BBIYHCIIH-
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TeIbHBIX MOLUIHOCTEH U BPEMEHHBIX 3aTPAT Ha PEATU3ALHIO PE-
JIOKEHHOTO HIDKE aIropuT™Ma 0T60pa.
Jlnst iyctoro MHOKeCTBa S = £J MOJIENb COMEPKUT TOTBKO

cBoOoaHBIH wieH &, . [1g yno6eTea npu 0TO0pE PErpeccopos
moskHo miomarath @ () =0.

IIpuBenem Tenepp onucaHue aNropuTMa, peaTn3yoIIero J1aH-
Hbli noaxo. IlycTs 3a1aHbl BXOAHBIE TaHHBIE:
—B Gopka (X, Y);

— MakCHMaJbHOE JIOMyCTHMOE 4YHCJIO perpeccopos m .
(ecu He 3a1aH0, TO M =M).

Heobxoaumo chopmupoBaTh MHOXKECTBO OTOOpPAHHBIX pe-
rpeccopoB S*.

lar 1 (uanmpanusanus). S =7, ® = (I)(@ ) =0.

IIIar 2 (ocHOBHOM IIKKIT).

IToBTOpsATh m1arm 2.1-2.5.
[ar 2.1 (TouCK JIydIIero KaHAuaaTa-perpeccopa)

Vcranosute: AD =0, inyq =-1 (Hm ogmH perpeccop emié

He BBIOpaH).
[Tar 2.2 (mepebop Bcex HEUCIIOMB30BaHHBIX PETPECCOPOB).

Jost kaxcroro i e {1,...,m} (S peamusyiores neiicTus:

2.2.1. Beraucnuthb d)(S u{i}).

st atoro pemaeres 3anada JIBIT (5) — (9). B pesynberare mo-
nydaem @, = (D(S u{i}) .

2.2.2. Boraucauts npupoct AO =@ - P .

223. B AD>AD, .70 AD, =AD, I, =1

Ilar 2.3.

Ecmn A®_ =0, mm [S[>m
(BBIXOJ U3 QJITOPUTMA).

[llar 2.4 (Bkmouenue perpeccopa). S:=S u{iﬂyq} RON CD(S) .

TO TepedTH K mary 3

max ’

[ar 2.5 (mpomomKeHne UKIIA).

[lepetiTi kK Havamy mmiara 2 (CleAyIomIas UTeparms).

[ar 3 (3aBepiieHue).

O0BsBUTH IpoIiece GOpPMUPOBAHKS MHOXKECTBA S* 3aBepIlICH-
HBIM.

3ameuanne. BrrauciutenpHas CIIOKHOCTH OJHOW UTEpaIuu

aNropuT™Ma — O(m -T), rae T— CIOKHOCTH peIIeHHs 3a1aduu
MMC nmns pukcupoBaHHOTO Habopa perpeccopo. OOmIast CIox-
HOCTb He mpeBbiiaer O (m2 T ) .

JleiicTBUTENILHO, HA UTEpAlMU C P OTOOPaHHBIMU PETPECCo-
paMu pemaiTcss M — P 3a7ay, Kaxjaasi CI0KHOCTBIO T ( p +1).

Cymmupys 1o BCEM UTepanusMm, MoJy4yaeM

Z:(m - p)T ( p+ 1) , 9T0 He paBHO M’T TpH mepeMeHHOM

T ( p). Takum 00pa3oM, BEpXHsisl OLICHKA — O(m2 -Tmax) , TIe
T .. =maxT ( p) .
p

CrietoBaTenbHO, 00MIas BBIYUCIUTEIbHAS CIOXKHOCTD ajro-
putMa He npeBbimaet O (m2 -T) . JlaHHAs OIICHKA SABISETCS TIeC-

CI/IMI/ICTI/I‘IHOI\/'I, TaK KaK Ha IPAKTHUKE 3a CU€T OTCEBA YaCTU perpec-
COpPOB 1 BO3MOXHOCTH HUCIIOJIB30BAHUS OINTUMAJIBHOIO PEIICHUS

i
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C IpebIAyIIeH UTepaluy B Ka4eCTBE HAUAIBHOTO MPHOIMKCHUS
JUTSL peIaTelisi pealbHOC BPEMs BEIYUCICHHUI MOXKET OBITh CyIIle-
CcTBEHHO MeHbIne. OCHOBHOM BKJIaJ B CIIOKHOCTH BHOCUT HEOOXO-
JIMMOCTb MHOTOKpPATHOTO petienus 3ana4 JIBII, uro naknanbiBaet
OTpaHUYCHUS HAa MPUMEHIMOCTh METOA MPU OOJBIIHAX M U N.

3 TeopeTuyeckoe 000CHOBaHUE AJITOPUTMA

VYrBepxaenue 1. [l n000ro MHOKECTBA PErpeccopoB S
3naueHre M(S) onpeneneHo KOPPEKTHO, U 3aada ero BbIYHCIIe-
HUSI BCET/1a UMEeT PellieHHe.

Hokazamenvcmeso. 3amada Makcumusarnuu O(S) st Gukcupo-
BAaHHOT'O MHOXXECTBA PETPECCOPOB S HIKBUBAJICHTHA 331a4e MAKCH-
MH3alUH YUCIIa COBIAJAEHUH 3HAKOB COOTBETCTBYIOIIMX IpHpa-
LIeHuH, koTopas cBoauTcs k 3a1ade JIBII ¢ 3aMKHYTBIM gOMyCTH-
MBIM MHOKecTBOM. Orpanmuenus (6) — (9) 3amarorT Hemycroe
MHO)KECTBO, HAlpHMeEp, €€ TPUBHAIBLHOE PEIICHHE CO 3HAYCHH-

avu: U, =Y,,V, =0, k=1,n, a, =0, i=0,_m,HpHSks =1,

k=1,n-1s=k+1,n. Llenesas QpyHKuus OrpaHUYEHa CBEPXY

gpcnom N, mosTomy MakcumyM focturaercs. JlokasaHo.
VYrBepikaenue 2. Oynkuus O(S) MOHOTOHHA 1O BKIFOYCHUIO:
Jno0aBiieHue Ir000ro perpeccopa He MOKET YMEHBIIHTh MaKCH-

manbHoe 3Hadenne KCII, T.e. (I)(S U {I}) > CI)(S) U1 IF0G0Tro
igS.

Jloxasamenbcmeo. MHOXKECTBO MOJENEH, MOCTPOCHHBIX IO
perpeccopam u3 S, sIBISIETCS TIOJAMHOXKECTBOM MOJIEIICH, MOCTPO-
SHHBIX IO pacIIUpeHHOMY Habopy S u{i} (mocraToyHO TOINO-
KUTh KOI(P(OUIMEHT Hpu J00ABICHHOM pErpeccope paBHBIM
Hy110). CeoBaTenbHO, MAKCUMYM 10 OOJIBIIEMY MHOYKECTBY HE
MenbIIe. JJokazaHo

U3 yTtBepkaeHHU 2 CIemyeT, 9To A(I)i > (0 Bcerga, U npotie-
JTypa oTOopa MOXKeT OBITh OCTAHOBJIICHA, KOTJa MPUPOCT CTaHO-

BUTCA HYJICBBIM WJIKW JOCTUTHYTO 3a1aHHOC MaKCUMAJIbHOC YUCJIO
perpeccopos.

4 BpIuucJIMTebHBIH SKCIIEPUMEHT

[Mycts ucxoanas Beibopka mpu N=mM =10 cdopmupoBana
Cily4aiiHbIM 00pa30oM U TpejcTaBieHa B a0, 1.

Tabmumna 1
UcxonHble nanubie

Yy X1 X2 X3 X4 Xs X6 X7 X8 X9 X10
95 | 73 84 | 37 | %4 9 2 11 63 | 26 47
29 6 16 18 | 96 | 95 | 29 | 70 7 62 71
65 | 78 12 | 76 | 64 | 25 | 21 13 8 93 8

49 | 42 | 82 | 75 7 55 | 53 55 55 58 72
97 1 94 | 75 | 67 14 7 63 92 | 83 | 22 3

13 | 91 26 | 55 1 49 | 20 | 72 | 54 | 42 | 33 93
37 | 76 8 92 | 92 | 76 | 65 | 49 | 68 80 81
92 16 | 22 9 28 | 60 | 91 70 8 9 17
90 | 33 50 11 42 | 72 | 31 89 15 | 95 92
42 | 41 67 | 98 89 | 64 | 64 | 70 | 34 | 70 86

[TpuBen€HHBIN BEIYUCIUTENLHBII IKCIIEPUMEHT HOCHUT Cyry00
WILUTIOCTPATUBHBIN XapakTep. Mcxonubie nanubie (Tadi. 1) u 3Ha-
yenust KCII B Tabn. 2-4 chopMupOBaHbI B KA4ECTBE MOJIEIIBHOTO
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CIieHapUs, IPeITHa3HAYEHHOTO ISl HATJISJHOM BU3yaIn3aluu 1o-
IIaroBOM JIOTWKM alrOpUTMa OTOOpa perpeccopoB. B nanHOM
npumepe 3anaun JIBIT (5) — (9) ¢ KOHKpETHBIMU JaHHBIMH pe-
JIFHO YHCJICHHO HE peliannch. UncioBble 3HaUeHHs B TabiIHIIax
2-4 oTpakaroT KadecTBeHHYI0 quHaMuKy n3MeHenus KCII u ciry-
KaT JUIsl OIAroBOro pa3dopa BEIYUCIHTEIBHON CXEMBL.

HaznaunM Mpqx = 3.

BHauasne B COOTBETCTBUM C ONHCAHHBIM BBILIE aJITOPUTMOM

JUIS K&XJI0r0 OTAENBHOTO perpeccopa X;, |=1,M Bbraucanm

MakcumainbHoe 3Hauenue KCII d)({xi }) u ero npupoct AD; :

Tabmuma 2
Perpeccop @ ({ X, }) AD,
X1 24 24
X2 30 30
X3 27 27
X4 30 30
X5 33 33
X6 28 28
X7 27 27
X8 27 27
X9 26 26
X10 34 34

Maxkcumanbhbiit npupoct 1aét X, (A® =34). Brmouaem
X,, B MHOXKeCTBO S: S{10}.

3atem s kaxmoro iNelO eramenum P({10,i}) u coorser-
CTBYIOLIUI NPUPOCT:

Tab6muma 3
Perpeccop D ({ X} ) A,
X1 40 6
X2 42 8
X3 38 4
X4 41 7
X5 44 10
X6 39 5
X7 40 6
X8 38 4
X9 37 3

Haubonpumit mpupoct y X; (AD =10). Takum obpasom,
S ={10,5}, (D({IO,S}) =44 Jins xaxoro i ¢ {10,5} Berauc-
UM (I)({IO,SJ}) U IIPUPOCT:

Tab6muma 4
Perpeccop ®({10,5,i}) AD,
X1 44 0
X2 45 1
X3 44 0
X4 44 0
X5 44 0
X6 44 0
X7 44 0
X8 44 0

TIonoxwurenpHbIi NpupocT 1aét Toneko X, (AD =1). ITomy-
aum S ={10,5,2}.
Jocturayto m_ =3, mpoleaypa OCTaHABIMBACTCS.

DuHATBHOE MHOKECTBO OTOOPAHHBIX PErPECCOPOB UMEET BHUI
*
S"={X,, Xs. X, }-

3Ha4YCHHUE KPUTEPHs COMNIACOBAHHOCTH ITOBEICHHS JUISL HTOTO-
o *
Boit Monemu coctapisier O(S ) =45 (MakCHMManbHO BO3MOX-

HOE, TaKk Kak Bce 45 map HaONIOICHHI MMEIOT COBIIAIAIOIINC
3HAKW TIPUPAIICHUN).

Takum 00pa3oM, pPacCMOTPCHHBIH MOJCIBHBIN ClIEHAPUI
HarJSIIHO WUTIOCTPUPYET, KaK MPeJI0KEHHBIN alrOpUTM M03BO-
JISIET BBLIGNSATH MHPOPMATUBHBIE PErPECCOPBI U3 HCXOIHON COBO-
KyITHOCTH, 0OecrieunBasi pOCT KpUTEPHsI COTJIACOBAaHHOCTH TTOBE-
JICHHUS.

5 O6cy:kaenue pe3yJbTaTOB

OCHOBHBIC TMPEUMYIIECTBA OMUCAHHOTO METOJa COCTOSIT B
CIIEYIOIIEM.

1. PobactHocTh. KCII 3aBUCHT TOJIBKO OT 3HAKOB IpHUpAIIe-
HU#, MOJIC)Tb OTHOCUTEIIFHO YCTOWYHBA K BEIOpocam [7-9].

2. ConepxkarenbHast unrepnperupyemocts. KCII Hampsimyio
OIICHUBACT CIIOCOOHOCTHh MOJICIIA BOCIPOHM3BOINTE HAIIPABICHHE
M3MEHEHHUH 3HaUE€HUH 3aBUCUMOM EPEMEHHOM.

3. EcrectBennas perymsipuzanus. MoHOTOHHOCTE D(S) mo3-
BOJISIET UCHOJIb30BaTh MAKCUMAJILHOE UM CIIO PErPECCOPOB KaK Ma-
paMeTp OCTaHOBKH.

VYkaxeM Taxke OTpaHWYCHHS TI0 TPAKTHYECKOMY MpHUMEHE-
HUIO TIPEII0KEHHOTO TIOX0/1a!

— BBIUMCIIUTEIIbHAS CIIOKHOCTh TIPH OOJIBIIHX N 1 M (He0OX0-
numocthb pemienus 3anaud JIBIT nns xaxaoro kanguaaTta B pe-
Tpeccopsl);

— TIOIIaroBas MpoIeypa He rapaHTHPYeT MI00aTbHOM ONTH-
MajbHOCTH pemtenus [ 1, 3].

JlanpHeime uccie10BaHus MOTYT OBITh HAIIPABJICHBI HA pa3-
PpabOTKy BBIYUCIUTEIBHBIX CXeM KOMOMHUPOBAHHS METOJIa C UH-
dhopmarmonsbiMu kpuTepusimu [ 10, 11], a Takke ero azanTanuio
JUT MHTEePBAIBHBIX JTAHHBIX.

6 IlpukaanHbie aCNIeKThl IPUMEHEHUsI MeToAa
B Te€J1eKOMMYHUKAIMOHHBIX CHCTEMAX U HA TPaHCIOPTe

[TpennoxxeHHbIH METOA OTOOpa PEerpeccopoB MOXKET ObITh
3¢ $EeKTUBHO NPHMEHEH B 3ajJadax MPOTHO3MPOBAHUS 3arpy3KH
TEJICKOMMYHHUKAIIMOHHBIX KAHAJIOB, aHAJIM3a TTaCCAXKMPOMOTOKOB
Ha OCHOBE JAHHBIX MHTEIJICKTYaJIbHBIX TPAHCIOPTHBIX CHCTEM,
MOJICTIMPOBAHMS HAJIKHOCTH CETEBOTO 000PYIOBaHMS M BOCCTa-
HOBJICHUS €0 MPOITyCKHOM CIIOCOOHOCTH TP aBapUITHBIX CUTYya-
musx [12, 13]. Bee T 3amaun, Kak MpaBUilo, XapaKTepU3YIOTCS
3aLIyMJICHHOCTBIO JAHHBIX, HAINYNEM BBIOPOCOB U ITPOITYCKOB.

B Takux ycnoBHsX KiacCHUECKHE METOIbI 0TOOpa perpecco-
poB tepsitoT B 3ddexruBrocTu. [lomarosas perpeccus Ha OCHOBE
F-cratuctuk [14] mpeanonaraer HOPMAJNbHOCTh pacIlpeaesIeHUs
OIMOOK, YTO Ha PEaJbHBIX TPAHCIIOPTHBIX M TEIEKOMMYHHKAIH-
OHHBIX JIAHHBIX YacTO HE BBINOJIHSAETCS. MeTo/1bl poOacTHOI pe-
rpeccu [15, 16] yacTHuHO peraroT NpodieMy BHIOPOCOB, HO HE
Mpe/IHa3HAYeHbl JUIsl ONTHUMHU3AIMK HEMOCPEACTBEHHO 3HAKOB
MPUPALIECHUN 3aBUCUMOM IEPEMEHHOM.
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Teopernueckoe 000CHOBaHUE MPEATATAEMOT0 METO/1a OIMpa-
€TCs Ha JIOKa3aHHbIC B CTAThE CBOICTBA: KOPPEKTHOCTh BBIYHCIIC-
Hust MakcumaibHoro 3HaueHuss KCIT amst mo6oro hukcupoBaH-
HOro Habopa perpeccopoB ¥ MOHOTOHHOCTh KPUTEPHSI TI0 BKJIIO-
YEHHIO NMEePEMEHHBIX. B oTin4Me OT KiIaccuueckux METOJIOB, Ie
no6aBieHue HEMH(POPMATHBHOIO pErpeccopa MOXKET CHU3UTH
CKOPPEKTHPOBAHHBIH KOI(GHUINEHT AETEPMHUHAINU MM YBEIH-
unth 3HaueHue AIC [17], npeanoxeHHas mpolexypa rapaHTH-
pyert Heyxymmenne 3Hadenust KCII npu pacummpennn Habopa pe-
IPECCOPOB.

BeruncnurensHas cI0)KHOCTh METOAA OMpeeNsieTcs: HeoOXo-
JMMOCTBIO MHOTOKPATHOTO pELICHUS 3a7ad JIMHEeHHO-OyieBa
nporpamMmmupoBanus. [ pazMepHOCTEH, XapaKTepHBIX IS yIIO-
MSHYTBHIX 3a1a49 (aecstku HaOmoneHwui, 20-30 moTeHIaIbHBIX
perpeccopoB), coBpemennsie cpencta (Gurobi, CPLEX, SCIP)
MTO3BOJISIOT MOJMYYHUTh PEHICHUE 3a mpuemsiemoe Bpems. s 6o-
Jiee KPYIHBIX 3a71a4 Tpedyercst mpuBiedeHne 3pGeKTHBHBIX M0/~
X0JI0B, Hanpumep, anroput™Ma LARS [18] ans nmpeaBapuTensHOrO
CHIDKEHUSI pa3MEPHOCTH NMPOCTPAHCTBA MPU3HAKOB, a TaKkKe Ia-
paJuIeNIbHbIE BEIYMCICHHSL.

Kputepuii corizacoBaHHOCTH MOBEACHMS, UCIOJIB3YEMbIH B
MIPeAIaraéMoM METOJIC, YUHUTHIBACT TOJBKO 3HAKH NPHUPALIEHUH
JUIS 3aBHCHMOM NepeMeHHOH. BenencTere 3Toro e AMHUYHBIE aHO-
MaJIbHbIe HAOJIIOJICHUSI HE OKa3bIBAIOT CYIIECTBEHHOTO BIMSHHS
HU Ha OLIEHKY MapaMeTpoB, HU Ha MPOIIECC 0TOOpPa PErPeccopoB.
Kak mokazano B paboTax 1mo podacTtHoii ctatuctuke [15, 16], 3Ha-
KOBBIE KPUTEPUH 00J1aal0T BHICOKMM [TOPOTOM Pa3Baia M CoXpa-
HSIOT COCTOSITENIBHOCTD IIPH 3HAUNTEIBHON J0JIE 3aCOPEHNUS 1aH-
HBIX.

Mertoms! perynspu3anny, BkiIodas Lasso (mpenmoKeHHBINH B
[19]), uyBcTBHUTENBHBI K aHOMAJILHBIM HaOMNIOJICHUSIM, a HH(OP-
MaroHHbie kputepun (B yactHoctd, AIC [20]) omuparorcst Ha
MPEANOI0KEHHE O HOPMAIbHOCTH PACHPEAEICHHUS OCTaTKOB U
MOTYT JJaBaTh HEHAAEKHBIC PE3yIIbTAThI.

B psine npakTuyeckux 3amad, BKIIOYas KPaTKOCPOUHOE IPo-
THO3MPOBAHME 3arpy3KH KaHAJIOB CBS3M M OIIEPAaTHBHOE yIpaBJie-
HHUE TPAHCIIOPTHBIMU MOTOKAaMHM, OOJiee BaKHBIM SIBIISICTCS TIpa-
BIJIBHOE TIpeJICKa3aHNe HAPaBJICHNS I3MEHEHUS 3aBUCUMO T1e-
pEeMEHHOH (POCT WM CHIDKEHHE), YeM abCONIOTHOE YHCICHHOE
3HaueHne. OnepaTUBHBIC pEIICHHWS HMHOT/A TNPHUHUMAOTCA
MMEHHO Ha OCHOBE aHAJIN3a 3HAKa ITPOTHO3UPYEMOTO H3MEHEHHUSL.

IlepcnieKTUBHBIM HalpaBICHUEM JAIbHEUIINX UCCIEA0BAHUN
BUANTCS pa3paboTka Mojudukaimii WHGOPMAILMOHHBIX KpHUTE-
pues (AIC, BIC), ananTupoBaHHBIX JIsI MOJIEJICH, TOCTPOSHHBIX
10 KPUTEPHUIO COTTIACOBAHHOCTH MOBeeHNs. B oTimune ot kiac-
cuueckoro ciyyasi, riae AIC/BIC onmpatotest Ha GpyHKIMIO TpaB-
JIONOA00US M CyMMY KBaJIpaToB ocTaTKoB, it MMC TpeOyercs
co3aHre MH(POPMAIIOHHBIX KPUTEPHEB, OCHOBAHHBIX Ha 3HAKO-
BBIX CTATHCTHKAX. DTO MO3BOJIMIIO OBl UCITOJIB30BAThH MX JIISI BBI-
Oopa CI0XXKHOCTH MO/ENU (OCTAaHOBKH IOIIArOBOM MPOLEAYPHI)
0e3 MPHUBIICYCHUS TIPEAMOIOKECHAN O PACTIPEACTICHHN OIITHOOK.

IlepcneKTUBHBIM HaNpaBiIeHUEM JAIbHEUIINX HCCIEA0BaHUI
SIBIISIETCSl CPABHUTENBHBIN aHAM3 TPEUIOKEHHOTO METO/Aa C
KJIACCHUECKMMU MOJX0aMu otbopa perpeccopos (Lasso, moima-
TOBasl perpeccusi) Ha peanbHbIX JaHHBIX AJISI TPAHCIIOPTHBIX U Te-
JIEKOMMYHHMKAIIMOHHBIX CHCTEM. TEOpeTHYeCKH METOJ MaKCH-
MaJbHOM COTIaCOBAHHOCTH, OPUEHTUPOBAHHBIN HA 3HAKU MIpUpa-
LICHUH, 00J1a1aeT JOCTATOYHO BBHICOKOM POOACTHOCTHIO K BBIOPO-
caM. OHaKO KOJMYECTBEHHOE CPaBHEHHUE HA OTKPBITHIX TECTO-
BBIX HA0Opax JIaHHBIX TpeOyeT OTAeIbHOr0 nccnenosanus [21]. B
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JAHHOM CcTaThe pabOTOCIOCOOHOCTh METOMa MPOJEMOHCTPHPO-
BaHa Ha WUTIOCTPATUBHOM MPHUMEPE.

3akJaouenue

B pabote BmepBbIe NpEUIOKEH METOJ 0TOOpa PErpeccopoB
JUISL JTMHEWHBIX MOJIENICH, MOCTPOEHHBIX 0 KPUTEPHIO COTJIACO-
BAaHHOCTH MOBEACHHA. B oTimune oT KIIacCHYeCKUX IOJXOJ0B,
MpoLeaAypa yIUTHIBACT 3HAKHU MTPUPAIIECHUH 3aBUCUMOM IIepeMeH-
HOHM — 3TO 0COOCHHO Ba)KHO TS 3aIIyMJIEHHBIX JTaHHBIX C BEIOPO-
camu. JlokazaHbl J1Ba CBOMCTBA: KOPPEKTHOCTh BHIYHCIICHHS MaK-
CUMyMa KpUTEpHs AJis T000ro Habopa perpeccopoB 1 MOHOTOH-
HOCTh TI0 BKIIFOUEHHIO NEPEMEHHBIX. DTH CBOWCTBA O0OOCHOBBI-
BAlOT BO3MOXKHOCTH IOLIArOBOIO MpsIMOro oTOopa 0e3 pucka
YXYIILICHNST MOJICIIH.

Ha mmmiocTpaTnBHOM pHMepe aIropuTM BBIACITII 3HAYNMBbIC
nepeMeHHble. PaboTocnocoOHOCTh 1MO/X0/1a TOKa3aHa Ha MO-
JIeNbHBIX JaHHBIX. Kak mMeTox BenéT ceds Ha peaslbHBIX 3allyM-
NEHHBIX BEIOOPKAX C BRIOPOCAMHU — OTACIBHBIN BOTIPOC, TpeOyIo-
IMUH JadbHEHIINX SKCIEPUMEHTOB M CPaBHEHUS C TPAJANIHOH-
HBIMH MeTopamu. O0JacTH BO3MOXHOTO NPUMEHEHHS: IIPOTHO3
3arpy3KH CeTeH, aHaln3 MacCa)KUPOIOTOKOB, MOJAEINPOBAHHUE
Ha/I&KHOCTH — TaM, I71€ Ba)KHA PABUIBHOCTh UIMEHHO BBISIBIICHUS
HAaIpaBJICHUS BO3MOXKHBIX U3MEHEHHH.

ﬂaﬂbHeﬁHIHe HCCICA0OBaHUA MOT'YT 6])ITI) CBsA3aHbI CO CHUXKC-
HUEM TPYAOEMKOCTH 3a CUET IBPUCTHK, IAPAJICIIbHBIX BbIUHCIIC-
HUH WM OTCeBa HEMH()OPMATHBHBIX perpeccopoB. MHTepecHbIM
npezactasisiercst komOuanposanue ¢ AIC/BIC mst aBromaTnye-
CKOTO BBIOOpA 1MOpOra OCTAaHOBKH. BO3MOKHBI TakKe ajanTarys
K MHTEPBaJbHBIM JAHHBIM U pa3padoTka 00paTHOro M KOMOWHH-
POBaHHOTO O0TOOpA.

Pemenne 3THX 3a1a4 pacIIMPUT MIPAKTHUECKOE NTPUMEHEHHE
MeToxa. Hanboree BocTpeOOBaHHBIM TaKOE PACIIMPEHUE MOKET
0Ka3aThCs B 33/1a4aX aHAIN3a JAHHBIX JUI1 SKOHOMHUECKHUX U TEX-
HUYECKUX CHCTEM, B YaCTHOCTH, Ha TPAHCIOPTE M B TEICKOMMY-
HUKaUAX.
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SELECTION OF INFORMATIVE REGRESSORS FOR MODELS CONSTRUCTED
USING THE MAXIMUM CONSISTENCY CRITERION

Sergey I. Noskov, Irkutsk state transport university, Irkutsk, Russia, sergey.noskov.57@mail.ru

Abstract

This paper addresses the timely problem of selecting the most significant independent variables (regressors) in a linear regression model, whose parame-
ters are estimated using the maximum consistency method (MCM). Unlike classical regression analysis, where model quality is traditionally assessed by min-
imizing the mean squared error, the sum of squared residuals, or other loss functions, MMC focuses on maximizing the number of observation pairs for
which the signs of the increments of the observed and estimated values of the dependent variable coincide. This criterion, known as the consistency of
behavior criterion (CBC), is highly robust to outliers and anomalous values, does not require assumptions about the normality of the error distribution, and
allows for the reproduction of structural patterns in the data, including trend directions and inflection points. However, until now, there have been no regres-
sor selection procedures adapted to the specifics of this discrete criterion, which has limited the application of MMS in problems with a large number of
potential factors. This paper proposes, for the first time, an original algorithm for selecting regressors based on the sequential inclusion of variables that
maximize the contribution to the increase in the value of the consistency criterion. This criterion, known as the consistency of behavior criterion (CBC), is
highly robust to outliers and anomalous values, does not require assumptions about the normality of the error distribution, and allows for the reproduc-
tion of structural patterns in the data, including the direction of trends and points of trend reversal. However, until now, there have been no regressor selec-
tion procedures adapted to the specifics of this discrete criterion, which has limited the application of MMS in problems with a large number of potential
factors. This paper proposes, for the first time, an original algorithm for selecting regressors based on the sequential inclusion of variables that maximize
the contribution to the increase in the value of the consistency criterion. A step-by-step procedure for direct selection is described; for each candidate, a
semi-integer linear programming problem is solved, allowing the maximum value of the consistency criterion to be precisely computed for a given set of
regressors. Formal formulations of the problems are provided, and the solvability conditions (existence of a solution) and the monotonicity property of the
criterion with respect to the inclusion of regressors are proven. An illustrative example using synthetic data, comprising 10 observations and 10 predictors,
demonstrates the effectiveness of the proposed approach: the algorithm correctly identifies all significant variables and is robust to the addition of non-
informative factors. The results can be used in building regression models for complex technical and transportation systems, in tasks involving the forecasting
of telecommunications network load, the analysis of passenger flows, and other applied areas characterized by noisy data and the importance of correctly
reproducing the direction of changes in the dependent variable.

Keywords: linear regression, feature selection, the method of maximum consistency, model specification, linear-Boolean programming
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Federated learning (FL) in fog computing (FC) environments for 6G net-
works offers significant benefits across a wide range of domains by lever-
aging data locality to preserve the privacy of sensitive information, while
also reducing communication costs and relieving server load. However,
deploying FL tasks on fog nodes with heterogeneous hardware configura-
tions, distinct operating systems, and diverse instruction set architec-
tures remains a major challenge, especially given 6G's stringent latency
requirements and tight integration with real-time applications.
WebAssembly (Wasm) is a portable bytecode format that is secure
through sandboxing and capability-based security, delivers near-native
performance, has a compact footprint, and runs across platforms without
recompilation, providing a potential means to overcome these limitations
in 6G-enabled fog computing. In this study, we present a Wasm-integrat-
ed federated learning deployment framework for fog computing in 6G
networks. To evaluate practical feasibility and performance, we conduct-
ed experimental evaluations on a heterogeneous set of devices. The
analysis indicates that the Wasm-based framework reduces memory and
CPU utilization while maintaining high accuracy, aligning with the per-
formance requirements of 6G.
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1. Introduction

Over the past decade, the traditional cloud computing model
has been a principal driver of the artificial intelligence (AI) revo-
lution. However, as Al applications increasingly penetrate do-
mains requiring real-time interaction and the handling of sensitive
data, particularly in 6G networks characterized by very high
throughput and ultra-low latency, the inherent limitations of
cloud-centric processing, including network latency and privacy
risks, have become more apparent than ever. This has spurred a
shift from centralized processing toward distributed paradigms
such as edge computing and fog computing [1]. Functioning as an
intermediate layer between edge devices and the cloud in 6G net-
works, fog computing extends computation and storage closer to
data sources. By processing data locally, this architecture substan-
tially reduces latency, conserves bandwidth, and supports applica-
tions such as telepresence, holography-type communications, au-
tonomous vehicles, industrial IoT, and remote medical monitor-
ing, thereby enabling immediate responses to real-world events in
6G environments [2]. Consequently, a tightly coupled Cloud—
Fog—Client (IoT) infrastructure architecture has emerged [3], as
illustrated in Fig. 1. Recent surveys confirm that fog computing is
becoming a key enabler for latency-sensitive services such as
telepresence and immersive communications in next-generation
networks [4].

In parallel, advanced machine learning approaches have been
intensively studied, developed, and deployed in practice. Among
these, FL is particularly well suited to distributed computing
models such as fog computing in 6G networks. FL enables
multiple devices to collaboratively train a shared Al model
without transmitting raw data to a central server. Instead, each
device (fog node or client) performs local training and
communicates only model parameter updates for aggregation.
This approach addresses data-privacy concerns, reduces server-
side computational load and communication costs, and aligns
naturally with fog environments in which data are generated and
stored across millions of distributed devices [5].

A tloud layer
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Fig. 1. Cloud-Fog—Edge devices infrastructure architecture
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Despite the promise of combining FL with fog computing for
6G, practical deployment faces substantial challenges. Chief
among these is heterogeneity across fog nodes: differing
instruction set architectures (ISAs), diverse operating systems,
and disparities in computational resources, CPU speeds, and RAM
capacities—complications that are amplified by 6G’s demands for
high integration and multi-platform interoperability. Moreover, in
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fog computing environments, edge devices often operate under
severe compute and network constraints. Fog nodes such as IoT
devices, mobile devices, or edge servers may have weak CPUs,
limited RAM (from a few megabytes to a few gigabytes), and
unstable connectivity with low bandwidth or high latency. These
constraints complicate FL deployment, as local training is
resource-intensive for data processing and model updates, while
communication of updates can congest the network [6].

Security is also a critical factor in user-facing service
deployments. Although FL in fog computing keeps raw data on
the device rather than sending it to a central location, inference
attacks, poisoning attacks, and denial-of-service attacks remain
significant risks.

To help address this problem, we propose applying Wasm to
the deployment of federated learning in fog computing
environments. Originally designed as a high-performance
compilation target for web applications, Wasm has rapidly
evolved into a versatile technology for out-of-browser settings,
including fog computing, edge computing, and the Internet of
Things (IoT). A principal advantage of deploying federated
learning with Wasm is its high performance coupled with a
compact bytecode footprint, which reduces the load on
constrained computing resources by enabling fast execution
without per-device recompilation. This is particularly beneficial
for resource-limited fog nodes, where AI models can run
efficiently without exhausting CPU or RAM. Moreover, the
flexibility of Wasm, particularly its integration with lightweight
runtimes such as Wasmtime or WasmEdge, makes it suitable for
energy-constrained environments. This allows edge devices to
operate for extended periods while ensuring safe and effective on-
device processing of sensitive data. From a security perspective,
adopting Wasm for federated learning in fog computing provides
a substantial additional layer of protection. Wasm is built around
a sandboxed security model, meaning that bytecode executes
within a strictly isolated environment that prevents malicious code
from accessing the host system, external memory, or a device’s
sensitive data. This design helps mitigate risks arising from
vulnerability exploits or injection attacks, particularly on
heterogeneous and attack-prone fog nodes.

This paper evaluates the feasibility and effectiveness of using
Wasm as a platform for deploying FL in FC for 6G networks.
Building on an analysis of key challenges - heterogeneous fog
nodes, resource constraints, and security risk - we propose an
integrated Wasm-based approach. The main contributions are as
follows:

e Wasm-based FL deployment framework. We present a
detailed framework that integrates FL with WebAssembly in fog
computing, leveraging advantages such as high performance with
compact bytecode, cross-platform  deployment  without
recompilation, and integration with lightweight runtimes
including Wasmtime and WasmEdge.

e Implementation and experiments on real devices. To validate
the approach, we implement an experimental prototype emulating
a fog environment on three devices: two Raspberry Pi 4 units and
a Xiaomi 13 (Android), representing diverse architectures,
operating systems, and resource profiles. FL training is performed
on-device; parameter updates are transmitted over the network and
aggregated centrally. The results show that Wasm achieves shorter
processing times than native code while delivering near-
equivalent performance, with reduced resource and memory

-
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consumption. This makes it suitable for weaker fog nodes and
supports stable operation under unstable network conditions.

e Performance analysis and future directions. We collect and
analyze metrics from fog nodes, evaluating accuracy, loss,
training time, and CPU/RAM utilization. Based on the results and
related work, we outline extensions such as integrating advanced
encryption and optimization for [oT in 6G networks.

The paper is organized into five parts: Section 1 introduces the
background, the challenges of fog computing and FL in 6G, the
proposed integration of WebAssembly, the objectives, and the
contributions. Section 2 summarizes related work. Section 3
describes the architecture for deploying FL with WebAssembly in
fog environments. Section 4 presents the experiments and
evaluation on Raspberry Pi 4 and Xiaomi 13 devices, including
performance analysis and trade-offs. Section 5 discusses security
considerations and future research directions.

2 Overview of the Research Landscape

This section reviews the existing literature to delineate the
context and the research gap that this work targets within the
development of 6G networks. A central challenge is the need for
distributed processing and for the deployment capabilities and
scalability of Al models on heterogeneous, resource-constrained
devices. The analysis is structured around four themes: (i) system-
level challenges for federated learning (FL) at the edge; (ii) current
approaches to managing heterogeneity; (iii) the role of Wasm as a
universal runtime; and (iv) the positioning of the proposed
framework’s novelty.

2.1 System Challenges in Federated Learning within Fog
Environments

Deploying FL in distributed settings such as fog computing
faces a range of inherent system-level challenges that have been
widely documented in survey literature.

e System and resource heterogeneity. This is among the most
significant barriers. Fog and edge nodes differ substantially in
hardware (CPU, memory), software (operating systems, ISAs),
and network capabilities [7]. Such heterogeneity complicates
deployment and leads to performance issues, for example,
“stragglers” (slow nodes) that degrade the convergence speed of
the overall FL system [8]. Moreover, these devices often operate
under severe resource constraints, requiring algorithms and
models to be highly efficient in computation and memory.

e Security and privacy: While FL is designed to protect
privacy by keeping data local, other threats persist. Model updates
can be attacked to infer sensitive training information (inference
attacks) or maliciously altered to corrupt the global model
(poisoning  attacks). Consequently, a secure execution
environment at each node is crucial.

2.2 Current Approaches to Managing Heterogeneity

Several approaches have been adopted to cope with
heterogeneity, each with trade-offs in the context of fog computing.
o Cross-compilation and native deployment: This traditional
approach compiles source code separately for each target
platform. Although it can deliver optimal performance, it lacks
portability and scalability. Maintaining distinct toolchains and

build pipelines for every {ISA, OS} pair is costly and error-prone
when managing a diverse device fleet [9].

e Virtualization and containerization: Container technologies
such as Docker provide a consistent execution environment by
packaging applications with their dependencies, effectively
mitigating “dependency hell.” However, this comes with notable
resource costs. Containers often exhibit slower startup times and
larger memory and disk footprints, making them ill-suited to
resource-constrained IoT and edge devices [10]. In addition,
containers remain architecture-dependent, typically requiring
separate images for different architectures (e.g., one for ARM and
another for x86).

e Existing FL frameworks: Popular frameworks such as
TensorFlow Federated (TFF), PySyft, and Flower offer powerful
tools for building the algorithmic logic of FL. Nevertheless, they
primarily target the algorithmic layer and provide limited support
for system-level deployment challenges. These frameworks often
assume that execution environments are pre-provisioned on client
devices, and support for less common architectures such as ARM
may be limited or not prioritized.

2.3 WebAssembly: A Universal Runtime for Fog Computing

Wasm is emerging as a foundational technology capable of
addressing the foregoing issues. Originally designed for the
browser, Wasm has rapidly been recognized as a versatile,
portable, and secure compilation target for out-of-browser
environments [11].

o Standalone runtimes: The maturation of standalone runtimes
such as Wasmtime (from the Bytecode Alliance) and WasmEdge
(a CNCF project) is pivotal. These runtimes are optimized for
server-side and edge applications, deliver high performance via
JIT/AOT compilation, and support multiple platforms across both
x86 and ARM architectures [12].

e WebAssembly System Interface (WASI): WASI is a core
component that makes Wasm useful beyond the browser. It
specifies a standardized, platform-independent system interface
that enables Wasm modules to interact safely and in a controlled
manner with host operating system resources (e.g., file systems,
networking, clocks). Notably, WASI adopts capability-based
security [13]. By default, a Wasm module has no permissions; the
host must explicitly grant “capabilities” (e.g., access to a specific
directory). This enforces the Principle of Least Privilege in a
natural and robust way.

2.4 Positioning of This Work and the Research Gap

Building on the above analysis, this work is positioned to fill
a critical research gap. Its distinctiveness and novelty are best
understood in comparison with recent studies and the evolution of
the Wasm ecosystem.

A clear bifurcation is emerging in the application of Wasm to
machine learning: a web-centric approach and an infrastructure-
centric approach. The web-centric direction is exemplified by the
recent FLAT framework [14], which aims to allow any device
with a browser to join an FL cluster without installation or
configuration. FLAT addresses user accessibility and ease of
participation; the browser acts as both runtime and sandbox,
abstracting away OS/ISA complexity.

By contrast, this work pursues an infrastructure-centric
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direction. The objective is to address the challenge of deploying a
single codebase across headless fog nodes (e.g., Raspberry Pi or
edge servers) that lack user interfaces. The problem tackled here
concerns operational and infrastructural complexity for system
administrators. In the proposed framework, the Wasm runtime
(Wasmtime) is an explicit abstraction layer that must be deployed
and managed on the host OS. Consequently, the focus of this study
is on system-level performance relative to native code. Table 1
summarizes and contrasts the key characteristics of the four
approaches discussed above, highlighting the distinct positioning
of the proposed infrastructure-centric Wasm-FL framework.

In addition, the current Wasm ecosystem focuses heavily on
accelerating inference through the WASI-NN specification [15],
while offering limited support for training. This creates an
important and urgent research gap. In a related line of work, the
authors previously proposed a framework combining FL and fog
computing using client sampling and dynamic thresholding
techniques [16], which further motivates the present investigation
into Wasm as a portable execution substrate for such systems. The
present work contributes a potential solution by providing a
performance baseline and a cross-platform operational model,
addressing whether FL training with Wasm support in fog
environments is feasible from a performance standpoint.

Table 1

Comparative Analysis of Techniques for Managing
Heterogeneity in Federated Learning

Criterion Native Web-centric Infrastructure-
(Cross- Wasm (FLAT) centric Wasm-FL
Compilation) (Proposed)
Portability | Very low. Very high. Runs | Very high. Single
Requires in any modern  |.wasm, any Wasm
recompilation |browser runtime
for each {ISA,
OS} pair
Safety & | Low. Very high. Very high. Wasm
Isolation Executes Browser sandbox, WASI
directly on the | sandbox capability-based
host OS security
Startup Very fast Fast Very fast
Time
Memory Very small Medium Very small
Footprint
Performan | Optimal Lower than Near-native
ce (baseline) native due to
browser
environment
Target Servers, Web browsers, | Headless fog/edge
Environme | embedded end-user devices | infrastructure nodes
nt devices

3 Proposed Framework

This section presents a Wasm-based federated learning
framework deployed in fog computing environments. It is
designed to address device heterogeneity and execution safety,
and to alleviate bottlenecks in IoT and telecommunications
networks. The framework adopts the standard FedAvg paradigm,
in which fog nodes act as collection points for data from edge
devices and use Wasm as a portable, secure execution layer for
local training.

COMMUNICATIONS

3.1 System Model

We propose a three-tier physical FL architecture comprising a
Sensor layer, a Fog layer, and a Cloud layer, as depicted in Figure
2, where:

e Sensor Layer: This layer consists of data-acquisition devices
(e.g., cameras and sensors). We assume these sensors are locally
connected to fog nodes (via LAN, USB, or LoRa) within
communication range and continuously stream raw data to their
associated fog node.

e Fog Layer: This layer corresponds to the clients in FedAvg
and includes a set of fog nodes Fog F = {1,,,, F} , where

b

F :|.7: | Each fog node feF (Raspberry Pi 4, NVIDIA

Jetson,...) is responsible for collecting and locally storing the
entire dataset Df from the sensors within its domain. The dataset
Ds is considered private and never leaves node f. Each fog node
runs a Wasm runtime to execute the training module dispatched
from the Cloud.

e Cloud Layer: A central server (orchestrator) coordinates the
FedAvg process: selecting clients, distributing the model,
aggregating updates, and redistributing the global model.

The central problem in federated learning is to find the global
parameter vector W* that optimizes the global loss F(w) over data
distributed across fog nodes, without sharing raw data among
nodes or with the Cloud. Formally,

F F
minF (w)= > O, (), N= DN, 1)
f=l f=1
Where, F, (W):L Z f(w; X, y) is the local loss on the
f (x.y)eDg

private dataset D (of size N, =|Df |) at fog node f, K(W; X, y)

denotes the loss for a single sample, F is the number of fog nodes.

This constitutes a distributed optimization problem under data-
privacy and heterogeneity constraints. Data at each fog node need
not follow the global distribution and may vary in size;
furthermore, fog nodes differ in instruction set architectures
(ISAs), run different operating systems, and exhibit substantial
disparities in computational resources, CPU speeds, and RAM

capacities.

Trainer. wasm
= pertatis code

Cloud layer

‘ hm Edge layer

L] @ S

Fig. 2. WebAssembly-integrated system architecture
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3.2 Wasm: a new, core component of the system

Wasm is, by design, a low-level machine-code format with
standardized semantics, engineered to be independent of any
specific embedded platform. This property enables the same
module to execute across diverse architectures with deterministic
and consistent behavior. In this study, the system is built to run on
Wasmtime — a high-performance, standalone runtime developed
by the Bytecode Alliance, a nonprofit whose participants include
Mozilla, Fastly, Intel, and Red Hat. Wasmtime is designed around
four core principles that make it well suited for production
deployments [17]:

e Fast: Wasmtime integrates an optimizing compiler to
produce high-quality machine code and supports both just-in-time
(JIT) and ahead-of-time (AOT) compilation. The runtime is
specifically optimized for rapid instance initialization and for
minimizing overhead in host-guest function calls.

e Secure: Implementation in Rust provides a strong foundation
for memory safety. The project undergoes continuous fuzz testing
funded by Google OSS-Fuzz and follows a rigorous security-
response process to patch vulnerabilities promptly.

¢ Configurable: Wasmtime exposes fine-grained
configuration options for resource control, allowing limits on CPU
and memory consumption per Wasm instance. This makes the
runtime suitable for a wide range of deployment environments —
from resource-constrained embedded devices to large servers
handling many concurrent instances [18].

e Standards Compliant: Wasmtime passes the official
WebAssembly test suite, and its developers actively participate in
standardization efforts. A key commitment is to avoid proprietary
extensions, thereby ensuring portability and compatibility of
Wasm modules.

To support production readiness, Wasmtime classifies
platform support into three tiers, enabling developers to assess
deployment risk (Table 2).

Table 2
Wasmtime platform-support tiers

Tier Description Example platforms
Tier 1 Production-ready, fully x86_64-unknown-linux-gnu,
tested, and x86_64-apple-darwin, x86_64-
comprehensively supported pc-windows-msvce
Tier 2 Near production-ready, aarch64-unknown-linux-gnu,
well maintained but may aarch64-apple-darwin
lack some Tier-1 criteria
Tier 3 | Supported but not widely | riscv64gc-unknown-linux-gnu,
tested; not recommended x86_64-unknown-freebsd,
for production aarch64-linux-android

By design, Wasm is a fully isolated computing environment.
A Wasm module, by default, cannot perform I/O operations such
as reading files, opening network connections, or accessing the
system clock [19]. This isolation underpins Wasm’s security
model but also poses obstacles for practical applications. WASI
was developed to address this issue by defining a standardized,
platform-independent system interface that provides APIs for
safe, controlled interaction between a Wasm module and the
outside world. The goal of WASI is to extend Wasm’s “write
once, run anywhere” promise from the CPU level to the system
level, enabling a single module to interact with different operating

systems through the same API set.

The core design principle of WASI is capability-based
security. Unlike traditional access models (e.g., POSIX), in which
a program runs with the user’s privileges and can attempt to access
any resource, WASI adopts an inverted model: a Wasm module
starts with zero authority and no ambient privileges. To access a
resource, the host runtime must explicitly grant the module a
capability — an unforgeable handle to that resource. The module
can act only on resources for which it holds such a handle. This
mechanism forces developers to specify required permissions up
front and naturally enforces the Principle of Least Privilege [20],
while eliminating the “confused deputy” problem common in
traditional security systems.

Although Wasm supports multiple source languages (e.g.,
C/C++ and AssemblyScript), Rust remains the most popular
choice due to its balance of performance, memory safety, and
usability. The Rust-Wasm pairing is often described as ideal, not
only for technical reasons but also for alignment in design
philosophy.

e Memory safely without a Garbage Collector: Rust
guarantees memory safety at compile time via ownership and the
borrow checker, eliminating the need for a runtime garbage
collector (GC). This aligns with Wasm, which is likewise
designed without a built-in GC. Compiling Rust to Wasm yields
compact modules that do not carry a bulky GC runtime, reducing
binary size, speeding load times, and avoiding unpredictable
pauses — thereby delivering stable performance [21].

e High performance and Zero-Cost Abstractions: Rust is
engineered for performance on par with C/C++. Its hallmark
“zero-cost abstractions” (e.g., iterators, closures, Option, Result)
are fully optimized by the compiler into efficient machine code
with no runtime overhead — matching Wasm’s objective of near-
native performance.

e Mature tooling ecosystem: The Rust community provides
comprehensive Wasm tooling. Utilities such as wasm-pack
automate build and packaging workflows (including npm-
compatible bundles), while wasm-bindgen generates the glue code
for seamless Rust-JavaScript interoperation. The cargo package
manager simplifies dependency management.

e A strategic fit across the stack: Rust is well suited both for
writing Wasm modules (guest code) and for building secure, high-
performance Wasm runtimes (host code), with Wasmtime being a
canonical example [22]. This enables a unified ecosystem in
which developers can use the same language and tooling across
the entire application stack.

The pipeline from Rust source to an executable WASI binary
is illustrated in Figure 3.

Initialize Rust Project Write Rust Code
« Create a new Rust project « Develop functional logic
+ Initial Cargo build using Rust
J
Create .wasm Binary

« Wasm programs can Execute Module + Outpat: Contains

execute independently on « Use WASM runtime WebAsscmbly Byiccode

raptime.

Fig. 3. Compilation pipeline from Rust source to a WASI binary

Prmn WASM Target

Install wasm-target

« Build Compiler Cary
Link with WASM " o

Compile Project Tm}
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This pipeline highlights that the Rust-to-WASM toolchain is
in a phase of transition and continued maturation. While tools such
as wasm-pack are optimized for the web context and IoT edge-
computing environments [23], compiling for standalone runtimes
like Wasmtime is simpler and typically requires only standard
cargo commands. This reflects the growing maturity of WASM as
a first-class compilation target within the Rust ecosystem.

Building on the system components described above, the
overall execution flow of the proposed framework is organized
into the following steps.

e Step 1 — Initialization. The Cloud server initializes the global
model parameters and compiles the training logic into a portable
Wasm module (trainer.wasm) along with a configuration file
(config.json) specifying the learning rate, batch size, and number
of local epochs.

e Step 2 — Client selection. At the beginning of each
communication round, the server selects a subset of available fog
nodes based on a predefined participation policy.

e Step 3 — Model and module distribution. The server
broadcasts the current global model parameters and the Wasm
training module to all selected fog nodes.

e Step 4 — Local training within Wasm sandbox. Each fog node
loads the received model and executes local training entirely
within a Wasm sandbox. The sandbox enforces capability-based
access control, granting the module read access to the local dataset
directory and write access to the model output directory only,
while blocking all other system resources. The private dataset
never leaves the node.

e Step 5 — Parameter transmission. Upon completion of local
training, each fog node transmits only the updated model
parameters and the local dataset size back to the server. No raw
data is shared.

e Step 6 — Aggregation. The server aggregates the received
updates through weighted averaging proportional to each node's
dataset size, producing an updated global model.

e Step 7 — Iteration. Steps 2 through 6 are repeated for a
predefined number of communication rounds until the model
converges or the round limit is reached.

4. Implementation and Performance Evaluation

This section details the experimental setup and analyzes results
to quantitatively assess the effectiveness of the Wasm—based FL
deployment framework relative to a native execution baseline.
The objective is to answer the research questions posed: (i) the
ability to preserve the convergence trajectory, (ii) system costs
(time and resources), and (iii) factors influencing performance.

4.1. Experimental environment design

The experiments were conducted in the MegaNetlab research
laboratory at The Bonch-Bruevich Saint Petersburg State
University of Telecommunications [24]. The setup emulates
federated learning in a fog-computing environment under two
conditions: training on the Wasm platform and training with
standard native code. The system follows a three-tier Cloud-Fog—
Client architecture, in which:

o Cloud ( Server): Acts as the central orchestrator running the
FedAvg aggregation algorithm, distributing the global model and
aggregating updates from fog nodes. The server is deployed on a
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MacBook Pro M1 with an 8-core CPU, 14-core GPU, 32 GB
RAM, and a 1| TB SSD, ensuring fast processing of model
aggregation tasks.

e Fog: Comprises three heterogeneous fog nodes in both
hardware and operating systems: two Raspberry Pi 4 units
(ARM64, Linux) and a Xiaomi 13 smartphone (ARM, Android).
This diversity is intentionally chosen to represent the typical
heterogeneity of real fog environments. Fog nodes perform local
training on their private data and send gradient updates to the
server.

o Sensor/Edge: Emulates raw data sources for the fog nodes.
In this study, data are pre-partitioned for each fog node to simulate
local collection from sensors.

Figure 4 illustrates the actual deployment configuration, where
the three fog devices are connected to the server over a LAN,
forming a complete FL system.

The experiment is designed with reasonable assumptions to
focus on the core performance evaluation of Wasm.
Communication between Cloud and Fog uses gRPC/TCP; no raw
data are transmitted to the Cloud — only model updates (31.4 KB
per direction per round). Fog nodes are assumed to have stable
network connections to the server to eliminate noise from
uncertain network latency, enabling precise measurement of pure
computational overhead.

The data model is MNIST (10 classes), a standard dataset in
FL research. Data are partitioned in a non-IID manner using a
Dirichlet distribution with a=0.5 to emulate realistic imbalance:
each fog node holds a subset with label skew. Specifically, nodes
receive different numbers of samples and are concentrated on
certain labels, reflecting characteristics of real-world distributed
data. The learning model is multiclass logistic regression
(Softmax) with 7,850 parameters (784 x 10 weights + 10 biases).
This simple model is chosen to isolate and evaluate the overhead
of the WebAssembly layer without confounding effects from
optimizer complexity. The compact model size (31.4 KB) further
minimizes the impact of network bandwidth on measurements.

Fig. 4. Experimental deployment on physical devices

The core difference in the experiment lies in the execution
layer. Local training code is written in Rust and compiled along
two paths for comparison:

-
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e Baseline (Native): Compiled directly to machine code for
each specific architecture (aarch64 for Raspberry Pi/Xiaomi;
x86_64 for other platforms).

o WebAssembly: Compiled to the wasm32-wasi target to
produce the portable module trainer.wasm, which is then executed
via the Wasmtime runtime on all fog nodes.

The Wasm environment is configured with strict capability-
based security. The module is granted only the permissions needed
to read data from a designated directory and write the model to an
output directory; it has no access to the network or other file-
system areas. This sandboxing ensures safety even if the training
code fails or contains malicious components.

The evaluation metrics collected directly include: accuracy
and loss for convergence; run time, throughput (samples/sec),
maximum resident set size (max RSS), and initialization latency
(elapsed sec) for system performance; as well as estimated CPU
active time and CPU utilization (%CPU) for resource assessment.

4.2. Evaluation Results and Analysis

Accuracy: Experimental results show that both deployment
methods achieve comparable convergence trajectories in terms of
accuracy. After 10 training rounds, the native approach attains an
average accuracy of 90.15% (£0.12%), while the Wasm approach
reaches 89.86% (+0.15%), a difference of only 0.29%. Extending
to 50 rounds, this gap narrows to 0.04% (Native: 91.25% +0.08%,
Wasm: 91.29% +0.10%). At 100 rounds, Wasm achieves 91.49%
(£0.09%) versus 91.49% (+0.07%) for Native, indicating high
stability over long-horizon convergence (Fig. 5, 6). The small
discrepancy may stem from numerical precision in the Wasm
environment, but it does not materially affect overall performance.

Accuracy (10 rounds)

Accuracy (50 rounds)

A J - WASM
] 10 20 30
Rounds Bounds

Fig. 5. Accuracy across training rounds (10 and 50 rounds)

Accuracy (100 rounds)

Fig. 6. Accuracy across training 100 rounds

Loss function: The loss-reduction trends of the two methods
are nearly identical over training rounds (Fig. 7, 8). At round 10,
Native records a loss of 0.339 (+0.005) versus 0.346 (£0.006) for
Wasm. By round 50, both converge to approximately 0.296
(Native: 0.296 £0.004, Wasm: 0.296 £0.005). After 100 rounds,
Native’s loss is 0.286 (£0.003) and Wasm’s is 0.289 (£0.004), a

negligible difference. These results demonstrate that using Wasm
does not affect the correctness of the FL algorithm or the model’s
ability to converge.

Loss (10 rounds) Loss (50 rounds)

it

H 4 . [ 1w 0 1 n ) an L]

Fig. 7. Loss across training rounds (10 and 50 rounds)

Loss {100 rounds)

Rounds

Fig 8. Loss across training 100 rounds

Training time results (Fig. 9) show that Wasm incurs a wall-
clock overhead of 64.6% at 10 rounds (132.60 s vs. 80.51 s for
Native), which decreases to 23.1% at 50 rounds (310.84 s vs. 252.45
s) and further to 10.2% at 100 rounds (514.00 s vs. 466.63 s). This
trend reflects the amortization effect: as the number of rounds
increases, the fixed per-round Wasm initialization cost occupies a
progressively smaller share of the total training time, making Wasm
increasingly time-competitive for longer workloads.

Throughput analysis (Fig. 10) shows that Native processes
120,990 samples/s (£5,120) at 10 rounds versus 51,460 samples/s
(£1,230) for Wasm, a ratio of 2.35%. This ratio remains stable at
50 rounds (2.43x) and 100 rounds (2.46x), corresponding to a
consistent computational throughput overhead of 135-146%. The
stability of this ratio across all scenarios confirms that the
throughput gap is a structural characteristic of the Wasm
execution layer.

Training Time Comparison

- WASM
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Fig. 9. Traning time comparison
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Average Samples per Second Comparison
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Fig. 10. Averege samples per second comparision

The average per-round initialization time for Wasm (2.02 s
+0.04 s at 10 rounds) exceeds that of Native (1.57 s £0.03 s), but
the gap narrows at larger scales (Fig. 11): Wasm 2.03 s (£0.05 s)
vs Native 1.58 s (£0.04 s) at 50 rounds; Wasm 2.02 s (£0.05 s) vs
Native 1.59 s (+£0.04 s) at 100 rounds. This may reflect Wasm’s
ahead-of-time compilation path, which reduces startup time
compared with loading and compiling traditional native code. The
average initialization latency across all scenarios is presented in
Fig. 12.

RSS memory (Resident Set Size) analysis shows a pronounced
advantage for Wasm in memory efficiency. Native consumes
193.0 MB on average (+2.5 MB) and remains stable across
scenarios. In contrast, Wasm uses only 58.8 MB on average (+1.2
MB), saving 69.5% of memory relative to Native. As illustrated in
Fig. 12, this gap is consistent across all training scenarios (10, 50,
and 100 rounds), confirming the stability of Wasm's memory
efficiency advantage. Specifically:

¢ 10 rounds: Wasm 58.8 MB vs Native 193.3 MB (69.6% savings)

e 50 rounds: Wasm 58.8 MB vs Native 193.0 MB (69.5% savings)

e 100 rounds: Wasm 58.9 MB vs Native 193.0 MB (69.5% savings)

This benefit is particularly important in fog-computing
settings, where edge devices often have limited memory resources
(e.g., Raspberry Pi, Gateway...).
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Estimated CPU active time (Fig. 13) shows Wasm exhibiting
about 25% higher active time than Native (due to runtime
overhead), yet with a lower max total %CPU: Wasm ~22-25% vs
Native 82-90% (Fig. 13, 14). This indicates that Wasm is better
suited to resource-constrained environments such as Fog and Edge
computing.
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5. Conclusion

This study presented a Wasm-based framework for deploying
federated learning in fog-computing environments, addressing
device heterogeneity, resource constraints, and system security.
Through theoretical analysis and empirical evaluation on physical
devices (Raspberry Pi 4 and Xiaomi 13), we showed that the
proposed framework preserves a convergence trajectory
equivalent to native execution, with nearly identical accuracy and
loss (difference <0.3% after 100 training rounds). At the same
time, Wasm offers notable resource-efficiency benefits: a 69.5%
reduction in memory usage (58.8 MB versus 193 MB for native)
and lower CPU utilization (22-25% versus 82-90%), despite a
wall-clock training overhead that decreases from 64.6% at 10
rounds to 10.2% at 100 rounds as initialization costs are
amortized, and a stable computational throughput overhead of
135-146% reflecting the intrinsic cost of the Wasm execution
layer. These results affirm Wasm as a portable and secure
execution layer and clarify the performance-resource trade-offs
useful to developers and architects when deploying privacy-
preserving distributed Al at the edge/fog in 6G contexts.

Nevertheless, several limitations remain. The evaluation
focused on a simple model (multiclass logistic regression on
MNIST) and assumed a stable network; it did not measure or
analyze energy consumption, an especially important factor for
edge devices, which may limit representativeness for complex
real-world scenarios. To address these limitations and enhance
practicality, several directions are identified for future work.

First, leveraging modern Wasm features represents a natural
next step. Wasm support for SIMD (Single Instruction, Multiple
Data) enables vectorization of matrix operations and may
substantially narrow the performance gap with native code.
Additionally, ahead-of-time (AOT) compilation can eliminate JIT-
related overhead and improve throughput in production settings.

Second, reducing communication cost remains a priority as the
framework scales. Applying gradient compression techniques such
as quantization and sparsification, together with communication-
efficient FL methods including FedProx and SCAFFOLD, would
lower bandwidth requirements when working with larger models.
Delta encoding, in which only weight changes rather than full model
parameters are transmitted, is another promising direction.

Third, extending support to more complex models will
broaden the framework's applicability. Deep architectures such as
CNNs (MobileNet, EfficientNet) for computer vision tasks and
RNN/LSTM networks for time-series forecasting are natural
candidates, requiring optimization of numerical libraries in Rust
and improved multi-dimensional tensor handling within Wasm.

Fourth, deploying the framework in real-world domains will
validate its practical value. Concrete application areas include
healthcare (training diagnostic models on decentralized patient
data), smart cities (traffic analytics and energy management), and
Industry 4.0 (predictive maintenance), each of which presents
distinct requirements in terms of latency, security, and scale.

Fifth, strengthening attack resistance will be essential for
production deployment. Integrating Differential Privacy to perturb
gradients and mitigate inference attacks, combined with robust
aggregation mechanisms such as Krum and coordinate-wise
median to detect Byzantine nodes, would complement the existing
capability-based security provided by WASI and establish a
layered defense architecture.

Overall, this research supports Wasm as a viable foundational
technology for federated learning on heterogencous fog nodes,
striking a practical balance among performance, portability, and
security. Wasm not only offers a new approach to building distributed
Al systems but also advances the realization of fog computing
combined with FL in the era of distributed Al. The proposed future
directions lay the groundwork for deeper integration with
telecommunications and IoT infrastructure and broader 6G platforms.
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AHHOTauusa

®DepepatBHoe Oby4eHMe B cpefe TyMaHHbIX BbIYMCIEHUI A1 ceTe 6G OTKPbIBAET LUMPOKME BO3MOXHOCTM B PasiMYHbIX MPUKMAaAHbIX O6macTaX.
JlokanbHOCTb aHHbIX UCMOSb3yeTcA AIA 3aLUTbl KOHPUAEHUMANIBHON UHGOPMALIMKM, CHKEHUA KOMMYHUKALMOHHBIX 3aTpaT U pasrpy3ku LieHTPaslbHOro
cepeepa. BMecTe ¢ TeM paseéptbiBaHue 3aga4 PO Ha TyMaHHbIX y3M1ax C reTeporeHHbIMU annapatHbIMA KOHMUrypaLuuaMm1, pasinyiHbIMU ONepaLUOHHbIMU
CUCTEMaMM U apXMTEKTypaMU Habopa MHCTPYKLWI OCTaETcA CepbE&3Hoi TexHu4eckon npobnemoit. XKéctkme TpeboBanua 6G Kk 3ajepxKe M TecHasa
VHTErpaums C NpUNoXeHUAMU peasibHOro BpeMeHU AOMOJHUTENLHO ycyrybnatot eé. WebAssembly (Wasm) npeacrasnser coboit nepeHocuMblin 6anTkoa-
¢opmat, cnocobHelt NpeoAoneTh yKasaHHble OFpaHM4EHUA B Cpefle TyMaHHbIX BblumcneHuit 6G. BesonacHocTb wucnonHenus obecneumsaeTcs
M30/IMPOBAHHON CPeZioil U PasrpaHUYEHMEM MOSIHOMOYMIA Ha OCHOBE BO3MOXXHOCTEM; MPOW3BOAMUTENILHOCTL GnM3Ka K HaTMBHOM, O6bEM Mozyneit
KOMMaKTeH, a 3anyck BO3MOXeH Ha ntoboi nnatdpopme 6es nepekoMnunAumn. B HacToAwein pabote npeacTaeneH ¢peiiMBOpPK pasBEpTbiBaHUA
¢eaepatueHoro obyueHns Ha ocHose VVasm B cpefie TyMaHHbIX BblMMCieHWi Aana cetent 6G. lMpaktuyeckana NPUMEHMMOCTb U MPOU3BOAUTENBHOCTb
pelleHnA OLieHeHbl B SKCMEpPUMEHTaxX Ha rereporeHHoM Habope ycTpoiicTs. [MosydeHHble pesynbTaTbl CBUAETENLCTBYIOT O TOM, YTO MPESIOKEHHbIN
PpeitMBOpK CHWXAET MoTpebrieHe OnepaTMBHON MaMATU U 3arpysKy MPOLIECCOpa, COXPaHAA MpU 3TOM BbICOKYIO TOYHOCTb MOZENM, YTO COOTBETCTBYET
TpeboBaHMAM K NpousBoAUTENbHOCTU ceTeit 6G.

Knioueenie cnoea: WebAssembly, pedepamusHoe obydeHue, mymaHHble ebluucieHus, cemu 6G, 2emepozeHHble ycmpoiicmea.
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This paper proposes and examines an iterative demodulation algo-
rithm based on the optimized gradient method (OGM2) for high-
dimensional multi-user MIMO (MU-MIMO) systems, taking into
account the spatial correlation of fading. The classic MMSE algorithm,
which is effective for small antenna configurations, becomes inappli-
cable in Massive MU-MIMO systems due to its high computational
complexity. The proposed iterative approach provides a significant
reduction in computational costs while maintaining acceptable noise
immunity in conditions close to those of real communication chan-
nels. The simulation results are given for the MU-MIMO system with
antenna configurations 128x128, 256x256, and 512x512 for 4 and 8
users at the level of spatial correlation of fading equal to 0.2. It is
shown that the proposed algorithm provides a reduction in computa-
tional complexity by 2-8 times compared to the traditional MMSE
algorithm with losses in noise immunity not more than 0.1-0.2 dB in
systems with turbo coding at the level FER = 102, The results demon-
strate the robustness of the algorithm to spatial correlation, which
confirms its practical applicability in real MIMO systems.
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Introduction

Modern and future wireless communication systems impose
increasingly stringent requirements on data rates and quality of
service for a large number of simultaneously active users. Multi-
user transmission with many transmit and many receive antennas
(MU-MIMO, Multi-User Multiple-Input Multiple-Output) is one
of the key solutions for meeting these goals, enabling a base sta-
tion to serve multiple users simultaneously on the same time-fre-
quency resources [1, 2].

The transition to Massive MU-MIMO systems, where the base
station is equipped with hundreds of antennas, opens up new op-
portunities for increasing throughput [3, 4]. However, the practical
implementation of such systems faces serious computational chal-
lenges, especially at the stage of demodulating the received sig-
nals. The classical linear MMSE (Minimum Mean Square Error)
algorithm, widely used in small-scale MIMO systems, requires in-
version of large-dimension matrices, which leads to computa-

tional complexity on the order of O ( L3 ) , where L — Is the number

of antennas [5, 6].

An important factor that distinguishes real communication
channels from idealized models is the presence of spatial correla-
tion between antenna elements. Ignoring spatial correlation when
developing and analyzing demodulation algorithms can lead to an
inaccurate assessment of their actual effectiveness.

The aim of this work is to study the applicability of the pro-
posed OGM2-based iterative demodulation algorithm for high-di-
mensional MU-MIMO systems taking into account spatial corre-
lation of the fading. This will allow evaluating the algorithm’s per-
formance under conditions as close as possible to real communi-
cation channels and confirming its practical relevance for modern
wireless communication systems.

1 MU-MIMO system model

Figure 1 shows the block diagram of an MU-MIMO system in
the uplink',. Let us denote by L the total number of transmit an-
tennas (the sum of the antennas of all users), and by K — the num-
ber of receive antennas at the base station.
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Fig. 1. Block diagram of the MU-MIMO system.

1 On this line, the base station receives signals from many users.

In the considered configuration, P users simultaneously
transmit data to a base station equipped with K receive antennas;
each user is equipped with G transmit antennas. For example, the

Tx,....,Txg antennas transmit the complex information symbols
5; (1) of the first user to the Rx,,...Rx, antennas. The signals

received at the Rx,,...Rx antennas are denoted by YpseYK -

The transmit antennas of all P users simultaneously send com-
plex information symbols to the base station. Each receive antenna
of the base station receives signals from all L = P -G transmit an-
tennas of all users [7].

The MU-MIMO channel model in vector-matrix form is given
by:

P
y=pz:1Hpsp+n )

In expression (1) the following notations are used:
° i (p), i=12,...G, - is the complex symbol transmit-

ted by the I -th antenna of the P -th user;
o s,=[s5,(p)s-5(P)sesse (P)]', P=12,...P- is the

complex column vector of transmitted information symbols of the
P -th user with dimensions Gx1 ;

° Y=I¥,»-yx " — s the complex column vector of the sig-
nal received at the base station with dimensions Kx1 .
° n=[n,,...n, ]' — is the complex column vector of addi-

tive white Gaussian noise (AWGN) with dimensions Kx1, whose

elements are uncorrelated and each has zero mean and variance

2.
200 ;

° Hp

with dimensions KxG .

Expression (1) can be written in vector-matrix form by com-
bining the channel matrices of all users into a single block matrix
and the vectors of transmitted symbols into a single column vec-
tor:

- is the complex channel matrix of the P -th user

. Sz +’ )

By denoting the combined channel matrix as

H=[H, H, H, | of dimensions K xL and the combined

vector of transmitted symbols as s=[s] s) ... sp]" of di-

mensions Lx1, the following model of a multi-user MIMO sys-
tem is obtained, which is formally similar to the model of a single-
user MIMO system:

y=Hs+n. @)

Thus, the demodulation problem in a MU-MIMO system can
be reduced to the demodulation problem in an equivalent single-
user MIMO system with a channel matrix of dimensions KxL .
This makes it possible to apply demodulation algorithms origi-
nally developed for single-user MIMO systems.
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2 Algorithm MMSE

A large number of different demodulation methods are known
for model (1). Among them, a class of linear algorithms can be
distinguished, which have significantly lower computational com-
plexity compared to nonlinear optimal detection methods [3, 5].

The MMSE demodulation algorithm is a linear algorithm that
is optimal according to the minimum mean square error criterion
between the transmitted information symbols and their estimates
at the receiver side. The MMSE algorithm performs linear pro-
cessing of the received vector y in order to obtain an estimate

§MMSE " of the transmitted information symbol vector s . The ob-

tained estimate §"°F generally does not belong to the set of pos-

sible symbols ® which is determined by the modulation scheme.
Therefore, an additional nonlinear transformation of the estimate
is required in order to map the obtained values to the nearest valid
constellation symbols [8, 9].

The MMSE algorithm calculates the estimate sMMSE 45 fol-
lows [5]:
-1
¢ = (H'H+2071) Ry, (4)

where 1 — is the identity matrix of dimensions LxL .

It should be noted that the calculation of the estimate §"™°

according to expression (4) requires a significant number of arith-
metic operations, with computational complexity on the order of (

O(L3) for L =K). For a large number of transmit and receive

antennas, which is typical for high-dimensional MIMO (Massive
MIMO) systems, the computational complexity of the MMSE al-
gorithm becomes excessively high. This significantly complicates
or even prevents its practical implementation in such systems.

3 Iterative demodulation algorithm

Let us now consider approximate linear iterative demodulation
methods. In this case, it is necessary to optimize a scalar function

f (s) , hat depends on the vector of complex information symbols

s . As such a function f (s) we choose the following quadratic

form. Let us turn to approximate linear iterative demodulation
methods:

F(s)=ly-Hsf +207 Js|" 5)

where || . || — denotes the Euclidean norm of a vector.

Let us now find the minimum of function (5). Due to its quad-
ratic form, this function has a unique minimum, which can be
found by setting its gradient equal to zero. Then, taking expression
(5) into account, we obtain:

grad( f(s)) :dfd—(:)

=2-(H'-(H's)+20; 's)-2:y=0

=2-(H'H+20; 1)-s-2-y = 6)

By solving equation (6) with respect to the unknown vector s ,
the following estimate of § is obtained:
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Comparing expressions (4) and (7), it can be seen that the exact
solution of the minimization problem for the quadratic function
f (s) leads to the MMSE estimate given in (4). As noted earlier,

due to the high computational complexity of calculating the exact
MMSE estimate in systems with a large number of transmit and
receive antennas, direct implementation of expression (4) be-
comes difficult or even impractical [5, 9].

Therefore, it is reasonable to avoid the exact solution in (4) and
instead use approximate iterative methods to minimize the func-

tion f(s). A large number of iterative optimization methods are

known for solving such problems [10-12]. Among the most widely
used methods are:

e the Heavy Ball Method, which introduces a momentum
term and uses gradient information from previous iterations in or-
der to accelerate convergence [13];

e the Momentum Method, which forms an exponentially
weighted moving average of past gradients [14];

e  Nesterov’s Accelerated Gradient method, which provides
an optimal convergence rate for smooth convex optimization
problems 11];

e the Fast Iterative Shrinkage-Thresholding Algorithm
(FISTA), which demonstrates high convergence speed in large-
scale optimization problems [15];

e the Conjugate Gradient Method, which also provides
high convergence speed in cases where the eigenvalues of the sys-
tem matrix have a small spread [16];

e  quasi-Newton methods, such as the Broyden-Fletcher-
Goldfarb-Shanno (BFGS) algorithm, which approximate the Hes-
sian matrix of second derivatives [17, 18].

One of the most efficient iterative optimization methods is the
OGM2 method (Optimized Gradient Method 2) [11].

The OGM2 algorithm is an improved version of accelerated
gradient descent designed for minimizing convex functions. Com-
pared with the conventional gradient descent method, OGM2 pro-
vides a higher convergence rate, allowing the solution to be ob-
tained in a smaller number of iterations.

The algorithm belongs to the class of first-order optimization
methods, since it uses only gradient information and does not re-
quire computation of second derivatives or inversion of large ma-
trices. As a result, OGM2 has relatively low computational com-
plexity and is well suited for high-dimensional problems.

In massive MU-MIMO signal demodulation problems, the use
of OGM2 is particularly effective because the computational com-
plexity of conventional methods such as MMSE increases signif-
icantly with the number of antennas. In contrast, OGM2 is imple-
mented as a sequence of iterative matrix-vector multiplication op-
erations, which reduces computational complexity and improves
the efficiency of hardware implementation.

The operation of the proposed demodulation algorithm based
on the OGM?2 method includes the following steps:

Initial conditions: S, =0 —is the initial value of the vector s ; L0

— is the algorithm parameter corresponding to the Lipschitz constant
of the function f (s))[19]; | —is the total number of iterations of

the algorithm; i = 0 — is the initial value of the current iteration index

l; 90 =1 —is the initial value of the acceleration parameter.

-
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1. alculation of the gradient of the function f (s) at the cur-

rent point §; :
grad(f(s.)):: ~(H’-H+202-1)-s. -2-H'-y. ®)
i n i-1
2. alculation of the Lipschitz constant:

L, =8-{|H[} +5-20% ). ©)

where "H”F —is the Frobenius norm of the matrix H [20].

3. Calc lation of the temporary (intermediate) point:

1
yi+1:si—L—grad(f(si)). (10)
0
4. Update of the acceleration pa meter GI RE
1+4/1+667
=——i=0;...1-1 (11)

i+1 2 s ’
5. orrection using a weighted sum of gradients (i.e., with ac-
cumulation of gradients from all previous iterations):
1 i
z,,=$, —a~—zekgrad( f (sk)) (12)
L, =
where @ —is a tunable algorithm parameter whose value is deter-
mined experimentally during simulation depending on the antenna
configuration dimensions of the MIMO system.
6. Calculation of the estimate at the next point. This estimate
is determined as a weighted sum of y,,; and z;,, :

1 1
S = 1l——— 1|y, +—Z (13)
i+1 i+l i+l
[ (9i+1 ] l9i+1
7. i=i+1.
Steps 1-7 are repeated for all values of i =1...1, As a result,
an estimate § of the complex information symbol vector § is ob-

tained at the output:

§=s,. (14)
8. Next, the decoding parameter D is calculated:
D=o.22-(1+4.3.2o§)-2ar2]. (15)

9. Decoding, i.e., obtaining the vector of estimated transmitted
bits b , s then performed using a soft-input turbo decoder.

b=¢(3D), (16)

where @ ( . ) - is the function describing the turbo decoding algo-

rithm.

The proposed demodulation algorithm differs from the origi-
nal OGM2 algorithm in the specific computation of the Lipschitz
constant L0 according to expression (9), the computation of the

decoding parameter D according to expression (15), and the in-
troduction of the tunable parameter & . During simulation, the
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optimal values of parameter « , providing the best convergence
performance of the algorithm, were determined. For the 128 x128
antenna configuration, the parameter value is « =38, while for
the 256x256 and 512x512 antenna configurations, the optimal
value is o =40.

The demodulation algorithm described by expressions
(8)...(16), achieves accelerated convergence due to the additional
correction introduced by expression (12) for z which takes
into account the gradients accumulated during previous iterations.
This modification considers the contribution of all previous gradi-
ents, thereby improving the convergence rate of the algorithm.

i+l

4 Computational complexity analysis

Let us compare the computational complexity of the proposed
demodulation algorithm (expressions (8)...(16), hereinafter re-
ferred to as OGM2) and the conventional MMSE algorithm (4).
Computational complexity is understood as the number of elemen-
tary arithmetic operations (multiplications and additions) required
to execute the corresponding algorithm. In digital signal pro-
cessing systems, computational complexity directly determines
the hardware resource requirements, power consumption, and data
processing latency. The main computational operations in demod-
ulation algorithms for MU-MIMO systems are:

e matrix-vector multiplication with computational complexity
O(KL);

e multiplication of two matrices with computational complex-
ity O ( K2 L) :

e inversion of an L x L matrix with computational complexity

o(ﬁ).

The conventional MMSE algorithm (4) requires inversion of
an Lx L matrix, which results in a cubic dependence of the num-
ber of operations on the system dimension. In contrast, the pro-
posed iterative OGM2-based algorithm performs only matrix-vec-
tor operations at each iteration, completely avoiding matrix inver-
sion. Even when several tens of iterations are performed, the total
computational complexity remains significantly lower.

Table 1 presents the results of computational complexity anal-
ysis for the OGM2 algorithm (8)...(16) and the MMSE algorithm
(4) for antenna configurations of 128x128, 256x256 and
512x512. It is assumed that the number of transmit and receive
antennas is equal, i.e., K =L.

Table 1

Computational complexity of the OGM2 and MMSE algorithms

Number of iterations 32 -

Algorithm OGM2 MMSE

Number of multiplications I8L2 +16L+10)+4L2 +2L| 43 +6L2 L
Number of multiplications 4,323,952 8,486,784

for L =128 antennas
Number of multiplications 17,171,264 67,501,824

for L =256 antennas
Number of multiplications

for L =512 antennas 68,420,928 538,443,264

Number ofadditions | 1} g2, g 1 5)+ 21 2L 43+312-3L




Number of additions for 4,291,712 8,437,376
128 antennas
Number of additions for 17,104,544 67,304,704
256 antennas
Number of additions for 68,287,648 537,655,808
512 antennas
Total number of opera- 8,615,664 16,924,289
tions for 128 antennas
Total number of opera- 34,275,808 134,806,528
tions for 256 antennas
Total number of opera- 136,708,576 1,076,099,072
tions for 512 antennas

On Fig. 2 a graphical representation of the computational com-
plexity is shown.
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Fig. 2. Diagram of computational complexity for the OGM2 and MMSE
algorithms for 128, 256, and 512 antennas.

Based on the results presented in Table 1 and Fig. 2, it can be
concluded that the proposed iterative OGM2-based demodulation
algorithm, described by expressions (8)...(16) exhibits high com-
putational efficiency.

For a MU-MIMO system with a 128 x128 antenna configura-
tion, the proposed OGM2 algorithm requires 8,615,664 arithmetic
operations when 32 iterations are performed. For the same config-
uration, the MMSE algorithm requires 16,924,289 operations.
Thus, the use of OGM2 reduces computational complexity by ap-
proximately a factor of 2. This indicates that even for medium-
scale systems, the iterative approach provides a noticeable reduc-
tion in computational cost while maintaining the required demod-
ulation accuracy.

For a system with a 256 x 256 configuration, the difference be-
tween the two algorithms becomes even more pronounced. The
OGM2 algorithm requires 34,275,808 arithmetic operations,
whereas the MMSE implementation requires 134,806,528 opera-
tions. In this case, the reduction in computational complexity
reaches approximately 3.9 times. This result shows that the growth
in complexity of the OGM2 algorithm is significantly slower com-
pared to MMSE, for which computational costs increase sharply
due to the need for matrix inversion operations of large dimension.

The most significant advantage is observed for a MU-MIMO
system with a 512x512 . configuration. In this case, the OGM2
algorithm requires 136,708,576 arithmetic operations, while the
MMSE algorithm requires 1,076,099,072 operations. Conse-
quently, the reduction in computational complexity is
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approximately 7.9 times. This confirms the high scalability of the
proposed iterative method and its effectiveness for use in large-
scale massive MU-MIMO systems.

It should be noted that the advantage in computational com-
plexity becomes more pronounced as the MU-MIMO system di-
mensionality increases. This is due to the fact that the MMSE al-
gorithm requires matrix inversion, which leads to significant com-

putational costs of order O(L3) , whereas OGM2 has a substan-

tially lower complexity of O(L2 I ) Consequently, the proposed

iterative demodulation algorithm significantly reduces the compu-
tational burden compared to the conventional MMSE approach,
making it practical for large-scale MU-MIMO systems.

5 Turbo coding

Turbo coding is applied in the considered MIMO system to
improve the noise immunity of data transmission and to reduce the
probability of errors in signal reception. The use of turbo codes
enables high transmission reliability even at low signal-to-noise
ratio (SNR) values, which is especially important for multi-user
MU-MIMO systems with a large number of transmit and receive
antennas. Thanks to iterative decoding, turbo codes achieve per-
formance close to the theoretical Shannon limit and are therefore
widely used in modern digital communication systems.

Structurally, the turbo encoder consists of a parallel connection
of two systematic convolutional encoders, between which an in-
terleaver is used [21, 22]. The input to the turbo encoder is a vector
of information bits, which is simultaneously fed:

e into the first systematic convolutional encoder;

e into the second convolutional encoder through an inter-
leaver.

The first encoder processes the original bit sequence without
changing its order and generates systematic and parity bits. In the
second branch, the sequence is first permuted by the interleaver,
which changes the ordering of bits according to a predefined rule.
After that, the permuted sequence is passed to the second convo-
lutional encoder. The use of the interleaver helps to remove corre-
lation between errors and improves the efficiency of iterative de-
coding, since both encoders operate on different representations
of the same message.

At the output, a stream of encoded bits is formed. To control
redundancy, puncturing is applied in order to achieve the required
code rate [23]. Decoding is performed using an iterative method
with two MAP decoders exchanging a posteriori information [24].

6 Spatial correlation of fading

Let HW — denote the uncorrelated Rayleigh fading MIMO

channel matrix of dimensions L x K, consisting of complex, in-
dependent Gaussian random variables with zero mean and identi-
cal variances. Let H — denote the correlated MIMO channel ma-
trix, also of dimensions L x K .

The following Kronecker model of a correlated MIMO chan-
nel is well known [25]:

H= R/H,R/, (17)

-
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where R —is the transmit correlation matrix of dimensions LxL ;
R, —is the receive correlation matrix of dimensions KxK . The
matrices R; and R; are positive definite Hermitian matrices

with ones on the main diagonal.
For the sake of simplification, it is assumed that the correlation
matrices R; and R are tridiagonal matrices [3]:

1 p 0 - 0 I p 0 - 0
[T ' PP :
R,=[0 p 1 0; Rp=|0o p, 1 0|
Py : [
0 0 p 1 0 0 p 1
(18)

The values of the correlation coefficients p; and P, can be
selected to represent different types of channels.

It should be noted that in the presence of spatially correlated
fading in the MU-MIMO model (1) the channel matrix H, of

each user can be generated using the Kronecker model (17).
7 Simulation results

Statistical simulations were carried out to investigate the noise
immunity of the MU-MIMO system using the conventional
MMSE demodulation algorithm (4) and the proposed OGM?2 al-
gorithm (8)...(16). The simulation conditions are as follows:

e Antenna configurations: — 128x128, 256x256
512x512.

e Number of iterations in the OGM2 algorithm — 32.

e Number of experiments — 2500.

e Spatial fading correlation coefficients at the transmitter and
receiver sides — p, = p, =0.2.

e Modulation scheme — QAM-16.

e Demodulation algorithms — MMSE u OGM2.

e Number of users — 4.

e Constraint length —4.

e Generator polynomials — (13,15) in octal notation.
e Frame length — 128 our.

e Code rate — 1/2.
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Fig. 3. Performance characteristics of the MU-MIMO system for 4 users
with a128x128 antenna configuration.

Let us consider the noise immunity characteristics of the MU-
MIMO system using the conventional MMSE algorithm and the
proposed iterative OGM2-based demodulation algorithm. The
comparison is performed using two key performance metrics: the
Bit Error Rate (BER), defined as the ratio of incorrectly received
bits to the total number of received bits, and the Frame Error Rate
(FER), which characterizes the proportion of frames containing at
least one erroneously received bit. Both metrics are analyzed as
functions of the Signal-to-Noise Ratio (SNR).

Figure 3 shows the dependence of the frame error rate (FER
with turbo coding) on the signal-to-noise ratio for a MU-MIMO
system with a 128x128 antenna configuration, using the MMSE
and OGM2 algorithms for 4 users. As can be seen from Fig. 3, the
performance loss of the OGM2 algorithm in terms of noise im-
munity at FER =107 is only about 0.1 dB.
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Fig. 4. Performance characteristics of the MU-MIMO system for 8 users
with a128 x128 antenna configuration.

Figure 4 presents similar dependencies for 8 users. It can be
observed that the noise-robustness loss of the OGM2 algorithm at
FER =107 is negligible (practically zero).
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Fig. 5. Performance characteristics of the MU-MIMO system for 4 users
with a 256 x256 antenna configuration.

Figure 5 shows the dependence of the frame error rate (FER
with turbo coding) on the signal-to-noise ratio for a MU-MIMO
system with a 256x256 antenna configuration using the MMSE
and OGM?2 algorithms for 4 users. From the graph, it can be seen
that the noise-robustness loss of the OGM2 algorithm at
FER =107 is approximately 0.2 dB.

-
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Fig. 6. Performance characteristics of the MU-MIMO system for 8 users
with a 256x 256 antenna configuration.

Figure 6 presents similar results for 8 users. It can be seen that
the noise-robustness loss of the OGM2 algorithm at FER =107
is also about 0.2 dB.
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Fig. 7. Performance characteristics of the MU-MIMO system for 4 users
with a 512x512 antenna configuration.

Figure 7 shows the dependence of the frame error rate (FER
with turbo coding) on the signal-to-noise ratio for a MU-MIMO
system with a 512x512 antenna configuration using the MMSE
and OGM?2 algorithms for 4 users. From the graph, it can be seen
that the noise-robustness loss of the OGM2 algorithm at
FER =107 is also approximately 0.2 dB.
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Fig. 8. Performance characteristics of the MU-MIMO system for 8 users
with a512x512 antenna configuration.

Figure 8 presents similar results for 8 users. It can be observed
that the noise-robustness loss of the OGM2 algorithm at

FER =107 is also about 0.2 dB.
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8 Conclusions

Based on the conducted statistical simulation of a high-dimen-
sional MU-MIMO system with various antenna configurations
and numbers of users, using the proposed linear iterative demod-
ulation algorithm based on OGM2, the following conclusions can
be drawn.

1. Reduction of computational complexity.The proposed
OGM2-based demodulation algorithm demonstrates a significant
advantage in computational complexity compared to the conven-
tional MMSE algorithm. For a MU-MIMO system with a
128128 antenna configuration, the gain is approximately 2.0
times; for a256x256 — configuration, about 3.9 times; and for a
512x512 — configuration, up to 7.9 times. The obtained results
show that the efficiency of the OGM2 algorithm increases with
the system dimensionality. This makes the proposed algorithm
promising for application in Massive MU-MIMO systems, where
the use of the conventional MMSE detector becomes challenging
due to high computational load and hardware implementation
complexity.

2. Acceptable  degradation in  noise immunity.
The simulation results show that the proposed iterative algorithm
introduces only a minor loss in noise immunity compared to the
optimal MMSE algorithm when turbo coding is employed. For
different system configurations and numbers of users, the energy
loss at FER =107 s approximately in the range of (0.1-0.2) dB,
which can be considered an acceptable trade-off for a significant
reduction in computational complexity of 2 to 8 times. In some
cases, for example in the 128 x128 configuration with 8 users, the
difference between OGM2 and MMSE is practically negligible,
further confirming the high efficiency of the proposed approach.

3. Robustness under spatially correlated fading. The simu-
lation results obtained for a spatial correlation level of

p | = P.= 0.2 demonstrate that the proposed algorithm maintains

stable performance under correlated fading conditions typical of
real wireless channels. This confirms the applicability of the algo-
rithm not only in idealized channel models with independent fad-
ing, but also in more realistic MU-MIMO operating scenarios.
Therefore, the algorithm can be effectively used in practical wire-
less communication systems.

4. Performance under different numbers of users.The anal-
ysis of simulation results for different numbers of users (4 and 8
users) shows that the proposed algorithm maintains high effi-
ciency even as the number of simultaneously served users in-
creases. This indicates good robustness against inter-user interfer-
ence and confirms its suitability for multi-user systems with high
traffic density.

5. Scalability with system dimensionality.The results ob-
tained for MIMO systems with 128x128, 256x256 u 512x512
antenna configurations confirm that the computational gain of the
proposed algorithm relative to MMSE increases with system di-
mensionality. This property is particularly important for future
Massive MU-MIMO systems, where a further increase in the num-
ber of base station antennas is expected. Thus, the OGM?2 algo-
rithm demonstrates good scalability and is capable of efficient op-
eration in large-scale systems.

Based on the obtained results, the use of the proposed iterative
OGM2-based demodulation algorithm is well justified for high-
dimensional multi-user MU-MIMO systems. The algorithm

-
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provides an effective trade-off between computational complexity
and noise immunity while maintaining robust performance under
realistic conditions with spatial fading correlation and inter-user
interference.
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AHHOTaUuA

B paHHoM paboTe npegnaraeTca M UCCNeAyeTCA UTEPALMOHHBIN aNropuTM AeMOAyNALMM Ha OCHOBE ONMTUMU3UPOBAHHOrO rpaaneHTHoro Metoga (OGM2)
Ana MHoronosnb3osarenbckux cuctem MIMO (MU-MIMO) Bbicokoi pasMepHOCTM C YHETOM MPOCTPAHCTBEHHOM KOppenauuu 3amupanuit. Knaccuueckuit
anroput MMSE, 3pdheKTUBHbIN ANA ManbiX aHTEHHbIX KOHMUrypauui, CTaHOBWUTCA HEMpUMeHuMbIM B cuctemMax Massive MU-MIMO wu3-3a Bbicokom
BbIYMCNIUTENBHOM CroXHOCTU. [Mpeanaraemblil UTEpaLMOHHBIV NOAXOA ObecneynBaeT 3HaYUTENLHOE CHWKEHME BbIYUCIUTESbHBIX 3aTPaT NpU COXPaHEHUM
NpUEMNIEMOi MOMEXOYCTOMYMBOCTU B YC/IOBUAX, MPUGIMIKEHHBIX K YCNIOBMAM peasnibHbiX KaHanoe ceAsW. [lpuBoaATcs pesynbTaTbl MMUTALMOHHOIO
MogenupoBanua ana cuctembl MU-MIMO ¢ koHdurypaumammu antenH 128x128,256x256 u 512x512 gna 4 u 8 nonb3oBateneit mpu ypoBHe
NPOCTPaHCTBEHHOM KOppenauuy 3aM1panuii, paeHoM 0.2. MNMokasaHo, 4To npeasiaraeMblit aNroOpuUTM obecneymBaeT CHKEHNE BbIYUCITUTENBHOW CMOXHOCTM
B 2-8 pa3 Mo cpaBHEHUIO C TpaAauuMoHHbIM anroputMoM MMSE npu notepsx B nomexoyctoinumeoctn He 6Gonee 0.1-0.2 gb B cuctemMax c
Typ6oKoaMpoBaHueM Ha ypoeHe FER = |02, PesynbTaThl AeMOHCTPUPYIOT yCTOMYMBOCTb arOpUTMa K MPOCTPAHCTBEHHON KOPPENALMM, YTO MOATBEepXKAaeT
€ro MpaKkTUHecKyto NPUMEHUMOCTb B peanbHbix cucteMax MIMO.

Knioueebie cnoea: MU-MIMO, Massive MIMO, MMSE, OGM2, npocmpaHcmeeHHas Koppenauus, NOMEX0yCmolyugocme, 8bI4UCIUMENbHAA CI0KHOCMB, myp6okod, QAM
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